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ON THE 2-VARIABLE SUBNORMAL COMPLETION
PROBLEM

JuN IK LEE* AND SANG HOON LEE**

ABSTRACT. In this note we give a connection between the trun-
cated moment problem and the 2-variable subnormal completion
problem.

1. Preliminaries

Let H be a complex Hilbert space and let B(H) denote the algebra of
bounded linear operators on H. Recall that a bounded linear operator
T € B(H) is normal if T*T = TT*, and subnormal if T'= N|y, where
N is normal and N(H)C H. An operator T is said to be hyponormal
if T*T > TT*. For S,T € B(H), let [S,T] := ST —TS. An n-tuple
T:=(T1,---,T,) of operators on H is said to be (jointly) hyponormal
if the operator matrix

[Tl*aTl] [TQ*aTl] e [T;>T1]
[T*, T] — [Tl*’sz] [TQ*a:TQ] ) [T;>:T2]
[Tl*a Tn] [T2*7 Tn] U [T;zk> Tn]

is positive semidefinite on the direct sum of n copies of H (cf. [1], [9]).
For instance, if n = 2,

N 7, T |15, T
[T ’T] ::< {Tl*vTZ% {T2*7T2} >
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The n-tuple T = (11, T»,--- ,T,) is said to be normal if T is commuting
and each T; is normal, and T is subnormal if T is the restriction of
a normal n-tuple to a common invariant subspace. In particular, a
commuting pair T = (71, 75) is said to be k-hyponormal (k > 1) ([10])
if

T(k) == (1, T, T, o1, T3 - TE, BT - T3)
is hyponormal, or equivalently

T(k), TR = ((TITDY T3 T sz > 0.
1<p+q<k
Clearly, normal = subnormal = k-hyponormal. We now review results
for one variable subnormal completion. For a = {a,}5°, a bounded
sequence of positive real numbers (called weights), let Wy, : £2(Zy) —
(%(Z) be the associated unilateral weighted shift, defined by Wye, :=
anpent1 (all m > 0), where {ey, }2° is the canonical orthonormal basis in
(*(Z). For a weighted shift W,, the moments of a are given as

_ o 1, ifk=0
T = () = ad--ai_ |, ifk>0.

It is easy to see that W, is never normal, and that it is hyponormal if
and only if ap < a7 < ---. C. Berger’s characterization of subnormality
for unilateral weighted shifts (cf. [4], [2, 11.6.10]) states that W, is
subnormal if and only if there exists a Borel probability measure (so
called Berger measure) p supported in [0, ||[W, ][], with ||[W,|| € supp u,
such that

Y = /tQ”d,u(t) for all n > 0.

In 1966, Stampfli [16] explicitly exhibited for a subnormal weighted
shift Ag its minimal normal extension

Ay B; 0
A1 Bo
N = Ay ,
0
where A, is a weighted shift with weights {a(()n), agn), <}, By = diag{b(()n),
bgn), .-+ }, and these entries satisfy:

D) (@)~ @™)2 + "2 >0 6\ = 0 for all j);

(1) b =0 =\, = 0;
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(ITI) there exists a constant M such that |a§n)| < M and |b§n)| < M for
n=0,1,-- and j = 0,1, --.

b(n+1)
(n+1) . _ 7, (m)y2 (n) 2 (n)y213 (n+1) . _ (n) Zj+1
Here b; = [(a; )" = (a;2)" +(b;")7]2 and a; = a; ACEs)
j

(if bg»:) =0, then ag-g) is taken to be 0).

Thus, we have W, is subnormal if and only if conditions (I), (II), (III)
hold for W,.

Given an initial segment of weights a : ag,--- ay,, a sequence a €
(>®(Zy) such that a; = «; (i = 0,---,m) is said to be recursively
generated by « if there exist + > 1 and g, -+ ,pr,—1 € R such that
Yntr = ©0Vn + -+ Or—1Vn+r—1 (all n > 0)7 where 79 == 1, v, =
at---a2 | (n > 1); in this case Wy is said to be recursively gener-
ated. If the associated recursively generated weighted shift W5 is sub-
normal, then its Berger measure is a finitely atomic measure of the form
W= podsy + -+ pr—1ds, ,. Let o : ap, -+, (m > 0) be an initial
segment of positive weights and let w = {w;, }52, be a bounded sequence
of positive numbers. We say that W, is a completion of « if w, = a4,
(0 < n < m), and we write &« C w. The completion problem for a
property (P) entails finding necessary and sufficient conditions on « to
ensure the existence of a weight sequence w D « such that W, satisfies
(P). In [2, Theorem 3.5], the following criterion was established.

THEOREM 1. (Subnormal Completion Criterion) If « : ag,--- ,ap
(n > 0) is an initial segment of positive weights then the following are
equivalent:

(i) @ has a subnormal completion;

(ii) « has a recursively generated subnormal completion;

(iii) the Hankel matrices H(l) and Hy(m — 1) are both positive (I :=
[nTl] and m = [%] + 1) and the vector
Vi1 Tm+1
: (resp. : )

Y2i+1 Yo2m
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is in the range of H(l) (resp. Hy(m — 1)) when n is even (resp. odd).
Here

Y M T Y §a! Y2 Y1

. 71 Y2 P | ) Y2 Y3 e Y42
HG)=|. . . s He(G) = o .

Vi Y41 o 725 Vi+1 o Vi4+2 o Y2541

We now consider double-indexed positive bounded sequences ay, Bk €
(>(Z3), k = (ki,kz) € Z%. Define the 2-variable weighted shift
Wia,p) = (T1,12) by

Tiex := akekie, and Toex 1= Prericy,
where €1 := (1,0) and &2 := (0,1). Clearly,
(1.1) Wl =11 <~ ﬂk—i—slak = Ozk+€2,8k (all k e Zi)

In an entirely similar way one can define multivariable weighted shifts.
Given k € Z2 , the moments of (a, 3) of order k is

1k = x(a, B)
1 if k = (ki, k) = (0,0)
B O‘%o,o) . 'a%kl—l,o) if ki >1and ko =0
B0 Bk if k1 =0 and ky > 1

04%0’0) . -a%krl,o) -5(2,41,0) . -ﬂ?kl’krl) if k; > 1 and ky > 1.

We remark that, due to the commutativity condition (1.1), v, can be
computed using any nondecreasing path from (0,0) to (k1, k2). We then
recall basic results for 2-variable weighted shifts. The following is a
criterion on hyponormality for 2-variable weighted shifts.

LEMMA 2. ([3])(Six-point Test (see Figure 1-(i))) Let T = (T1,T2)
be a 2-variable weighted shift, with weight sequences « and (3. Then

[T*, T] 20 & ([T}, Tilexte;s exte;))i j=y > 0 (all k € Z7)

=12
2 2
« — (6] —
= k+e1 k k+€22ﬁk+€1 9 lek >0 (a]] k ¢ Z%—)
Okteo Bite; — 0Pk Bire, — Bic

We now recall a well known characterization of subnormality for mul-
tivariable weighted shifts [14], due to C. Berger (cf. [2, I1.6.10]) and in-
dependently established by Gellar and Wallen [13]) in the single variable
case:
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k+2 9

/8k+€2

Ak
k+eo = k+ei+e2

ﬁk Bk+61

373 QAk+teq
k k+81 k+2€1

FIGURE 1. Weight diagram used in the Six-point Test

THEOREM 3 (Berger’s Theorem). W, 3 = (11,T%) is subnormal if
and only if there is a probability measure p (which we call the Berger
measure of W,, g) defined on the 2-dimensional rectangle R = [0, || T} RE
[0, | T3]|?] such that

e = / sMtk2du(s,t), for all k = (ky, ko) € Z2.
R

In this paper we consider the following problem.

PROBLEM 4. (2-variable Subnormal Completion Problem) Given
m > 0 and a finite collection of pairs of positive numbers €, = {(o,
Bx) }k|<m satistying (1.1) for all |k| < m (where |k| := ki + k2), find
necessary and sufficient conditions to guarantee the existence of a sub-
normal 2-variable weighted shift whose initial weights are given by .

Problem 4 is closely related to the truncated real moment problems.
PROBLEM 5. Given real numbers

(1.2) v =4 = 450, Y10, Y01, Y20, Y11, Y02, - - - s V20,05 > V0,20

with o9 > 0, the truncated real moment problem for ~ entails finding
conditions for the existence of a positive Borel measure u, supported in
R2, such that

%-j:/:niyjd,u, 0<i4+j<n.
Given the truncated moment sequence v in (2) and 0 < 4,5 < n, we

define the (i+1) x (j + 1) matrix M][i, j] whose entries are the moments
of order i + j:
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Yi+3,0 Yiti-1,1 0 Vig
L L Yi+j—11  Vi+j—2,2 " Vi—1,j+1
Mli, j](v) = M[i, j] == . . . . :
Vi Yi—-144+1 " V0,45

where we note that M i, j] has the Hankel-like property of being constant
on each skew-diagonal; in particular, M|, 1] is a self-adjoint Hankel ma-
trix. We now define the moment matriz M(n) = M (n)(~y) via the block
decomposition M(n) := (M[i, j])o<ij<n. For example, if n = 1, the
quadratic moment problem for v : vo0, Y10, Y01, V20, V11, Yo2 corresponds
to

M([0,0] M0 1]> o
M(1) = ’ ’ B
(1) (M[l,O] M(1,1] 3(1)(1) 3?? 33;

and if n = 2, the quartic moment problem for

7Y £ 7005 Y105 Y01, Y205 Y11, Y02, Y305 V21, V125 Y03, V40, V31, V22, V13, Y04

corresponds to
M

M2)=|M

M

Y00 Y10 Yor Y20 Y11 Y02
Y10 20 Y11 Y30 Y21 V12
Yo1 Y11 Y02 Y21 Y12 Y03
Y20 Y30 Y21 Y40 Y31 Y22
Y11 Y21 Y12 Y31 Y22 V13
Y02 Y12 Y03 722 Y13 Y04

(For basic results about truncated moment problems we refer to [4]
and [6].)

We conclude this section some notations. For n > 1, let m =
m(n) = ("HEM For A € M,,(R) (the set of m x m real matrices),
we denote the successive rows and columns according to the following
lexicographic- functional ordering :

1,X,Y, X2 XY, Y2, , X" ... . Y"
For A a positive N x N matrix, if 1 <n; <--- <ngp < N we let

[A]{nl,...7nk}
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denote the compression of A to the rows and columns indexed by {n1, ...,
ni}. Welet Cqp, ..,y and Ryp, ... n,y denote the column space and the
row space, respectively of A, i.e., the subspaces of RY spanned by the
columns and the rows indexed by {ni,--- ,ni} of A, respectively. We
also denote the entry of A € M,,(,)(R) in row X*Y! and column X?Y7J
by A(i1y@i,j)- Then it is easy to see that M (n) g 1)) = Vktiltj-

2. Main results

We start this section recalling the main results in [10]. In [10], it was
shown:

THEOREM 6. [10] T = (T1,T2) is subnormal if and only if T =
(Th,T,) is k-hyponormal for all k > 1.

THEOREM 7. [10] For a 2-variable weighted shift W, 3, the following
are equivalent:

(a) Wy is k-hyponormal;
(b) (7k7k+(n,m)+(p,q) - f)/k+(n,m)7k+(p,q))1ﬁn+mﬁk >0, Vke Z?H

1<p+q<k

(C) Mk(k) = (7k+(n,m)+(p,q))0§n+mék >0, Vke Z%—

0<p+q<k

We thus obtain:
COROLLARY 8. W, g is subnormal if and only if
Mk(OO) = (’Yk—l-(m,n)—&—(p,q));nqu%o 2 0
for k = (0,0), (1,0), (0,1), (1,1).

Proof. From Theorems 6 and 7, we can see that W, g is subnormal

if and only if My(00) = (Yit(mm)+(pg))mtnz0 = 0 for all k € Z2.
+q20
But since My (c0) is a principal submatri; cé)f one of My(c0) for k =

(0,0), (1,0), (0,1), (1,1), it follows from well-known result in the matrix
analysis which states that a principal submatrix of a positive matrix is
positive. ]

Corollary 8 provide a solution of the Stieltjes full power moment prob-
lem. Recall one variable Stieltjes full power moment problem. In 1894
Thomas Jan Stieltjes (1856-1894) published an extremely influential pa-
per: Recherches sur les fractions continues, Ann. Fac. Sci. Toulouse,
8, 1-122; 9, 5-47. He introduced what is now known as the Stieltjes
integral with respect to an increasing function ¢, the latter describing
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a distribution of mass (a measure p) via the convention that the mass
in an interval [a,b] is p([a,b]) = ¢(b) — ¢(a). This integral was used to
solve the following problem which he called the moment problem:

PROBLEM 9. Given v = {v,}5°,, find necessary and sufficient con-
ditions on v for the existence of positive measure y with suppp C RT
such that

(2.1) Yo = /m”d,u(x) (Vn > 0).

The number 7, is called the nth moment of u, and the sequence {v,}
is called the moment sequence of u. Stieltjes was led to the Stieltjes
moment problem above via a study of continued fractions. But now we
can give an answer to the Problem 9 using Theorem 1.

ProrosiTiON 10. The following statements are equivalent:
(i) There exists positive measure y1 on R™ such that v, = [ 2"dp(z) (Vn
> 0).
(ii) A(p) > 0 for all p > 0 on R* where A(p) := Y. ,a;iy; for p(z) =
S @it
Yo o2
(iii) H(co):= [ 72 | >0,Hy(cc):= |72 7 | >0

Proof. (i) = (ii): Suppose there exist a positive measure p with
supp p C Ry satisfying (2.1). Then we have

Ap) =Y ami=Ya / du(x) = / p(@)dp(z) > 0

for all p(z) > 0 on Ry.

(i) = (iii): Suppose A(p) > 0 for all p > 0 on R*. Let p(x) :=
lag + a1 + - - + a,2"|? and q(z) := z|ap + a1 + - + a,z"|?. Then
p(x) > 0 and g(z) > 0 on R*. Thus, A(p) = Z?J a;a;viy; > 0 and
A(q) = ZZ] a;a;Yi+j+1 > 0. Since n and a; are arbitrary, it follows that
H(oo) > 0 and Hz(o0) > 0.

(iii) = (i): Suppose H(oco) > 0 and H,(oc0) > 0. Since H(oc0) > 0, we
can see that 79 > 0. Let v = {7}, }22, with 7}, := YTZ Then H(oc0) >0
and H,(oco) > 0 for 4'. Now we can reproduce the weight sequence

subnormal. Hence 4" has a Berger measure v. Therefore u = yov. O

a form +/ via oy, := . From Theorem 1, we can see that W, is

The two-variable Stieltjes power moment problem states that:
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PrROBLEM 11. Given v = {’Yk}kezi’ find necessary and sufficient

conditions on -y for the existence of positive measure p with suppu C Ri
such that

Vk:/xkly“du(%y) (Vk := (1, ko) € Z3).

For given v = {fyk}kezfz+ , define a linear functional I'; on R[z,y] by
) = Z QijYig;
i,j

where p(z,y) = Zl j aija:iyj . Then, from Corollary 8, we have an answer
to the two-variable Stieltjes power moment problem.

PrOPOSITION 12. Given v = {’Yk}kezi: the following statements are

equivalent:
(i) There exists positive measure p with supp p C Ri such that
(2.2) Y = /mkly]”d,u(a:,y) (Vk := (k1,k2) € Z%).

(ii) Ty (p) > 0 for all p(z,y) >0 on R2.
(111) Mk( ) = (7k+(m n)+(p, q))m*‘”zo > 0 for k = (0 0) (170)7 (071)7
(1,1).

Proof. (i) = (ii): Suppose there exist a positive measure p with
supp p C R% satisfying (2.2). Then we have

P1= 3w = Lo [ oo = [ einten >0
1]

for all p(xz,y) > 0 on R%—'

(ii) = (iii): Suppose I'y(p) > 0 for all p(z,y) > 0 on R2. Let p(z,y) :=
lago + a10z + any + - + anor™ + ap—112" "ty + -+ + appy™|* and
Q(x7y) = .’L‘p(%, y) and 70(‘7:7y) = yp(xvy) and S(‘Tay) = $yp($, y) Then
p(.%', y)? Q(xa y)? T((L‘, y)? S(.Z', y) > Oon Ri Thus, Fw(p) = Z aijTIdVi+k,j+l
>0, Uy(q) = X aij@gVivkr1,5+1 > 0, Dy(r) = D aij@yirkjrie1 > 0
and I'y(s) = > @@k Yitk+1,j+141 > 0. Thus it follows that My (o0) > 0
for k = (0,0), (1,0), (0,1), (1,1).

(iii) = (i): If Mx(c0) > 0 for k = (0,0), (1,0), (0,1), (1,1), then by
Corollary 8, we can construct a 2-variable weighted shift W, g which
is subnormal. Thus, it has the Berger measure p with supp u C Ri
satisfying (2.2). O
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For the truncated moment problem, the direct analogue of the equiv-
alence (i) <= (ii) above proposition need not hold. For example, let
Y 1700 = Y10 = Yo1 = Y20 = 711 = 1 and 402 = 2. Then

(1) Ty(p) > 0 for all p(x,y) > 0 with degp < 2.
(2) ~ has no representing measure.

Y00 Y10 Y01 1 11
(3) M(1)=|[~v0 720 yu| =111 1|>0
Yo1 Y11 702 1 1 2

Next we consider the main theorem in [6]. Although [6, Theorem 1.6]
deals with truncated complex moment problems, there is an entirely
equivalent version for the case of two real variables, which we now state.
Let Kp = {(x,y) € R? : p;(z,y) > 0,Yp; € P} for P = {p1,-- ,pm} C
Rz, y] and define k; by degp; = 2k; or degp; = 2k; — 1 (1 <i < m).

In [6], Curto and Fialkow showed that the following statements are
equivalent:

(i) There exists a rank M (n)-atomic representing measure g for v(2%)

with suppu C Kp.
(i) M(n) > 0 and there is some flat (i.e., rank-preserving) extension
M(n + 1) for which M, (n+k;) >0 (1 <i<m).

In this case, the representing measure for M(n + 1) is rank M (n)-
atomic, supported in K'p, and with precisely rankM (n)—rank M, (n+k;)
atoms in Z(p;) := {(x,y) € R?: p;(z,y) =0} (1 <i < m).

If we let py (7, y) := z and pa(x, y) ==y, then Kp = R2, M, (n+k;) =
M,(n + 1) and Mp,(n + k2) = My(n + 1). Thus, we have an abstract
solution of Problem 4(Odd case):

THEOREM 13. If m is odd, then the following statements are equiv-
alent:

(i) Q, has a subnormal completion.
(ii) There exists a rank M (k)-atomic representing measure p for ()
supported in R% where k := [Z51].
(iii) M(Qy) = M(k) > 0 and Q,, admits a commutative extension

Q42 such that the moment matrix M (Qy,42) = M(k+1) is a
flat extension of M (k), My(k+1) >0 and M,(k+1) > 0.

In this case, the Berger measure p of a subnormal completion ﬁoo of
Q,,, has rank M (k) —rank M, (k+1) atoms in {0} xRy (resp. rankM (k) —
rank M, (k + 1) atoms in Ry x {0}). We remark that the Theorem 13
resembles the Corollary 8 in the sense that M = My, M, = Mg, M, =
Mpy;.
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In 1966, Stampfli [16] showed that o : oy < a1 < ag has always
subnormal completions, directly constructing the normal extension. It
was highly nontrivial that time. But it is easy now from Theorem 1.

Similarly, we can give a a concrete criterion of the Problem 4 for the
case m = 1.

THEOREM 14. Given Q; := {(ax, k) : |k| < 1} satisfying Bioc00 =
o100, the following statement are equivalent:

(i) Q1 has a subnormal completion;
(ii) €y has a hyponormal completion;

(i) (o) — ady) (B8, — B3) = (01510 — @0000)%;

Y0 o1 Y10 1 o 32,
(iv) M(1) :=={v01 Y2 M1 | = a§0 aéoaio aéoﬁgo > 0.
7100 711 720 Boo  agoBio  BaoBor
Proof. See [12]. O
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