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ON THE GENERALIZED HYERS-ULAM STABILITY OF
A BI-JENSEN FUNCTIONAL EQUATION

KiL-WounG Jun*, Ju-R1 LEE**, AND YANG-HI LEE***

ABSTRACT. In this paper, we study the generalized Hyers-Ulam
stability of a bi-Jensen functional equation
rT+y z+w
(57 T5) = f@ ) + @ w) + (5,2) + (@, w).
Moreover, we establish stability results on the punctured domain.

1. Introduction

The stability problem of functional equations originated from a ques-
tion of S.M. Ulam [17] concerning the stability of group homomorphisms:
Given a group G, a metric group (G2,d) and € > 0, does there exist a
6 > 0 such that if h : G1 — G satisfies

d(h(zy), h(z)h(y)) <&
for all z,y € Gy, then a homomorphism H : G; — G4 exists with
d(h(z),H(x)) < e

for all x € G17 If the answer is affirmative, we would say the equation
of homomorphism H(xy) = H(z)H (y) stable.
In 1941, D.H. Hyers [5] gave a first affirmative answer to the ques-
tion of Ulam for Banach spaces. Hyers’ theorem was generalized by
T. Aoki [1] for additive mappings and by Th.M.Rassias [16] for linear
mappings by considering an unbounded Cauchy difference(See the re-
cent Maligranda’s paper [13]). Since then, a further generalization of
the Hyers-Ulam theorem has been extensively investigated by a number
of mathematicians [3, 4, 6, 9, 11, 12, 14].

Throughout this paper, let X be a vector space and Y a Banach
space. A mapping g : X — Y is called a Cauchy mapping (respectively,
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a Jensen mapping) if g satisfies the functional equation g(z + y) =

g(x) + g(y) (respectively, 2g(*5¥) = g(x) + g(y))-
For a given mapping f: X x X — Y, we define

Ty, zw) = 4 (L 2T — fo,2) = flow) = f(3,2) = fl,w),

2
le(xvya ) —f(:v+y, ) ( ) ( Z)’
CZf(xvya ) —f($ y—l—Z) ( ) ($ Z)

ISy, 2) =20 (Y 2) = f,2) = ()
Jgf(l‘,y,Z) = Qf(l‘, )—f(x,y)—f(x,z)

y+z
2

for all z,y,z,w € X. A mapping f: X x X — Y is called a biadditive
( Cauchy-Jensen, Jensen-Cauchy, bi-Jensen, respectively) mapping if f
satisfies the functional equations C1f = 0 and Cof = 0(C1f = 0 and
Jof =0, Cof =0and J1f =0,J1f =0 and Jof = 0, respectively).

When X =Y =R, the function f: R x R — R defined by f(z,y) =
axy + bx + cy + d is a solution of Jy f(z,y,2) = 0 and Jyf (z,y,z) = 0.
It is easy to see that a mapping f : X x X — Y is a bi-Jensen
mapping if and only if the mapping f satisfies the functional equation
Jf(z,y,z,w) =0 for all z,y,z,w e X.

Park and Bae [15] obtained the generalized Hyers-Ulam stability of
Cauchy-Jensen mapping. Jun, Lee and Cho [7] improved the Park and
Bae’s results of Cauchy-Jensen functional equation. Bae and Park [2]
investigated the stability of a bi-Jensen mapping in the following theo-
rem.

THEOREM 1.1. Let ¢, : X x X x X — [0, 00) be two functions such
that

QB(-’L’,y,Z) = Z 3]74_[ (3]$ 3]y> ) + @(xayagjz)] < 00,
7=0

- > 1 .

P,y z) = (@ 3y, 372) + (37, y,2)] < o0

<
Il
o

for all z,y,z € X. Let f : X x X — Y be a mapping such that

HJlf(xaya Z)H < 90(377:1/7 Z)v
HJZf(xaya Z)H < ¢(337y, Z)
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for all x,y,z € X. Then there exist two bi-Jensen mappings F, F’ :
X x X — Y such that

Hf(xay) - f(an) - F(wvy)H < QZD(SIJ, _xvy) + 4,5(—3;,33;,24),
for all z,y € X. The mappings F,F' : X x X — Y are given by

for all x,y € X.

In this paper, we improve Bae and Park’s stability results for the bi-
Jensen functional equation by adopting the direct method of proof and
prove the uniqueness of a bi-Jensen mapping. Moreover we establish
new results for the stability of a bi-Jensen functional equation.

2. Stability of a bi-Jensen functional equation

One can easily prove the basic properties of a bi-Jensen mapping in
the following lemma([8]).

LEMMA 2.1. Let f : X x X — Y be a bi-Jensen mapping. Then
1 1

2n 2TL
Flesy) = 5 f(209) + 50— S)F(0,2') + (1= 2 £(0,0),
Fa,y) = 2" (5w) + 271 = 2°)£(0, 5) + (1= 2")°£(0,0),
Fles) = e f(29) + (L= 50020, 25) 4 (1= )(1 = 27)£(0,0)

for all x,y € X and n € N.

THEOREM 2.2. Let p,9 : X x X x X — [0,00) be two functions
satisfying
o

1 S . . o
> 5 (P2, 2y, 2) +p(,y, 272) + (P, y, 2) + (@, Py, 272)) < o0

j=1
for all x,y,z € X. Let f: X x X — Y be a mapping such that
(21) HJlf(xaya Z)H < 90(377:1/7 Z)v

(22) HJZf(xa Y, Z)H < W%% Z)
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for all x,y,z € X. Then there exists a unique bi-Jensen mapping F' :
X x X — Y such that

(2.3) 1f(x,y) = F(x, )] gz 2x0y);¢(002’)

j=
for all x,y € X with F(0,0) = f(0,0). The mapping F': X x X =Y is
given by

j—00 27
for all xz,y € X.

Proof. By (2.1) and (2.2), we get
f(ijvy) — f(oay) . f(2j+1$7y) — f(Ovy)

5 oY [
_ ”Jlf(2j+1l‘,0,y)” C 9@ z,0,y)
o 2j+1 = 2j+1 !

27 2j+1
J2f(07 Oa 2j+1y) 11}(07 07 2j+1y)

= 2i+1 = 27+
for all x,y € X and j € N. For given integers [,m (0 <1 < m),
fQa,y) - fO0,y)  f2Mz,y) — f(0,y)
I ; - m I
2 2
23+1 ’

J=l

£(0,2%y) — £(0,0)  £(0,2™y) — £(0,0)
2! 2m

S’”Z 0,0,27%1y)

|
(2.5)

Y ES

for all z,y € X. By the hypotheses of ¢ and v, the sequences {%(f(ij,
y) — f(0,y))} and {%(f((), 27y) — £(0,0))} are Cauchy sequences for all
z,y € X. Since Y is complete, the sequences {2%(f(23x,y) — f(0,9)}
and {%(f(O, 27y) — £(0,0))} converge for all x,y € X. Define Fy, F, :
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XxX—>Y by
2J
Fi(z,y) :== lim I @,y)’
j—00 27
0,27
Fy(z,y) ;== lim it = v)
j—00 27

for all z,y € X. Putting | = 0 and taking m — oo in (2.4) and (2.5),
one can obtain the inequalities

I£(xw) ~ £O.9) ~ Ry < 3 FEL0Y),
j=1

1£0.) ~ £0.0) - By(ar.g)) < 32 V002
j=1

for all z,y € X. By (2.1), (2.2), the hypotheses of ¢, and the defini-
tions of F; and Fy, we get

20,29
J1Fi(z,y,z) = lim NS > y2)

j—00 23 ’
Jof (279
JoF1(z,y,z) = lim M =0,
j—00 27

JlFQ(:Ea Y, Z) = 07

Jof(0,27y, 27
JoFy(x,y,z) = lim 2/(0, Y ?)
j—00 27

for all z,y,z € X and so F'is a bi-Jensen mapping satisfying (2.3), where
F is given by

F(z,y) = Fi(z,y) + Fa(z,y) + £(0,0).

Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying (2.3)
with F’(0,0) = f(0,0). By Lemma 2.1, we have

1F(e,5) = F'a )l
= S l(F = F)@e,) + (1= 5)(F = F)(0,2')|
< eI = DE )l + el (F = 0, 2)

+ ol = F)@ )l + 51~ F)(0,2')]|
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< Z2j+n [p(2472,0,9) +1(0,0,2y)

©(0,0,2"y) + (0,0, 27 y)]

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(z,y) for all z,y € X. Thus such a bi-Jensen mapping F': X x X — Y
is unique. O

THEOREM 2.3. Let ¢,9 : X x X x X — [0,00) be two functions
satisfying

ZW 2) + (2, o5 >+w< Yy 2 )+w(x,i,i))<oo

forall z,y,z € X. Let f : X x X — Y be a mapping satisfying (2.1) and
(2.2) for all x,y,z € X. Then there exists a unique bi-Jensen mapping
F: X x X — Y such that

(2.6) 1f(z,y) = Fa,p)ll <> 2Pl
j=0

for all x,y € X. The mapping F' is given by

F(z,y) = lim 27(f(55.5) = £(0.9)) + £(0.9)

for all xz,y € X.

Proof. Letting y =0, z =y in (2.1), we get

127 (55) = £0.9) = 2 (F(57.w) = F O] < Vool 55,

for all z,y € X. Applying the similar method as in the proof of Theorem
2.2, we can define the map F; : X x X — Y by

y) - f(oay))

0,%),

. : x
Fl(-fU,y) = jli)rgo2j(f(277

for all x,y € X and get the inequality

Hf(wvy) - f(oay) - Fl(.’L',y)H < 22]()0(2%707y)
j=0
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forall z,y € X. By (2.1), (2.2), the hypotheses of ¢, 1 and the definition
of I, we get

J1Fy(z,y,2) = hm 23J1f( z) =0,

2] 23
J2F1(307y, ) hm 2J(J2f( 7y7 ) J2f(07yaz)) =0

for all z,y,z € X. By the hypotheses of ¢ and 1, we have ¢(0,0,2) =0

and ¥(0,y,2z) = 0 for all y,z € X. And so we have J;f(0,0,z) = 0

and Jof(0,y,2) = 0 for all y,z € X. Hence F is a bi-Jensen mapping
satisfying (2.6), where F' is given by

F(x,y) = Fl(xay) + f(Ovy)'

Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying (2.6)
with F'(0,0) = f(0,0). By Lemma 2.1 and ¢(0,0,y) =0 for all y € X,
we have

17 (2,y) — F'(z,y)ll :2"||(F—F/)(2%,y)—|—(1 —2”)(F—F’)(0»2%)H
< 2"II(F—f)(%,y)ll +2nH(f—F/)(2%’y)H

g0 L -0

(o]
, T
<D 2(55.0.9)
=0

for all z,y € X and n € N. As n — oo, we may conclude that F(x,y) =
F'(z,y) for all ,y € X. Thus such a bi-Jensen mapping F : X x X — Y
is unique. ]

THEOREM 2.4. Let ¢,¢ : X x X x X — [0,00) be two functions
satisfying

202,20y, 2) + (2 x,y, 2)
o 2 2y,2) b2 zw Pl 25) + 0

27
7j=1

z
' 9j

—)) < 0

forallz,y,z € X. Let f : X x X — Y be a mapping satisfying (2.1) and
(2.2) for all x,y,z € X. Then there exists a unique bi-Jensen mapping
F:X x X —Y such that

(27) 17@9) ~ Fep)] < 3 -0, 0.9)
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for all x,y € X. The mapping F' is given by

F(z,y) = lim %f@jw,y) +£(0,y)

for all z,y € X.

Proof. By the similar method as in Theorem 2.2 and Theorem 2.3, we
get a bi-Jensen map F which satisfies (2.7). Now, let F': X x X — Y
be another bi-Jensen mapping satisfying (2.7) with £/(0,0) = f(0,0).
By Lemma 2.1 and ¢(0,0,y) = 0 for all y € X, we have

1P (z,y) = F'(2,y)l| = %\\(F = F)(2"2,y)) + (2" = 1)(F = F')(0, 2%)!\

< 52l = )+ 1F = )0, D)
o2l = PO+ 1~ )0, )]
< jSnso@ﬁ"%(),y)

j=1

<
I

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(z,y) for all z,y € X. Thus such a bi-Jensen mapping F' : X x X — Y
is unique. O

COROLLARY 2.5. Let p, q, 6 be fixed positive real numbers with p, q #

1 and let X a normed space. If f: X x X — Y is a mapping satisfying
[J1f (g, )] < O] []” + [lylIP) =%,
12 f (2, y, 2) || < Oll]P(llyl|* + [|=]])

for all x,y,z € X, then there exists a unique bi-Jensen mapping F' :
X x X — Y such that

2P0
22|

1f(2,y) = Flz, )| < Pl

for all x,y € X.

3. Stability of a bi-Jensen functional equation on the punc-
tured domain

The following lemma can be found in [10].
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LEMMA 3.1. Let a set A be a subset of X satisfying the following
condition: for every x # 0, there exists a positive integer n, such that
nx ¢ A for all integers n with |n| > n, and nx € A for all integers n
with |n| < ny. Let f: X x X — Y be a mapping such that

Jlf(xayaz) = 07 JZf(‘Tayvz) =0

for all z,y,z € X\A. Then there exists a unique bi-Jensen mapping
F: X x X — Y such that

F(z,y) = f(z,y)
for all x,y € X\ A. Moreover,

F(z,y) = f(z,y)
holds for all (z,y) € (X x X)\(4 x A).

THEOREM 3.2. Let ¢,9 : X x X x X — [0,00) be as in Theorem
2.2. Let f: X x X — Y be a mapping satisfying (2.1) and (2.2) for all
x,y,z € X\A and let xg € X\ A. Then there exists a bi-Jensen mapping
F such that

<I>1 202, y) <I>2(a:,2jy)
(31) Hf(x7y) IB Y H < Z 2j+2 9j+4 ) + (I)?)(xﬂay)

for all x,y € X\ A, where
(I)l(x7 y) = ()0(356’ -, y) + ()0(356’ z, y) + QO(CC, -, y)7
(1)2(337 y) = 480(565 —Z, y) + 490(565 -, _y) + 290('%’ -, 2y)
+ 280(565 -, _2y) + ¢($, 3.% y) + ¢(_1:7 Sya y) + 7/)(95, —3% _y)
+ ¢(_ €, —32/7 _y) + ¢($, 3.% _y) + T,Z)(—QS‘, 3y7 _y)
($7 _3y7 y) + w(_'{rv _32% 9)7
(¢(wo, —m0,y) + (0, —T0, —Y)
(JZ‘O, Y, _y) + ¢(_x07 Y, _y))
The mapping F': X x X — Y is given by

.,M»—k

D3(xo, )

for all z,y € X.
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Proof. Let ¢ = w. For an arbitrary y € X\{0}, using
(2.1), (2.2) and the following inequality

c  f(0,27y) + £(0,—27y) 1 .
HE - YEs! | = 2j+2\|<]1f(560, —x0,2y)

+ J1f (w0, —w0, —27y) — Jaf (w0, 27y, —27y) — Jaf (—x0, 2y, —27y) ||
for sufficiently large j € N, we get

0,27 0,—27
(3.2) jhj{}o f( y);ﬂ( Y)

=0

for all y € X\{0}. In particular, for y € X\ A, the inequality
2
holds. By (2.1) and (2.2), we get

H f(2j$’ y) — f(07 y) _ f(2j+1x7y) — f(Oa y) ||
2 27+1

1 , . o . .
= WHJUK(?’ x,—xy)—Jif(3-2x,Px,y) — J1f(Px, -2z, y)|

(131(2‘7]},2])
< T o

(3-3) I

—c| < ®3(xo,y)

J(0,27y) — £(0,—27y)  f(0,27F1y) — f(0,—27"1y)

e - u
= ﬁ\\éltflf(x, —x,20y) — AJy f(z, —x, —27y) — 2]y f (x, —z, 27 Ty)
+ 21 f (2, 2, =2 Fy) = Lo f(x,3- 27y, 27y) — Jof(—x,3 - 27y, 27y)
+ Jof (v, =3 20y, —27y) + Jof (—x,—3 - 27y, —27y)
+ Jof (2,3 2y, =2y) + Jof (=, 3 - 2y, =2y) — Jof(z, =3 - 2y, 2y)
Py(x,27y)
27+4
for all z,y € X\A and j € N. By the hypotheses of p,7 and the
2'7r,y)ff(0,y)} and

similar method as in Theorem 2.2, the sequences {f ( 57

{L (0’2jy)2_-_{$0’_2jy)} are Cauchy sequences for all z,y € X\A. Since

J
Y is complete, the sequences {%jﬂoy)} and {f(072ﬂy)2;ﬂ0,—2ﬂy)}

converge for all z,y € X\A. Note that if + € X\{0}, then 2/z €

f@ay) _
23

— Jof(—z,—3-27y,27y)|| <

X\A for sufficiently large j € N. Hence the limit lim; .o
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hmjﬂoow exists for all z € X and y € X\A. Since the

equality (3.2) and the inequalities

Hf(2jﬂ:7y) [z, (K +2)y) [z, —Ky) H
9j—1 2j 2

9] = 9] ’
Hf(2j93,0) _ f(@Paky) [P, —Ky) |
9j—1 9] 9]
27 - 27

hold for all z,y # 0 and j, k' € N with 272, k'y € X\A, we can define
Fl,FQZXXX—>Yby

2J 9J _
Fi(z,y) == lim M = lim f( x,y). f(O,y)j
[(0,27y . £(0,27y) — f(0, -2y
Faley) = jhjf}o (27) N jlggo ( 2j+1< )-

By (2.1), (2.2) and the definition of Fj, we obtain

Jif(29x,29
J1Fi(x,y,2) = lim L :):,. v, )
j—00 29

Jof (27
JoFy (2, 2 w) = Tim 22222 0)
Jj—00 27

= (),
=0
for all z,y # 0 and z,w ¢ A. By Lemma 3.1, there exists a bi-Jensen

mapping F; : X x X — Y such that Fj(z,y) = Fi(z,y) for all (z,y) €
(X x X)\(A x A). Since the equalities

1
Fl(x7y) - F{(:L’,y) = i[JlFl((k + 2)337 _kxay) - JlFll((k + 2)3:7 —kx,y)}
— 0,

1
F1($7y) - F{(l’,y) = §[J1F1(kl‘, —kx,y) - JlF{(kx’_kl‘ay)] =0
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hold for all x # 0 and y ¢ A with kz ¢ A, the equalities
Fi(e,y) — Fi(r,) = B Fi(e, ( +2)y, k)
— JoF{(z, (k' + 2)y, —k'y)] = 0,
Fi(2,0) — Fi(z,0) = %[JzFl(ﬂfa Ky, —k'y) — B Fi(z,k'y, —k'y)] =
Fi(0,y) = F{(0,y) = JoF1 (0, (K + 2)y, —k'y)
— L F{(0, (K +2)y, —K'y) =

hold for all z,y # 0 with ¥’y ¢ A. Hence F} is a bi-Jensen mapping.
Since

J2F2(x7y’ _y) = 07
Jf(w, —w, 27y +2))  Jif(w, —w,2y)

JgFg(l‘,y,z) = lim [

j—o0 2J 27+1
Jlf(wv_wazjz) JQf(U],ij, 2]2)

N 9J+1 9j+1
Jgf(—'lU, 2jya 2]2)

+ 2J+1 ]

=0
for all x,y,z € X with y,z,y+ 2 # 0 and w € A, we have
J1Fy(z,y,2) =0, JoFy(z,y,2) =0

for all x,y, 2z € X. Using the similar method as in Theorem 2.2, one can
obtain the inequalities

(3.4) 1f (2, ) — £(0,9) = Fi(a,y)] < Z @122]"502 8,
0,y) — f(0,— <I> 2

for all z,y € X\ A. By (3.3), (3.4), (3.5) and the mequahty

Hf(xay) —F(ﬂf,y)H < Hf(l‘,y) _f(oay) _Fl(l‘ay)H

£(0,) +2f(07 —y) £(0,9) - =9 _ gyl

we see that F' is a bi-Jensen mapping satisfying (3.1) for all z,y € X\ A4,
where F' is given by

F(%,y) :Fl(x,y)—l—Fg(x,y)—i-c

+

—cl 4l
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for all z,y € X. O

COROLLARY 3.3. Let p, q,0 be fixed positive real numbers with p,q <
1 and let X a normed space. If f: X x X — Y is a mapping satisfying

1S (9, ) < Ol + Ny IP)]I=117,
12f (@, y, 2) || < Ol [P (lyll* + [[2]])

for all ||z, |||, ||z|| > 1 and z¢ € X with ||zo| > 1, then there exists a
unique bi-Jensen mapping F' such that

242.37 3420439
- F <

for all ||z||, ly]| > 1 with F(0,0) = {Ee0t/Cre0)

)01l P llyl1* +201|zo|1” ][y ]|

THEOREM 3.4. Let ¢,¢ : X x X x X — [0,00) be two functions
satisfying

o0 (o] oo oo
DD 2,2y, 27z) <oo, DD (2, 2y, 22) < oo

i=1j=1 i=1 j=1

for all x,y,z € X. Let f : X x X — Y be a mapping satisfying (2.1)
and (2.2) for all z,y,z € X\A. Then there exists a unique bi-Jensen
mapping F' such that

f(z,y) = F(x,y)
for all z,y € X\A.

Proof. Putting d = w for a fixed x € X\ A and using the
equality

f(0’$) + f(07 _‘75) f(07y) + f(07 _y)

2 2
1 ) ‘ . ,
=1 im [-J1f(2/ 2, -2z, 2) — J1f(2)2, -2 2, —x)

j—o0
+ J2f(2j27$7 _x) + Jgf(—2jz,.1‘, _ZC>
+ I f(202, =22, y) + I f (22, -2z, —y)

- J2f(2jz7y7 _y) - JQf(_zjzayv _y)]
=0

for all z,y,z € X\ A, we get

f(07 y) + f(oa _y)
2

=d
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for all y € X\ A. By (3.4), (3.5) and the following inequality

Hf(l‘ay) - F(l’,y)” < Hf(:z:7y) - f(oay) _Fl(l‘ay)H
f(07y)+f(07 _y) f(07y) _f(07 _y)

—d - F
2 |+ 12 »(a.9)])
F' is a bi-Jensen mapping satisfying
. .
(22, y) CI)Q(JJ, 27y)
(3:6)  |f(z,y) - F(z,y)] sEj Qﬁg )
§=0

for all x,y € X\ A, where F' is given by
F(z,y) = Fi(z,y) + Fa(x,y) + d

for all 7,y € X. From (3.6), we know

10 - F)(a,v)l

= LICIF — BF) (k4 22, —ka,9) + (F ~ F)((k + 2)a,)
+(f = F)(~ka,y)|

< IR Pk + 2)a, —ke, )] + L7 — F)((k + 2)z, )
+ 57 = F)(—ke, )]

<I>1 20 (k + 2)x,y Oy ((k +2)x, 20y
ok +2)r kwwz Py | Bkt n 2,

—

[\D\H

2J+3 2J+5

n i(q)l(—ij:r, Y) 2(—kw, 2Jy))
=0
for all z # 0, y € X\ A and k € N. As taking k — oo, we get
f(z,y) = F(x,y)
for all x # 0, y € X\ A. Using the following three equalities

(f = F)O.9) = 5 (1] = JiF)(ke, ~ka,y) + (f — F)(kay)
(= F)(~ke,))
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for all y € X\ A and k € N with kz € X\A,

(f = F)ay) = 5 (o] — oF)(a, ( + 2y, —k'y)
F U= F) (4 209) + (= F)w, —Ky),
(F = F)(w.0) = 5 ((2f = BF) @Ky, —K)

+(f = F) (@, k'y) + (f = F)(z, —K'y))

for all x € X\A, y # 0 and k € N with k'y € X\ A, we easily get the
desired result. O

COROLLARY 3.5. Let p, q,0 be fixed positive real numbers with p, q <
0 and let X a normed space. If f: X x X — Y is a mapping satisfying

(3.7) 11 (g, ) < Ol + Ny IP)]I=117,
(3-8) 12 (2, y, 2) | < Ol (ly[l* + [|2[|7)

for all ||z||, [|y|l, ||z|| > 1, then there exists a unique bi-Jensen mapping
F:X xX —Y such that

f(z,y) = F(z,y)
for all [|z|], |ly]| > 1.

REMARK 3.6. Let f: R x R — R be the map defined by

_J 0 for [z =Tor [y]|=1,
fz,y) -—{ 1, for [lzf|,|lyll <1.

Then f is not a bi-Jensen map, but satisfies (3.7) and (3.8) for all
(|, [l 1lz]) > 1.
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