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N-IDEALS OF BCK/BCI-ALGERBAS

YouNG BAE JunN*, KYyouNG JA LEE** AND SEOK ZUN SONG***

ABSTRACT. The notions of N-subalgebras, (closed, commutative,
retrenched) N-ideals, f-negative functions, and a-translations are
introduced, and related properties are investigated. Characteriza-
tions of an N-subalgebra and a (commutative) N -ideal are given.
Relations between an N -subalgebra, an A-ideal and commutative
N-ideal are discussed. We verify that every a-translation of an
N-subalgebra (resp. N-ideal) is a retrenched N-subalgebra (resp.
retrenched A-ideal).

1. Introduction

A (crisp) set A in a universe X can be defined in the form of its
characteristic function py : X — {0,1} yielding the value 1 for elements
belonging to the set A and the value 0 for elements excluded from the set
A. So far most of the generalization of the crisp set have been conducted
on the unit interval [0,1] and they are consistent with the asymmetry
observation. In other words, the generalization of the crisp set to fuzzy
sets relied on spreading positive information that fit the crisp point {1}
into the interval [0,1]. Because no negative meaning of information is
suggested, we now feel a need to deal with negative information. To
do so, we also feel a need to supply mathematical tool. To attain such
object, we introduce and use a new function which is called negative-
valued function. The important achievement of this article is that one
can deal with positive and negative information simultaneously by com-
bining ideas in this article and already well known positive information.

BCK-algebras entered into mathematics in 1966 through the work of
Imai and Iséki [9], and have been applied to many branches of math-
ematics, such as group theory, functional analysis, probability theory
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and topology. Such algebras generalize Boolean rings as well as Boolean
D-posets (= MV -algebras). Also, Iséki introduced the notion of a BCI-
algebra which is a generalization of a BCK-algerba (see [10]). Several
properties on BCK/BCl-algebras are investigated in the papers [1-7],
[11-14], [16] and [18]. Soft set theory is applied to BCK/BClI-algebra by
Y. B. Jun [15] and Y. B. Jun and C. H. Park [17]. Fuzzy set theory in
BCK/BCl-algebras is discussed by several researchers. In this paper, we
discuss the ideal theory of BCK/BClI-algebras based on negative-valued
functions. We introduce the notions of A-subalgebras, (closed, commu-
tative, retrenched) N-ideals, f-negative functions, and a-translations,
and then we investigate several properties. We give characterizations
of an N-subalgebra and a (commutative) N-ideal. We discuss relations
between an N-subalgebra, an N-ideal and commutative N -ideal. We
show that every a-translation of an N-subalgebra (resp. N-ideal) is a
retrenched N-subalgebra (resp. retrenched N -ideal).

2. Preliminaries

Let K (1) be the class of all algebras of type 7 = (2,0). By a BCI-
algebra we mean a system X := (X, *,0) € K(7) in which the following
axioms hold:

(2.1) (2 xy) s (25 2) % (s 59) =0,
(2:2) (@ (zxy))xy=10,
(2.3) rxx =0,
(2.4) rxy=yxx=0=>x=1y,

for all x,y,z € X. We can define a partial ordering < by
Ve,ye X)(z 2y & x*xy=2~0).

In a BCK/BCl-algebra X, the following hold:

(2.5) rxl=uz,

(2.6) (x*xy)*xz=(x*2)*y,

for all z,y,z € X. If a BCl-algebra X satisfies 0 x x = 0 for all z € X,
then we say that X is a BCK-algebra. A BCK-algebra X is said to be
commutative if it satisfies the following equality:

(2.7) (Vz,y € X) (z Ay =yAn)

where x Ny = z * (x * y).
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A non-empty subset S of a BCK/BClI-algebra X is called a subalgebra
of X ifxxy € S for all x,y € S. A non-empty subset A of a BCK/BCI-
algebra X is called an ideal of X if it satisfies:

(2.8) 0eA,
(2.9) (Vz,ye X)(zxyec A&kye A= zeA).

A non-empty subset A of a BCK-algebra X is called a commutative
ideal of X (see [18]) if it satisfies (2.8) and

(2.10Vx,y,2 € X) ((z*xy)x2€ A&k z€ A = xx(yAx) € A).

Note that any commutative ideal in a BCK-algebra is an ideal, but the
converse is not valid (see [18]). We refer the reader to the books [8] and
[19] for further information regarding BCK/BCI-algebras.

3. N-subalgebras and (commutative) A -ideals

Denote by F(X,[—1,0]) the collection of functions from a set X to
[—1,0]. We say that an element of F(X,[—1,0]) is a negative-valued
function from X to [—1, 0] (briefly, N -function on X.) By an N -structure
we mean an ordered pair (X, ¢) of X and an NV -function ¢ on X. In what
follows, let X denote a BCK/BCl-algebra and ¢ an N-function on X
unless otherwise specified.

DEFINITION 3.1. By a subalgebra of X based on N -function ¢ (briefly,
N -subalgebra of X), we mean an N -structure (X, ¢) in which ¢ satisfies
the following assertion:

(3.1) (Vz,y € X)(p(z *y) < max{p(z), p(y)})-
For any N-function ¢ on X and t € [—1,0), the set
Clpit) :={r € X [ p(x) <t}
is called a closed (p,t)-cut of ¢, and the set
Olpit) :==A{r € X [ p(z) <t}
is called an open (p,t)-cut of .

THEOREM 3.2. Let (X, ¢) be an N -structure of X and . Then (X, ¢)
is an N -subalgebra of X if and only if every non-empty closed (p,t)-cut
of p is a subalgebra of X for all t € [—1,0).
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Proof. Assume that (X, ¢) is an N-subalgebra of X and let t € [—1,0)
be such that C(p;t) # 0. Let 2,y € C(p;t). Then p(z) <t and ¢(y) <
t. It follows from (3.1) that p(z * y) < max{p(z),¢(y)} < t so that
xxy € C(p;t). Hence C(p;t) is a subalgebra of X.

Conversely, suppose that every non-empty closed (p,t)-cut of X is a
subalgebra of X for all t € [—1,0). If (X, ¢) is not an N-subalgebra of X,
then p(axb) > tg > max{y(a), p(b)} for some a,b € X and ¢y € [-1,0).
Hence a,b € C(p;tg) and a*xb ¢ C(p;to). This is a contradiction. Thus
o(x xy) < max{p(x),p(y)} for all z,y € X. O

COROLLARY 3.3. If (X, ) is an N -subalgebra of X, then every non-
empty open (p,t)-cut of X is a subalgebra of X for all t € [—1,0).

Proof. Straightforward. O

LEMMA 3.4. Every N -subalgebra (X, ¢) of X satisfies the following
inequality:

(3.2) (Ve € X)(p(x) = ¢(0)).
Proof. Note that x « x = 6§ for all x € X. Using (3.1), we have
0(0) = p(x * ) < max{p(x),p(x)} = p(z) for all x € X. O

PROPOSITION 3.5. If every N-subalgebra (X, y) of X satisfies the
following inequality:

(3-3) (Va,y € X)(p(z xy) < v(y)),
then ¢ is a constant function.

Proof. Let x € X. Using (2.5) and (3.3), we have p(z) = p(x *6) <
(). It follows from Lemma 3.4 that p(z) = (@), and so ¢ is a constant
function. n

DEFINITION 3.6. By an ideal of X based on N-function ¢ (briefly,
N-ideal of X), we mean an N-structure (X, ¢) in which ¢ satisfies the
following assertion:

34)  (Vz,y € X)(p(0) < p(z) < max{p(z*y), ¢(y)})-

EXAMPLE 3.7. Let X = {6,a,b,c} be a set with the following Cayley
table:

O Qe D *
O TR D
O DL
O DI
TR DO
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Then (X, ,0) is a BCK-algebra. Define an N -function ¢ by

X 0 a b c
¢ |—-07 —-05 —-05 -0.3

It is easily verified that (X, ) is both an N-subalgebra and an N -ideal
of X.

ExampLE 3.8. Consider a BCl-algebra X =Y x Z where (Y,*,0)
is a BCI-algebra and (Z,—,0) is the adjoint BCI-algebra of the additive
group (Z,+,0) of integers (see [8]). Let ¢ be an N -function on X defined

by
[t ifzeY x(NU{o)),
pla) = { 0 otherwise

for all x € X where N is the set of all natural numbers and t is fixed in
[—1,0). We can easily check that ¢ satisfies the condition (3.4), and so
(X, ) is an N-ideal of X.

PROPOSITION 3.9. If (X, ¢) is an N-ideal of X, then
(3.5) (Vz,y € X) (z 2y = ¢(z) < o(y)).
Proof. Let x,y € X be such that x < y. Then z *y = 6, and so

p(x) < max{p(z *y), p(y)} = max{p(0), o(y)} = ¢(y).
This completes the proof. O

PROPOSITION 3.10. Let (X, ¢) be an N-ideal of X. Then the following
are equivalent:

(i) (Vo,y € X) (p(z*y) < o((z*y)*y)),
(i) (Vo,y,2 € X) (p((z* 2) * (y * 2)) < p((z *y) * 2)).

Proof. Assume that (i) is valid and let z,y,z € X. Since
((xx(y*xz))x2)xz=((x*x2)*x(y*x2))*x2z X (z*xy)* 2z,
it follows from Proposition 3.9 that o(((z*(y*z))*2)x2) < @((z*xy)*z).
Using (2.6) and (i), we have
p((zx2)x(yxz)) = p((@x(y*2))xz) < e(((2x(y*2))x2)*2) < p((zxy)*z).

Conversely suppose that (ii) holds. If we use z instead of y in (ii),
then

olxxz)=p((zx2)x0) =p((z*x2)x(z2x2)) < p((z*2)x*2)
for all z,z € X by using (2.3) and (2.5). This proves (i). O
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THEOREM 3.11. For any subalgebra (resp. ideal) U of X, there exists
an N-function ¢ such that (X, ) is an N-subalgebra (resp. N-ideal) of
X and C(p;t) = U for some t € [—1,0).

Proof. Let U be a subalgebra (resp. ideal) of X and let ¢ be an
N-function on X defined by

_J o itxel,

plr) = { t ifxeU
where t is fixed in [—1,0). Then (X, ) is an N-subalgebra (resp. N-
ideal) of X and C(p;t) = U. O

THEOREM 3.12. Let (X,p) be an N-structure of X and . Then
(X, ) is an N-ideal of X if and only if it satisfies:

(3.6) (Yt e [-1,0)) (C(p;t) #0 = C(p;t) is an ideal of X).

Proof. Assume that (X, ¢) is an N-ideal of X. Let ¢t € [—1,0) be
such that C(p;t) # 0. Obviously, 6 € C(g;t). Let z,y € X be such that
xxy € C(p;t) and y € C(p;t). Then p(xxy) < tand p(y) < t. It follows
from (3.4) that ¢(x) < max{p(x *xy),p(y)} < t, so that x € C(y;t).
Hence C(y;t) is an ideal of X.

Conversely, suppose that (3.6) is valid. If there exists a € X such
that p(0) > ¢(a), then ¢(6) > t, > ¢(a) for some t, € [—1,0). Then 6 ¢
C(y;tq) which is a contradiction. Hence ¢(0) < ¢(z) for all z € X. Now,
assume that there exists a,b € X such that ¢(a) > max{p(a*b), p(b)}.
Then there exists s € [—1,0) such that ¢(a) > s > max{p(a xb), p(b)}.
It follows that a xb € C(p;s) and b € C(p;s), but a ¢ C(p;s). This is
impossible, and so ¢(z) < max{p(z*y),¢(y)} for all z,y € X. Therefore
(X, ) is an N-ideal of X. O

COROLLARY 3.13. If (X, ¢) is an N-ideal of X, then every non-empty
open (p,t)-cut of X is an ideal of X for all t € [—1,0).

Proof. Straightforward. O
PROPOSITION 3.14. Let (X, ) be an N-ideal of X. If X satisfies the
following assertion:

(3.7) (Ve,y,z € X)(z*xy < 2),

then p(z) < max{p(y), ¢(2)
Proof. Assume that (3.7) is valid in X. Then ¢(z * y) < max{p((z *
y) * 2),0(2)} = max{p(0),p(2)} = ¢(z) for all z,y,z € X. It follows

that p(z) < max{p(z *y), p(y)} < max{p(y),p(z)} for all z,y,z € X.
This completes the proof. O

} for all z,y,z € X.
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THEOREM 3.15. For any BCK-algebra X, every N-ideal is an N-
subalgebra.

Proof. Let (X, ) be an N-ideal of a BCK-algebra X and let z,y € X.
Then
(e y) < max{p((z +y) * x), p(2)} = max{p((z * ) * y), p()}
= max{p(0 * y), p(x)} = max{p(0), p(x)} < max{p(z),o(y)}-
Therefore (X, ¢) is an N -subalgebra of X. O

The converse of Theorem 3.15 may not be true in general as seen in
the following example.

ExAMPLE 3.16. Consider a BCK-algebra X = {0,1,2,3,4} with the
following Cayley table:

=W DD |-
WD DD |W
I

=W DD N

=W N =D x
W R DD

Define an N -function ¢ on X by

X| 0 1 2 3 4
o |-08 —08 —02 —0.7 —04

Then (X, ) is an N-subalgebra of X. But it is not an N-ideal of X
since p(2) = —0.2 > —0.7 = max{p(2 * 3), ¢(3)}.

The following example shows that Theorem 3.15 is not valid in a
BCl-algebra X, that is, if X is a BClI-algebra then an AN-ideal (X, )
may not be an N-subalgebra for some N -function ¢ on X.

ExAMPLE 3.17. Consider the N-ideal (X, ) which is described in
Example 3.8. Take v = (0,0) and y = (0,1). Then z := x xy = (6,0) *
(0,1) = (6,~1), and 50 p(z + y) = p(=) = 0 > t = max{p(x), p(y)}
Therefore (X, ¢) is not an N -subalgebra of X.

For any element w of X, we consider the set

X ={z € X | p(z) < p(w)}.
Obviously, w € X,,, and so X, is a non-empty subset of X.
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THEOREM 3.18. Let w be an element of X. If (X, ¢) is an N -ideal of
X, then the set X,, is an ideal of X.

Proof. Obviously, 0 € X, by (3.4). Let z,y € X be such that zxy €
Xy and y € X, Then p(zxy) < p(w) and p(y) < ¢(w). Since (X, ¢) is
an N-ideal of X it follows from (3.4) that p(z) < max{p(x*y), p(y)} <
p(w) so that = € X,,. Hence X, is an ideal of X. O

THEOREM 3.19. Let w be an element of X and let (X,¢) be an
N -syructure of X and . Then

(i) If Xy, is an ideal of X, then (X, ) satisfies the following assertion:

(3.8) (Vo,y,2 € X)(p(x) = max{p(y * 2), 0(2)} = @(x) > ¢(y))-

(i) If (X, ) satisfies p(0) < @(x) for all x € X and (3.8), then X,, is
an ideal of X.

Proof. (i) Assume that X,, is an ideal of X for each w € X. Let
x,y,z € X be such that ¢(z) > max{p(y * 2),¢(z)}. Then y * z € X,
and z € X,. Since X, is an ideal of X, it follows that y € X, that is,
p(y) < p(z).

(ii) Suppose that (X, ) satisfies p(0) < ¢(x) for all x € X and
(3.8). For each w € X, let z,y € X be such that z xy € X, and
y € Xy. Then ¢(x xy) < p(w) and ¢(y) < ¢(w), which imply that
max{p(z *xy),o(y)} < p(w). Using (3.8), we have p(w) > ¢(z) and so
x € Xy. Obviously 6 € X,,. Therefore X,, is an ideal of X. O

DEFINITION 3.20. Let X be a BCI-algebra. An N-ideal (X, ¢) is said
to be closed if it is also an N-subalgebra of X.

EXAMPLE 3.21. Let X = {0,1,a,b,c} be a BCI-algebra with the
following Cayley table:

10 1 a b c
010 0 a b c
111 8 a b ¢
ala a 6 ¢ b
bib b ¢ 0 a
cle ¢ b a 0

Let ¢ be an N-function on X defined by

X 0 1 a b c
| —-09 -07 -06 —-02 -0.2
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Then (X, ) is a closed N-ideal of X.
THEOREM 3.22. Let X be a BCl-algebra and let ¢ be defined by

i ty if x € X+,
pla) = { to otherwise

where t1,ty € [—1,0) with t; < to and Xy = {z € X | 0 < z}. Then
(X, ) is a closed N-ideal of X.

Proof. Since 6 € X, we have p(f) = t; < ¢(x) for all x € X. Let
z,y € X.If x € X4, then p(z) = t1 < max{p(r+*y),p(y)}. Assume that
¢ Xy Ifexye X, theny ¢ Xy;andify € Xy then xxy ¢ Xy. In
either case, we get p(z) = to = max{p(x*y),(y)}. For every z,y € X,
if any one of z and y does not belong to X, then

p(r xy) < te = max{p(x), p(y)}

If x,y € X4, then x *xy € X, and so ¢(z *y) = t; = max{e(x), ¢(y)}.
Therefore (X, ¢) is a closed N-ideal of X. O

DEFINITION 3.23. Let X be a BCI-algebra. If an A/-function ¢ on X
satisfies the following condition:

(Vo € X)(p(0 * ) < o(x)),
then we say that ¢ is a 8-negative function.

PROPOSITION 3.24. Let X be a BCl-algebra. If (X, ) is a closed
N-ideal of X, then ¢ is a 6-negative function.

Proof. For any x € X, we have
p(0  x) < max{p(f), p(z)} < max{p(z), p(x)} = p(z).
Therefore ¢ is a #-negative function. O
We provide a condition for an N-ideal to be closed.

PROPOSITION 3.25. Let X be a BCI-algebra. If (X, ) is an N-ideal
of X in which ¢ is 6-negative, then (X, ) is an N -subalgebra of X

Proof. Note that (zxy)*x < 0x*y for all z,y € X. Using Proposition
3.14 and the #-negativity of ¢, we have

p(z+y) < max{p(z), p(0 «y)} < max{p(z), p(y)}.
Therefore (X, ¢) is an N-subalgebra of X. O
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DEFINITION 3.26. Let X be a BCK-algebra. By a commutative ideal
of X based on ¢ (briefly, commutative N -ideal of X), we mean an N-
structure (X, ¢) in which ¢ satisfies (3.2) and
(3.9)  (v2,y,2 € X)(p(z + (yAw)) < max{p((z+y) *2),0(2)}).

ExAMPLE 3.27. Consider a BCK-algebra X = {60,a,b,c} which is
given in Example 3.7. Let ¢ be defined by

X 0 a b c
¢ |—-06 —-04 -03 -0.3

Routine calculations give that (X, ) is a commutative N -ideal of X.

THEOREM 3.28. Every commutative N -ideal of a BCK-algebra X is
an N-ideal of X.

Proof. Let (X, ¢) be a commutative N-ideal of X. For any z,y, z € X,
we have

p(x) =z (0 Az)) < max{p((z0) x 2), p(2)} = max{p(z * ), 0(2) }-
Hence (X, ¢) is an N-ideal of X. O

The following example shows that the converse of Theorem 3.28 is
not valid.

EXAMPLE 3.29. Consider a BCK-algebra X = {0,1,2,3,4} with the
following Cayley table:

x160 1 2 3 4
016 66 6 0 0
11161 6 6
212 2 60 0 0
313 3 3 60 0
414 4 4 3 6

Let ¢ be defined by

X| 6 1 2 3 4
¢ | —07 —06 —04 —04 —04

Then (X, ) is an N-ideal of X. But it is not a commutative N -ideal of
X since

©(2% (3A2))) = —0.4 > —0.7 = max{p((2 % 3) * 0), 0(0)}.
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THEOREM 3.30. If (X,¢) is an N-ideal of a commutative BCK-
algebra X, then it is a commutative N -ideal of X.

Proof. Assume that (X, ) is an N-ideal of a commutative BCK-
algebra X. Using (2.1) and (2.6), we have

(@x(yRz) = ((wxy)x2) vz = ((zx(yAz))*2)*((z*y)*2)

)
= (@Ay)=(yAz) = 0,
and so ((z* (yAz))* ((x*y)*2))*z=0,ie.,
(x*(yAa))* ((x*xy)*2) <2
for all z,y, 2z € X. Since (X, ¢) is an N-ideal, it follows from Proposition

3.14 that o(z * (yAz)) < max{p((z *y) * 2),(2)}. Hence (X, ) is a
commutative N-ideal of X. O

THEOREM 3.31. Let (X, ¢) be an N-structure of a BCK-algebra X
and . Then (X, ) is a commutative N-ideal of X if and only if it
satisfies: (3.10)

(Vt € [-1,0)) (C(p;t) #0 = C(p;t) is a commutative ideal of X).

Proof. Assume that (X, ¢) is a commutative N-ideal of X. Then
(X,p) is an N-ideal of X, and so every non-empty closed (ip,t)-cut
C(p;t) of ¢ is an ideal of X. Let z,y,z € X be such that (x *xy) x z €
C(p;t) and z € C(p;t). Then p((x *y) * z) <t and ¢(z) < t. It follows
from (3.9) that

oz (yAz)) < max{p((z+y)*2),0(2)} <t

so that z * (y Ax) € C(p;t). Hence C(p;t) is a commutative ideal of X.

Conversely, suppose that the condition (3.10) is valid. Obviously
0(@) < p(x) for all z € X. Let p((z xy) *2z) = t; and ¢(z) = tg for
z,y,z € X. Then (xxy)*z € C(p;t1) and z € C(p;ta). Without loss of
generality, we may assume that ¢; > t3. Then C(p;t2) C C(p;t1), and so
z € C(g;t1). Since C(p;t1) is a commutative ideal of X by hypothesis,
we have z x (y Az) € C(p;t1), and so

(o * (yAx)) < t1 = max{ty,t2} = max{p((z *y) * 2), p(2)}.
Therefore (X, ¢) is a commutative N-ideal of X. O

COROLLARY 3.32. If (X, ) is a commutative N-ideal of a BCK-
algebra X, then every non-empty open (p,t)-cut of X is a commutative
ideal of X for all t € [—1,0).

Proof. Straightforward. O
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4. Translations of N-subalgebras and N-ideals

For any N -function ¢ on X, we denote
1:=—-1—inf{p(z) |z e X}.

For any a € [, 0], we define ¢,” () = ¢(z)+a for all z € X. Obviously,
©o! is a mapping from X to [—1,0], that is, ¢’ is an N -function on
X. We say that (X, ") is an a-translation of (X, ).

THEOREM 4.1. For every a € [L,0], the a-translation (X, p,’) of an
N -subalgebra (resp. N-ideal) (X, ¢) is an N'-subalgebra (resp. N -ideal)
of X.

Proof. For any x,y € X, we have

o’ (@xy) = @z *y) + o < max{p(z), o(y)} + o
= max{p(z) +a, ¢(y) + a} = max{p." (), 0a’ (y)}.
Therefore (X, ¢, ) is an A-subalgebra of X. Let 2,y € X. Then ¢, () =
p(0) +a < p(x) + o = g (), and
pa’ () = p(x) +a <max{p(z*y), o(y)} +a
= max{p(z*y) +a,¢(y) + o} = max{g.’ (z*y), o’ (y)}-

Hence (X, p,1) is an N-ideal of X. O

THEOREM 4.2. If there exists a € [, 0] such that the a-translation

(X, paT) of (X, ) is an N-subalgebra (resp. N-ideal) of X, then (X, ¢)
is an N -subalgebra (resp. N-ideal) of X.

Proof. Assume that (X, p,T) is an N -subalgebra (resp. N-ideal) of
X for some o € [1,0]. Let z,y € X. Then

plexy)+a = go' (r+y) < max{pa’ (z), 00" (4)}

= max{p(z) + o, p(y) + a} = max{p(z), p(y)} + a
which implies that ¢(z * y) < max{p(z),¢(y)}. Therefore (X, ) is an
N-subalgebra of X. Now suppose that there exists a € [L, 0] such that
(X, 9aT) is an N-ideal of X. Let 7,y € X. Then ¢(6) + a = ¢, (0) <
Vol (z) = o(z) + a, and so p(0) < ¢(z). Finally,
p(x) +a = po’ (2) < max{pa” (z%y), pa’ (y)}
= max{p(z xy) + @, (y) + a} = max{p(z xy), p(y)} + a,

which implies that ¢(z) < max{p(z * y),o(y)}. Thus (X, p) is an N-
ideal of X. O
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For any N-function ¢ on X, a € [L,0] and ¢ € [-1, ), let
Lo(p;t) :={x e X | p(x) <t—a}.

PROPOSITION 4.3. Let (X,¢) be an N-structure of X and ¢, and
let a € [L,0]. If (X, ) is an N-subalgebra (resp. N-ideal) of X, then
Lo (g;t) is a subalgebra (resp. ideal) of X for allt € [-1, ).

Proof. Assume that (X, ¢) is an N-subalgebra of X. Let z,y € L, (¢;1t).
Then ¢(z) <t — «a and ¢(y) < t — «a. It follows that

p(z xy) < max{p(z), p(y)} <t —a

so that = xy € L,(p;t). Hence Lo(p;t) is a subalgebra of X. Now
suppose that (X, ) is an N-ideal of X and let x,y € X be such that
xxy € Lo(p;t) and y € Lo(p;t). Then p(zxy) <t—aand p(y) < t—a.
Thus

p(r) <max{p(z +y), p(y)} <t —a,
and hence z € Ly (¢;t). Clearly, € Ly(p;t). Therefore Ly (p;t) is an
ideal of X. O

If we do not give a condition that (X, ) is an A-subalgebra (resp.
N-ideal) of X then L,(¢;t) may not be a subalgebra (resp. ideal) of X
as seen in the following example.

ExamMPLE 4.4. Consider a BCK-algebra X = {0,a,b,c,d} with the
following Cayley table:

0
0
a
b
c
d

QU O T I *
O Q Q@ L
0O QDI
Q DO
DD X

Define an N -function ¢ on X by

X 0 a b c d
¢ | —-07 -04 -06 -03 -0.5

Then L = —0.3 and (X, ¢) is not an N-subalgebra of X because

o(d*b) = p(c) = —0.3 > —0.5 = max{p(d), p(b) }.

For oo = —0.1 € [-0.3,0] and t = —0.5, we obtain L,(p;t) = {0,a,b,d}
which is not a subalgebra of X since d b= c & Ly(p;t).
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EXAMPLE 4.5. Consider a BCIl-algebra X = {0,a,b,c,d} with the
following Cayley table:

x10 a b ¢ d
010 d ¢ b a
ala 0 d ¢ b
bib a 0 d c
cle b a 0 d
dld ¢ b a 0

Define an N -function ¢ on X by

X 0 a b c d
| —-06 —-05 —-06 —-0.3 —-0.2

Then | = —0.4 and (X, ) is not an N-ideal of X since
o(d) = —0.2 > —0.6 = max{p(d *b), p(b)}.

For o« = —0.15 € [L,0] and t = —0.5 we have Ly (¢;t) = {0,a,b} which
is not an ideal of X since cxb=a € Lo(p;t) and ¢ ¢ Lo(p;t).

THEOREM 4.6. Let (X, ¢) be an N-structure and o € [L,0]. Then
the a-translation (X, pa1) of (X, ¢) is an N'-subalgebra (resp. N-ideal)
of X if and only if L,(p;t) is a subalgebra (resp. ideal) of Xfor all
te[-1,al.

Proof. Assume that (X, ¢,") is an N-subalgebra of X. Let =,y €
Lo(p;t). Then p(z) <t —a and ¢(y) <t — a. Hence

prxy)+a = @al (zxy) < max{ea’ (@), 00’ (1)}
= max{p(z) + a,o(y) + o} = max{p(z), o(y)} + a
< t—a+t+a =t
and so p(x xy) < t —a, i.e., x xy € La(p;t). Therefore Ly (p;t) is
a subalgebra of X. Suppose that L, (¢;t) is a subalgebra of X for all

t € [-1,a]. We claim that ¢, (z * y) < max{p.’ (x),pa (y)} for all
xz,y € X. If it is not valid, then

0ol (axb) > 5> max{p,’ (a), s’ (b)}
for some a,b € X and s € [—1,qa]. It follows that ¢(a) < s — a and
o(b) < s—a, but p(a*xb) >s—a. Thus a € Ly(p;s) and b € Ly(p;$),
but a * b ¢ La(p;s). This is a contradiction, and therefore (X, ¢,7)

is an A-subalgebra of X. Suppose that (X, p,") is an N-ideal of X.
Let t € [-1,a]. For any = € Ly(¢;t), we have p(0) < p(z) < t — a,
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and thus 6 € Ly(p;t). Let x,y € X be such that x xy € Ly(p;t) and
Y € Lo(p;t). Then p(zxy) <t—aand p(y) <t—a,ie., p,! (zxy) <t
and ¢,7 (y) < t. It follows from (3.4) that

o) +a=ps" (x) < max{ps” (xxy),0a’ (y)} <t

so that p(z) <t — a, i.e,, x € Lo(p;t). Hence L,(p;t) is an ideal of
X. Finally assume that L,(p;t) is an ideal of X for all t € [—1, a]. We
claim that

(i) @l (0) < po L (z) for all x € X.

(ii) wal(x) < max{psT (z *y), o’ (y)} for all z,y € X.
If (i) is not valid, then p,T(0) > so > ¢aT(a) for some a € X and
s0 € [=1,a]. Thus ¢(a) + a = p.t(a) < s, i-e., p(a) < sp — a; and
0(0) + a = p,T(0) > sg, ie., p(f) > sg — a. Therefore a € La(y;s0),
but 6 ¢ L,(p; sp), which is a contradiction. If (ii) is not true, then

o’ (a) > s1 2 max{pa’ (a*b), ga’ (0)}

for some a,b € X and s; € [—1,a]. It follows that p(a *b) + o =
o’ (axb) < s1, 0(b) + o = " (b) < 51 and p(a) + o = g (a) > 51
so that axb € Lo(¢p;s1) and b € Ly(p;s1), but a ¢ La(p;s1). This is a
contradiction. Consequently (X, ¢,T) is an N-ideal of X. O

For any N-functions ¢ and w, we say that (X, w) is a retrenchment
of (X, ) if w(z) < p(x) for all z € X.

DEFINITION 4.7. Let ¢ and @ be N-functions on X. We say that
(X, w) is a retrenched N -subalgebra (vesp. retrenched N -ideal) of (X, p)
if the following assertions are valid:

(i) (X, w) is a retrenchment of (X, ¢).
(ii) If (X, ) is an N-subalgebra (resp. N-ideal) of X, then (X, w) is
an A -subalgebra (resp. N-ideal) of X.

THEOREM 4.8. Let (X, ) be an N-subalgebra (resp. N-ideal) of X.
For every o € [, 0], the a-translation (X, p,") of (X, ) is a retrenched
N-subalgebra (resp. retrenched N-ideal) of (X, p).

Proof. Obviously, (X, p,T) is a retrenchment of (X, ¢). Using Theo-
rem 4.1, we conclude that (X, ") is a retrenched A-subalgebra (resp.
retrenched N-ideal) of (X, p). O

The converse of Theorem 4.8 is not true as seen in the following
example.
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EXAMPLE 4.9. Consider a BCK-algebra X = {6,a,b,c,d} with the
following Cayley table:

QO > ¥
QL O T D
Q QT
QO DD >
QIO
DD

Define N -functions p1 and @9 on X by

X 0 a b c d
v |-09 —-06 —-04 —-07 —-0.3
2 | —0.8 —04 —0.6 —04 —0.1

Then (X, ¢1) is an N -subalgebra of X, and (X, ¢3) is an N-ideal of X.
Let w; and wy be N-functions on X defined by

X 0 a b c d
wi | —0.92 —-0.65 —-0.43 —-0.71 -0.38
wy | —0.88 —0.45 -0.63 —-0.45 -0.19

Then (X, 1) is a retrenched N -subalgebra of (X, 1), which is not an
a-translation of (X, ¢1) for a € [L,0]. Also, (X, w2) is a retrenched N -
ideal of (X, ¢2), which is not an a-translation of (X, ¢2) for a € [L,0].

For two N-structures (X, ¢1) and (X, ¢2), we define the union U @9
and the intersection 1 N @9 of 1 and o as follows:

(Vz € X)((¢1 U p2)(z) = max{p1(z), p2(x)})

©2 )

(v € X)(11 92)(#) = minfir (@), (o)),

respectively. Obviously, (X, p1 U ¢2) and (X, p1 N ¢3) are N-structures

which are called the union and the intersection of (X, 1) and (X, p2),
respectively.

LEMMA 4.10. If (X,¢1) and (X, ¢2) are N-subalgebras (resp. N-
ideals) of X, then the union (X, @1 U ¢3) is an N-subalgebra (resp.
N-ideal) of X.

Proof. Straightforward. O
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EXAMPLE 4.11. Consider a BCIl-algebra X = {60,1,2,a,b} with the
following Cayley table:

10 1 2 a b
616 6 66 b a
111 8 1 b a
212 2 60 b a
ala a a 0 b
blb b b a 0

Define N -functions p1 and @2 on X by

X 0 1 2 a b
01| =07 —02 —02 —05 —0.4
2| —-09 —-06 —-0.7 —-0.3 —-0.3

Then (X, 1) is an N-subalgebra of X, and (X, ¢9) is an N-ideal of X
which is also an N -subalgebra of X. But (X, 1) is not an N-ideal of
X since ¢(2) = —0.2 > —0.4 = max{p(2*a), p(a)}. The union ¢; U @2
and the intersection @1 N o are given by

X 0 1 2 a b
p1U o | =07 =02 —-0.2 -0.3 -0.3
p1N 2| -09 —-06 —-07 —-05 —-04

Then (X, @1 U p9) is an N-subalgebra of X, but it is not an N -ideal of
X because (g1 U ¢2)(1) = —0.2 > —0.3 = max{(p1 U p2)(1 xb), (1 U
©2)(b)}. This shows that the union of an N -subalgebra and an N -ideal
may not be an N -ideal. We see that

(1N p2)(1xa) = (p1N @a)(b) = —0.4 > —0.5
= max{(p1 N v2)(1), (¢1 N @2)(a)},

and so (X,p1 N ¢2) Iis not an N-subalgebra of X. For t € [—0.5,0),
we have C(p1 N @a;t) = {0,1,2,a} which is not an ideal of X since
bxa=aé¢€ C(p1N pat) and b ¢ Cp1 N @o;t). Hence (X, p1 N 2) is
not an N-ideal of X by Theorem 3.12.

THEOREM 4.12. Let (X, ¢) be an N -subalgebra (resp. N-ideal) of X.
If (X, 1) and (X, ws) are retrenched N -subalgebras (resp. retrenched
N-ideals) of (X, ), then the union (X,w; U wy) is a retrenched N-
subalgebra (resp. retrenched N-ideal) of (X, ).
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Proof. Clearly, (X, w1Uws) is a retrenchment of (X, ¢). Since (X, @)
and (X, wy) are retrenched N-subalgebras (resp. N-ideals) of (X, ¢), it
follows from Lemma 4.10 that (X, U ws2) is an A -subalgebra (resp.
N-ideal) of X. Therefore (X, U ws) is a retrenched N-subalgebra
(resp. retrenched N-ideal) of (X, ). O

Let (X, ) be an N-subalgebra (resp. N-ideal) of X and let o, 3 €
[L,0]. Then the a-translation (X,¢,) and the B-translation (X, ¢g?)
are N-subalgebras (resp. N-ideals) of X by Theorem 4.1. If a < g,
then o1 (z) = p(z) + a < p(x) + B = s’ (z) for all z € X, and hence
(X, pa1) is a retrenchment of (X, pT). Therefore we have the following
theorem.

THEOREM 4.13. Let (X, ¢) be an N-subalgebra (resp. N-ideal) of
X and let o, 3 € [L,0]. If « < f3, then the a-translation (X, p,T) of
(X, ) is a retrenched N -subalgebra (resp. retrenched N-ideal) of the
B-translation (X, ¢s?) of (X, ).

For every N-subalgebra (resp. N-ideal) (X, ) of X and § € [L,0],
the B-translation (X, ¢gT) is an A-subalgebra (resp. N-ideal) of X.
If (X,w) is a retrenched N-subalgebra (resp. retrenched N-ideal) of
(X,p5T), then there exists @ € [L,0] such that a < 8 and w(z) <
¢al (x) for all x € X. Thus we obtain the following theorem.

THEOREM 4.14. Let (X, ¢) be an N-subalgebra (resp. N-ideal) of X
and let 3 € [L,0]. For every retrenched N -subalgebra (resp. retrenched
N-ideal) (X, w) of the (B-translation (X, ¢gT) of (X,¢), there exists
a € [L,0] such that « < 8 and (X, w) is a retrenched N -subalgebra
(resp. retrenched N -ideal) of the a-translation (X, p,T) of (X, ).

The following examples illustrate Theorem 4.14.

ExAaMPLE 4.15. Consider a BCK-algebra X = {0, a,b,c,d} with the
following Cayley table:

x10 a b ¢ d
06 60 6 6 0
ala 8 06 a a
blb b 8 b b
cle ¢ ¢ 0 ¢
dld d d d 6
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Define an N -function ¢ on X by

X 0 a b c d
¢ |-07 —04 —02 —05 —0.1

Then (X, ) is an N-subalgebra of X and L = —0.3. If we take § =
—0.15, then the B-translation (X, pgl) of (X, ) is given by

X 0 a b c d
cpgT —0.85 —0.55 —-0.35 —-0.65 —-0.25

Let @ be an N -function on X defined by

X 9 a b ¢ d
ol | —0.89 —0.57 —0.38 —0.66 —0.28

Then (X, w) is clearly an N-subalgebra of X which is a retrenchment
of (X,ps!), and so (X,w) is a retrenched N-subalgebra of the 3-
translation (X, pg7) of (X, ). If we take « = —0.23, then o = —0.23 <
—0.15 = 8 and the a-translation (X, p,") of (X, ) is given as follows:

X 0 a b c d
0ol | —0.93 —0.63 —0.43 —0.73 —0.33

Note that w(x) < p, T (z) for allz € X, and hence (X, w) is a retrenched
N-subalgebra of the a-translation (X, ") of (X, ¢).

EXAMPLE 4.16. Consider a BCIl-algebra X = {0,1,a,b,c} with the
following Cayley table:

10 1 a b c
0160 0 ¢ b a
111 6 ¢ b a
ala a 6 ¢ b
bib b a 0 ¢
cle ¢ b a 0
Define an N -function ¢ on X by
X 0 1 a b c

¢ | =065 —-0.53 —-0.22 -0.38 —0.22
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Then (X, ) is an N-ideal of X and 1 = —0.35. If we take 3 = —0.2,
then the B-translation (X, psT) of (X, ) is given by

X 0 1 a b c
ol | —0.85 —0.73 —0.42 —0.58 —0.42

Let @ be an N-function on X defined by

X 0 1 a b c
<pgT —0.87 —-0.75 —-0.45 -0.59 -0.45

Then (X,w) is clearly an N-ideal of X which is a retrenchment of
(X,¢p7), and so (X,w) is a retrenched N-ideal of the (3-translation
(X, p57) of (X, ). If we take « = —0.21, then o = —0.21 < —0.2 = 3
and the a-translation (X, ") of (X, ) is given as follows:

X 0 1 a b c
goaT —0.86 —0.74 —-0.43 -0.59 -0.43

Note that w(x) < . (z) for allz € X, and hence (X, w) is a retrenched
N-ideal of the a-translation (X, paT) of (X, ).
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