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ANALYTIC FOURIER-FEYNMAN TRANSFORM AND
CONVOLUTION OF FUNCTIONALS IN A
GENERALIZED FRESNEL CLASS

Byoung Soo Kim*, TEUK SEOB SONG**, AND IL YOO***

ABSTRACT. Huffman, Park and Skoug introduced various results
for the L, analytic Fourier-Feynman transform and the convolution
for functionals on classical Wiener space which belong to some Ba-
nach algebra S introduced by Cameron and Storvick. Also Chang,
Kim and Yoo extended the above results to an abstract Wiener
space for functionals in the Fresnel class F(B) which corresponds
to §. Moreover they introduced the L, analytic Fourier-Feynman
transform for functionals on a product abstract Wiener space and
then established the above results for functionals in the generalized
Fresnel class Fa,,4, containing F(B).

In this paper, we investigate more generalized relationships, be-
tween the Fourier-Feynman transform and the convolution product
for functionals in Fa,,4,, than the above results.

1. Introduction

The concept of an L1 analytic Fourier-Feynman transform for func-
tionals on classical Wiener space (Cy[0,T], m) was introduced by Brue
in [2]. In [3], Cameron and Storvick introduced an Ly analytic Fourier-
Feynman transform on classical Wiener space. In [13], Johnson and
Skoug developed an L, analytic Fourier-Feynman transform theory for
1 < p < 2 that extended the results in [2,3] and gave various relation-
ships between the Ly and Lo theories. Also Huffman, Park and Skoug
defined a convolution product for functionals on classical Wiener space
and they obtained various results on the Fourier-Feynman transform and
the convolution product [10,11,12]. In [19], Park, Skoug and Storvick
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investigated various relationships among the first variation, the con-
volution product and the Fourier-Feynman transform for functionals on
classical Wiener space which belong to the Banach algebra § introduced
by Cameron and Storvick in [4].

The concept of abstract Wiener space (H, B,v) was introduced by
Gross in [9]. Also Lee [17,18] established the Fourier-Wiener trans-
form (Fourier-Feynman transform) theory on abstract Wiener space and
applied this transform to differential equations on infinite dimensional
spaces. Also Chang, Kim and Yoo [7] obtained the relationships among
the Fourier-Feynman transform, the convolution and the first variation
for functionals in the Fresnel class F(B) which corresponds to the Ba-
nach algebra S. Moreover they [6] introduced an L, analytic Fourier-
Feynman transform for functionals on a product abstract Wiener space
and established the relationships between the Fourier-Feynman trans-
form and the convolution for functionals in a generalized Fresnel class
Fa,,A, containing F(B) introduced by Kallianpur and Bromley [14].

In this paper, we shall continue to study the L, analytic Fourier-
Feynman transform and convolution for functionals on abstract Wiener
space [6]. In particular, we investigate more generalized relationships,
between the Fourier-Feynman transform and the convolution product
for functionals in the generalized Fresnel class F, a,, than those in [6].

2. Preliminaries

Let (H, B,v) be an abstract Wiener space and let {e;} be a complete
orthonormal system in H such that the e;’s are in B*, the dual of B.
For each h € H and = € B, we define a stochastic inner product (h, z)™
as follows:

n

lim h,e;)(z,e;), if the limit exists
(21) (h,l')N = TL—>OO]§1< -7>( ])

0, otherwise,

where (-, -) denotes the natural dual pairing between B and B*. It is well
known [14,15] that for each h(# 0) in H, (h,-)~ is a Gaussian random
variable on B with mean zero and variance |h|?, that is,

(2.2) /Bexp{i(h,x)~}du(x) _ exp{—%lh\Q}.
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A subset E of a product abstract Wiener space B? is said to be
scale-invariant measurable provided {(az1,z2) : (z1,22) € E} is ab-
stract Wiener measurable for every a« > 0 and § > 0, and a scale-
invariant measurable set N is said to be scale-invariant null provided
(v x v)({(ax1,Bx2) : (z1,22) € N}) = 0 for every a > 0 and 3 >
0. A property that holds except on a scale-invariant null set is said
to hold scale-invariant almost everywhere (s-a.e.). If two functionals
F and G are equals s-a.e., we write F' =~ (. For more details, see
[6,7,9,14,15,16,21].

Let C denote the complex numbers and let

Q={X=(\,X) €C?:Re), >0fork=1,2}
and
Q={X=(\,X)€C?: A\ #0,Re), >0 for k =1,2}.

Let F be a complex-valued function on B? such that the integral
Tr(An As) = / FOT 200,05 2 d(v x v) (@1, 2)
B

exists as a finite number for all real numbers \; > 0 and Ay > 0. If
there exists a function Jj(A1, A2) analytic on Q such that Jj(Ai, A2) =
Jr(A1, A2) for all Ay > 0 and Ao > 0, then Jj (A1, A2) is defined to be
the analytic Wiener integral of F over B? with parameter X = (A1, A2),
and for X € Q we write

aIlWX
/32 F(ar,a2) d(v x v)(@1,22) = Jh( Aa).

Let ¢; and g2 be nonzero real numbers and F be a functional on B2
such that fgﬁwi F(x1,29) d(v x v)(z1,x2) exists for all X € Q. If the
following limit exists, then we call it the analytic Feynman integral of F
over B? with parameter ¢ = (q1,q2) and we write

anfz

/2 F(zy,x9)d(v X v)(x1,x2)
B

al’lW/-\'

= lim F(xy,29)d(v x v)(z1,22),
Xﬂfi(f B2

where X = (A1, A2) approaches —i¢' = (—iq1, —ig2) through Q.
NOTATION 2.1. (i) For X = (A1, \2) € Q and (y1,») € B2, let

anwx

(2.3)  (T3(F)(y1,92) = /32 F(x1 + y1, 72 + y2) d(v X v)(21, 72).
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(ii) Let 1 < p < oo and let {G,} and G be scale-invariant measurable
functionals such that, for each o > 0 and § > 0,
(2.4) lim |Gy (e, Bxa) — Glawy, Bx)|P d(v x v)(z1,33) =0,
B2

n—oo

where p and p’ are related by }D + I% = 1. Then we write
(2.5) Lim.(w?)(G,) ~ G
n—oo

and call G the scale-invariant limit in the mean of order p’. A simi-
lar definition is understood when n is replaced by the continuously
varying parameter \.

DEFINITION 2.2. Let q; and g2 be nonzero real numbers. For 1 <
p < 00, we define the L, analytic Fourier-Feynman transform Tq&p )(F)

of F on B2 by the formula (X € Q)
(2.6) (T (F) (1, 92) = Lim.(wl) (T3 (F) (y1, ),

A——iq
whenever this limit exists. We define the L; analytic Fourier-Feynman
transform Tqﬁl)(F) of F by (X € Q)

(2.7) (T (F)) (v, 9) = Lim (T3(F)) (1. 2),

A——iq
for s-a.e. (y1,y2) € B

Let M(H) denote the space of complex-valued countably additive
Borel measures on H. Under the total variation norm || - || and with
convolution as multiplication, M (H) is a commutative Banach algebra
with identity [1].

Now we state the generalized Fresnel class Fa, 4, introduced by
Kallianpur and Bromley [14]. Let A; and Ay be bounded, non-negative
self-adjoint operators on H. Let F4, 4, be the space of all s-equivalence
classes of functionals F' on B? which have the form

2
(2.8) F(z1,m9) = / exp{iZ(A}/Qh, xj)w} do(h)
H =
for some complex-valued countably additive Borel measure o on H.

As is customary, we will identify a functional with its s-equivalence
class and think of F4, 4, as a collection of functionals on B2 rather than
as a collection of equivalence classes. Moreover the map o +— [F] defined
by (2.8) sets up an algebra isomorphism between M (H) and Fy, 4, if
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the range of Ay + Ay is dense in H. In this case, Fa, 4, becomes a
Banach algebra under the norm || F|| = ||o|| [14].

REMARK 2.3. Let F(B) denote the Fresnel class of functions F' on B
of the form

(2.9) F(:U):/Hexp{i(h,x)w}do(h)

for some o € M(H). If A; is the identity operator on H and Ay = 0,
then Fa, 4, is essentially the Fresnel class F(B).

The following theorems are well known results in [6] which play an
important role in this paper. We now state them without proof. In [6],
the authors restricted to the case where 1 < p < 2. But concerning
to the functionals in Fu, 4,, it is easy to see that the results can be
extended to the case where 1 < p < 0.

THEOREM 2.4. Let F' € Fa, a, be given by (2.8) witho € M(H) and
let 1 < p < oo. Then, for all § = (q1,q2) with nonzero real numbers ¢,

and qo, the analytic Fourier-Feynman transform Tq&p )(F) exists, belongs
to Fa, 4, and is given by the formula

(4 %h, )~ } da(h)
1

j
for s-a.e. (y1,y2) € B? where 6 € M(H) is defined by

2 .
o = expy — REPTEINE o
(2.11) (E) /E p{ ;qumj h2} do(h)

for E € B(H).

2

1) TP E) ) = [ eofi

REMARK 2.5. (i) We adopt the convention = = 0 throughout
this paper. Thus if ¢1 = g2 = Fo00, then Tq(,p)(F) is F itself for
7= (q1,92)-

(ii) For nonzero real numbers ¢; and ¢a, we have

anfg
AP EN @) = [Py + ) d x v) (e
B
where ¢ = (q1,q2) and (y1,y2) € B2 In particular, if F € Fa, a,,
then
anfz

(T (F))(0,0) = / F(z1,22) d(v x v) (21, 22)
BQ
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for 1 <p < 0.

DEFINITION 2.6. Let F' and G be functionals on B2. For ¢ = (q1,q2)
with nonzero real numbers ¢; and g9, we define their convolution product
(if it exists) by

(2.12) (F * G)g(y1, y2)

anflf _ _
Y1+ 21 Y2+ 22 Y1 —T1 Y2 — T2
— F .
/32 ( NG )&( 2 R )l x v)(an,2)

THEOREM 2.7. Let F and G be elements of F 5, a, with corresponding
finite Borel measures o and p in M(H) respectively. Then, for all § =
(q1,92) with nonzero real numbers q; and ¢z, the convolution product
(F' % G)q exists, belongs to Fa, a, and is given by the formula

2
@13 (FeGalmom) = [ exo{i > (4} *h) fann)

J=1

for s-a.e. (y1,y2) € B? wheren = po ¢~ € M(H) is defined by
2
1/2
e B = [ eof- > g0 )P} do(h) do(k)
]:

for E € B(H) and ¢ : H> — H is the Borel measurable function defined

by ¢(h, k) = 5(h+k).

3. Fourier-Feynman transform and convolution for function-
als in a generalized Fresnel class

In this section, we investigate more generalized relationships, between
the Fourier-Feynman transform and the convolution product for func-
tionals in the generalized Fresnel class Fa, 4,, than those in [6].

THEOREM 3.1. Let F' € Fa, a, be given by (2.8) with o € M(H)
and let 1 < p < co. Let qx; and qxo (k = 1,2) be in R¥ — {0} where R#
is the set of extended real numbers. Then

(3.1) TP (F)) ~ TP (F)

q1

(q1,92), and q1 and g2 are extended real
= i for k=1,2.

where @ = (qr1,qx2),

q‘, p—
numbers such that - + L
q1k q2k
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Proof. As mentioned in Theorem 2.4, 7P (F) belongs to Fa, 4, and
q1 )
is given by (2.10) with ¢ replaced by ¢i. Applying Theorem 2.4 to the

expression of quf )(F) and using (2.11), we obtain

(3.2) T (T (F) (w1, 32)

[ oof
[ oof

-

Il
i

1)2 ~ I A1/2, 2 U172, 02
J

e

Il
i

. ~
[Z(A;/2h, yj) - g|AJ1/2h|2:| } dd(h)
J

J

for s-a.e. (y1,y2) € B? as desired. O
If & = —q1 in (3.1), then we obtain the following inverse transform
theorem.

COROLLARY 3.2. (Theorem 3.2 in [6]) Let F' be given as in Theorem
3.1. Then for all nonzero real numbers ¢ and gs,

(TV(F)) ~ F

(»
(3.3) TON(T

S

for 1 < p < oo where ¢ = (q1,q2)-

Moreover, if n is a natural number, then we obtain the following
result.

COROLLARY 3.3. Let F' € Fa, 4, be given as in Theorem 3.1 and let
1 <p<oo. Let gy and qzz (k=1,--- ,n) be in R¥ — {0}. Then

() ((p) (») ~ 7P)
(3.4) TO@ (- (TP (F))) ~ TP (F)
where g = (qr1,qx2), ¢ = (q1,42), and q1 and g2 are extended real
numbers such that qlik—i—q%k—i—--w—qik = qik for k=1,2.

Cameron and Storvick [5] introduced a new translation theorem for
the analytic Feynman integral on classical Wiener space. Now we give
a simple proof of a product abstract Wiener space version of the trans-
lation theorem.
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THEOREM 3.4. Let F' € Fa, a, be given by (2.8) and let w € H.
Then, for all = (q1,q2) with non-zero real numbers q; and g,

anfg 1/2 1/2
/ F(z1 + A w, T2 + A w)d(v x v)(z1,z2)
B2 il q2

2 - anfz
v 412 ?
= exp{g 2—%‘/1/ w|2}/32 F(z1,22)

j=1
2
exp{fz' Z(Ajl-/zw, xj)N} d(v x v)(x1,x2).
j=1

Proof. Let

2
G(z1,22) = F(x1,22) exp{ ’LZ 1-/2w ,T5) }

7j=1
Then, by (2.8), we have

2
G(r1,22) = /Hexp{iZ(Ajl,/?(h—w),xj)N}do(h)

Jj=1

/Hexp{ii:(Alﬂk )™ }d&(k)

j=1

where 6(F) = 0(E 4+ w) for E € B(H). Using Theorem 2.4, we obtain
(35)  (T3(G))(0,0)

7j=1
2 .
- T 1)2
_exp{—jz::lij‘Aj | }
2 . .
Uoa1/2,  41)2 Loy 1)2
/Hexp{;[qj(Aj h, Al w>_?,j|AJ h|2}da(h)

:exp{—fjim}” a0 ) (A, Ay ).

q1 q2

By Remark 2.5, we have the result. O
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COROLLARY 3.5. Under the hypothesis of Theorem 3.4, we have

anfq
/2 F(zy,x9)d(v X v)(x1,22)
B

2 . anfz
P12 9 q 1 12 1 172
:exp{ — A “w| }/ F(z1+ —A) w, 22 + — Ay "w)
;2%’ 7 B2 ot @

2
exp{i Z(A;/Qw, $j)N} d(v x v)(z1,x2).

J=1

Also we easily obtain the following corollaries as special cases of The-
orem 3.4.

COROLLARY 3.6. (Theorem 3.9 in [22]) Let F' € Fa, A, be given by
(2.8) and let w € H. Then, for all non-zero real number g,

anf,
/ F((a1,20) + (A7 2w, AY*w)) d(v x v) (a1, z2)

anf,

.2
= exp{fZ(Ajw,uJ)}/ F(x1,x9)

COROLLARY 3.7. Let F' € F(B) be given by (2.9) and let w € H.
Then, for all non-zero real number g,

anfy Zq anfy
/ F(z4w)dv(z) = exp{§|w\2} / F(z)exp{—iq(w,z)™} dv(z).
B B

The following theorem shows the existence for the analytic Fourier-
Feynman transform of the convolution product.

THEOREM 3.8. Let F' and G be elements of F 4, a, with corresponding

finite Borel measures o and p in M(H) respectively. Let qr1 and qxo
(k=1,2) be in R* — {0}. Then

(36) (T (F*@)g)(un.52)
2 . .
_ ox vl A~ Al2 2
-/ (L[5 ) = g )

—4;2],|A;/2<h ~ W]} da(h) do(k)
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for s-a.e. (y1,%2) in B? where @y = (g1, qr2) fork = 1,2 and 1 < p < oo.

Proof. As mentioned in Theorem 2.7, (F'*G)g, belongs to Fa, 4, and
is given by (2.13) with ¢ replaced by ¢>. Applying Theorem 2.4 to the
expression of (F'x G)g, and using (2.14), we have

2
(B7) (T (F*G)a), ) = /H exp{i (A4 %h,y;)™ | dif(h)

j=1
where 7) is given by (2.11) with o replaced by 1. Hence by the expressions
(2.11) and (2.14) we have (3.6) as desired. O

Taking ¢ = ¢» = ¢ in Theorem 3.8 and using the expression (2.10),
we have the following corollary.

COROLLARY 3.9. (Theorem 3.4 in [6]) Let F' and G be given as in
Theorem 3.8. Then for all { = (q1,q2) with nonzero real numbers q; and

q2,

(p) B _ () Y1 Y2 \p(p) oy
38) TP(F D) =1 () 5 216 (5 )
for s-a.e. (y1,y2) in B? and 1 < p < co.

COROLLARY 3.10. Let F' be given as in Theorem 3.1. Then for all
nonzero real numbers qx; and qro (k= 1,2),

T D)) =790 (Y. 22)

—

for s-a.e. (y1,y2) in B? where Gy = (qr1, @k2), ¢ = (41, q),
fork=1,2 and 1 <p < 0.

2 _ 1,1

q, Dk 42k

Proof. For a probability measure p whose support is {0} C H,
2

G(z1,22) = /Hexp{iZ(A}/Qh, yj)N} dp(h) = 1.

=1

Hence by Theorems 3.8 and 2.4, we have
T (F D) (1, 92)

2 . . .
_ KR SR VoS SRRV
_/Hexp{Z[ﬂ(AJ i)™ = gAY = A [} don)

j=1
17 (5 v3)

as desired. 0
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In the next theorem, we will show the existence for the convolution
product of the analytic Fourier-Feynman transforms.

THEOREM 3.11. Let F' and G be given as in Theorem 3.8. Let g1
and qgz (k = 1,2) be in R — {0}. Then for all nonzero real numbers q
and qo,

(3.9) (T (F) + T (G alwn v2)

2 . .
_ gl A~ b 422
- /H Qexp{j;[ AR, 54
7 7

A 2p2 Y 420 g2
3gn A1 K = 1A= WP} do(h) dph)

for s-a.e. (917?/2) in B2 where Jk = (leaqu)’ j: (Q17Q2) for k = 1)2
and 1 <p < 0.

Proof. As mentioned in Theorem 2.4, quf’)(F) and Tg)(G) belong to
Fa,,4, and are given by (2.10) with corresponding measures ¢ and p,

respectively. Applying Theorem 2.7 to the expressions of T qﬁf) )(F ) and
Tﬁp)(G), we obtain

q2

(3.10)

(T (F) + TV (G)) g1, y2)

_ /HQ exp{i [i(A;/Qh,yj)N - 4f}j\Aj/?(h - k)ﬂ } ds(h) dp(k).

j=1
Using the expression (2.11) for 6 and p, we obtain (3.9). O

COROLLARY 3.12. (Theorem 3.5 in [6]) Let F' and G be given as in
Theorem 3.8. Then for all § = (q1,q2) with nonzero real numbers ¢q; and
q2,

(3.11) (T (F) « T (G)) g1 2)
) . .
= 17 F I~ R~ G I~ R ;

for s-a.e. (y1,y2) in B? and 1 < p < co.
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Proof. From the expression (3.9), we have
(TP (F) « TV(G)) g1, y2)

-/ zexp{jé[ém”?(mk) () = g A0+ k] Y o) dih)

On the other hand, F'G belongs to F4, 4, and has the form
1 X2 1 I2
L2 gL 2
.2
v 1/2 ~
= expy —= A (h+ k), y;)~ ¢ do(h) dp(k).
/. o 7 240 80.)” pdoth) o)

By applying Theorem 2.4 it is easy to see that
®) . .
T F Y-SR~ G Y-SR~ )
also has the same expression as (qup)(F) * T;p)(G))_(j(yl, Y2). O

THEOREM 3.13. Let F' and G be given as in Theorem 3.8. Let g
and gz (k = 1,2) be in R —{0}. Then for all § = (q1, g2) with nonzero
real numbers q; and qo,

(3.12) TP (F) = TP (G)) ) (v, 2)
— 7P (y1 y2> 7®) (yl g)
= T / F - — =
a e ve) e O\s e
for s-a.e. (y1,y2) in B* where ¢; = (q'n,q'u) q'z (q'm,q;z) and q'lk and
gy, are extended real numbers such that q, = aqL— and —-— = a+—
k:

fork=1,2 and 1 < p < co. Also both sides of the above expression are
given by

(3.13) /H exp{i[\%(/l;/2(h+k),yj)~

J=1

AP - L,\Aj./?kﬂ } do(h) dp(k).
2¢,; 2q,;

Proof. A simple calculation together with Theorem 2.4 and 3.11 shows
that the left hand side of (3.12) is expressed as (3.13). On the other

hand, using Theorem 2.4, the right hand side of (3.12) is also expressed
as (3.13). O
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COROLLARY 3.14. Equation (3.8) in Corollary 3.9 holds.

Proof. Using Theorem 3.13 together with (i) of Remark 2.5, we can
easily obtain our result. O

THEOREM 3.15. Let F,G, 0, p,q1 and g5 be given as in Theorem 3.8.
Then for all § = (qi1,q2) with nonzero real numbers q; and g2, the fol-
lowing Parseval’s relation

(3.14) T TP (TP (F) « TP (G))2)(0,0)
_ T(p)(T()(F)<\[ I)qu (@)(—— il f)>( 0)

holds for 1 < p < o0.

Proof. By Corollary 3.2 and Theorem 3.11, the left hand side of (3.14)
is expressed as

2 . .
1 1/2 2 1 1/25 2
3.15 / ex - h Ak
(3.15) . p{;[ 3 1A = g 147

1

1432 (h = k)R] } der(R) dp(k).

4q;
On the other hand, we have that by Theorem 2.4,
(p) Y1 Y2 (p) % Y2
3.16 T (F) == % TY (G =, —2=
(3.16) P55 TG (-7 75)
2
v 1)2 ~
= exp — (A (h—k),y;
/. (S5 0 -0

1 1/2, 2 { 1/2 2} }
—— AR — — Ak do(h) dp(k
s 1AL = 5 AP doth) doh)
and belongs to F4, a,. By applying Theorem 2.4 once more to the above
expression, we have that the Fourier-Feynman transform of (3.16) is also
expressed as (3.15). O

Also we can express (3.14) alternately as

anf_g
(3.17) /B 2 (TP(TP(F) « T(G)) ) (w1, 22) d(v x v) (21, x2)

- [ ()0 S
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COROLLARY 3.16. (Theorem 3.6 in [6]) Let F' and G be given as in
Theorem 3.8. Then for all § = (q1,q2) with nonzero real numbers ¢q; and
q2, the Parseval’s relation

1) [T (2 ) a6 (4 L) dt < v

anfg 1 T x x
= /32 F<71§,72§)G(—71§,—72§)d(1/xy)(ml,xg)

holds for 1 < p < o0.
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