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A FIXED POINT APPROACH FOR THE
APPROXIMATION OF JORDAN TRIPLE LINEAR

DERIVATIONS IN BANACH ALGEBRAS

Juri Lee*, Eunyoung Son**, and Ick-Soon Chang***

Abstract. We adopt the idea of Cădariu and Radu to prove the
stability of Jordan triple linear derivations and we take account of
the Jacobson radical range problem for linear derivations.

1. Introduction and preliminaries

Let A be a Banach algebra over the real or complex field F. An
additive mapping µ : A → A is called a ring derivation (resp., Jordan
ring derivation) if

µ(xy) = µ(x)y + xµ(y) (resp.,µ(x2) = µ(x)x + xµ(x))

for all x, y ∈ A. An additive mapping µ : A → A is called a Jordan triple
ring derivation if µ(xyx) = µ(x)yx + xµ(y)x + xyµ(x) for all x, y ∈ A.
Note that if µ(λx) = λµ(x) for all λ ∈ F and all x ∈ A, then we say that
µ is linear.

The stability problem of functional equations has originally been for-
mulated by Ulam [16] in 1940 : Under what condition does there exists
a homomorphism near an approximate homomorphism ? As an answer
to the problem of Ulam, Hyers has proved the stability of the additive
functional equation [8] in 1941. A generalized version of the theorem
of Hyers for approximately additive mappings was given by Aoki [1] in
1950 and for approximately linear mappings was presented by Rassias
[12] in 1978. Since then, a great deal of work has been done by a num-
ber of authors. In particular, the stability result concerning derivations
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between operator algebras was first obtained by Šemrl [13]. Recently,
Badora [2] gave a generalization of the Bourgin’s result [4]. He also
dealt with the Hyers-Ulam stability and the Bourgin-type superstability
of ring derivations in [3].

In 1955, Singer and Wermer [14] obtained a fundamental result which
started investigation into the ranges of linear derivations on Banach al-
gebras. The result, which is called the Singer-Wermer theorem, states
that any continuous linear derivation on a commutative Banach algebra
maps into the Jacobson radical. They also made a very insightful con-
jecture, namely that the assumption of continuity is unnecessary. This
was known as the Singer-Wermer conjecture and was proved in 1988
by Thomas [15]. The Singer-Wermer conjecture implies that any linear
derivation on a commutative semisimple Banach algebra is identically
zero which is the result of Johnson [9]. On the other hand, Hatori and
Wada [7] showed that a zero operator is the only ring derivation on a
commutative semisimple Banach algebra with the maximal ideal space
without isolated points. Note that this differs from the above result
of Johnson. Based on these facts and a private communication with
Watanabe [11], Miura et al. proved the Hyers-Ulam-Rassias stability
and Bourgin-type superstability of ring derivations on Banach algebras
in [11].

The theorem [10], which is called the alternative of fixed point, play
an important role in proving the stability problem. Recently, Cădariu
and Radu [6] applied the fixed point method to the investigation of the
Cauchy additive functional equation. In the present paper, we adopt the
idea of Cădariu and Radu and establish the stability of Jordan triple ring
derivations. In addition, we take account of the Jacobson radical range
problem of linear derivations.

2. Main results

In this section, the element e of a Banach algebra A will be a unit.
As a matter of convenience, for a given mapping f : A → A, we use the
following abbreviation :

Dα,βf(x, y, z, w) := f(αx + βy + zwz)− αf(x)− βf(y)

− f(z)wz − zf(w)z − zwf(z)

for all x, y, z, w ∈ A and all α, β ∈ U = {z ∈ C : |z| = 1}.
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Theorem 2.1. Let A be a Banach algebra. Suppose that f : A → A
is a mapping with f(0) = 0 for which there exists a function ϕ : A4 →
[0,∞) such that

lim
n→∞

ϕ(2nx, 2ny, 2nz, 2nw)
2n

= 0,(2.1)

‖Dα,βf(x, y, z, w)‖ ≤ ϕ(x, y, z, w)(2.2)

for all x, y, z, w ∈ A and all α, β ∈ U. If there exists a positive constant
L < 1 such that

ϕ(2x, 2x, 2x, 0) ≤ 2Lϕ(x, x, x, 0)(2.3)

for all x ∈ A, then there exists a unique Jordan triple linear derivation
µ : A → A such that

‖f(x)− µ(x)‖ ≤ 1
2(1− L)

ϕ(x, x, x, 0)(2.4)

for all x ∈ A.

Proof. We consider the set

X := {g | g : A → A, g(0) = 0}
and the generalized metric on X ,

d(g, h) = inf{K ∈ [0,∞] : ‖g(x)−h(x)‖ ≤ Kϕ(x, x, x, 0), for all x ∈ A}.
One can easily check that (X , d) is complete.

Next, let T : X → X be a mapping defined by Tg(x) := g(2x)
2 for all

x ∈ A.
We first verify that T is a strictly contractive on X : Observe that

for all g, h ∈ X ,

d(g, h) ≤ K =⇒ ‖g(x)− h(x)‖ ≤ Kϕ(x, x, x, 0), x ∈ A

=⇒
∥∥1
2
g(2x)− 1

2
h(2x)

∥∥ ≤ LKϕ(x, x, x, 0), x ∈ A

=⇒
∥∥Tg(x)− Th(x)

∥∥ ≤ LKϕ(x, x, x, 0), x ∈ A
=⇒ d(Tg, Th) ≤ LK.

Hence we see that d(Tg, Th) ≤ Ld(g, h) for all g, h ∈ X .
We now assert that d(Tf, f) < ∞ : If we consider α = β = 1, y =

z = x, w = 0 in (2.2) and we divide both sides by 2, then we arrive at

‖Tf(x)− f(x)‖ ≤ 1
2
ϕ(x, x, x, 0)

for all x ∈ A, that is, d(Tf, f) ≤ 1
2 < ∞.



264 Juri Lee, Eunyoung Son, and Ick-Soon Chang

Therefore, by the alternative of fixed point, we can prove that there
is a unique Jordan triple linear derivation µ : A → A satisfying the
inequality (2.4) : Now, from the alternative of fixed point, it follows
that there exists a fixed point µ of T such that limn→∞ d(Tnf, µ) = 0,

that is, µ(x) = limn→∞
f(2nx)

2n for all x ∈ A.
Again, by use of the alternative of fixed point, we lead to the inequal-

ity

d(f, µ) ≤ 1
1− L

d(Tf, f) ≤ 1
2(1− L)

,

which yields (2.4).
In order to claim that the mapping µ : A → A is a Jordan triple

linear derivation, let us take α = β = 1 ∈ U, z = w = 0 in (2.2). Then
it becomes

(2.5) ‖f(x + y)− f(x)− f(y)‖ ≤ ϕ(x, y, 0, 0).

for all x, y ∈ A. Replacing 2nx and 2ny instead of x and y in (2.5) and
dividing by 2n, we have by (2.1)

lim
n→∞

∥∥∥f(2n(x + y))
2n

− f(2nx)
2n

− f(2ny)
2n

∥∥∥ ≤ lim
n→∞

ϕ(2nx, 2ny, 0, 0)
2n

= 0.

This means that µ is additive. Letting z = w = 0 in (2.2), we have

‖f(αx + βy)− αf(x)− βf(y)‖ ≤ ϕ(x, y, 0, 0)(2.6)

for all x, y ∈ A and all α, β ∈ U. If we also replace x and y with 2nx and
2ny in (2.6), respectively, and then divide both sides by 2n, we see that

lim
n→∞

∥∥∥f(2n(αx + βy))
2n

− α
f(2nx)

2n
− β

f(2ny)
2n

∥∥∥
≤ lim

n→∞

ϕ(2nx, 2ny, 0, 0)
2n

= 0.

So we get µ(αx + βy) = αµ(x) + βµ(y) for all x, y ∈ A and all α, β ∈ U.
Let us now assume that λ is a nonzero complex number and that N
is a positive integer greater than |λ|. Then by applying a geometric
argument, there exist λ1, λ2 ∈ U such that 2 λ

N = λ1 + λ2. In particular,
due to the additivity of µ, we obtain µ(1

2x) = 1
2µ(x) for all x ∈ A. Thus

we have that

µ(λx) = µ

(
N

2
· 2 · λ

N
x

)
= Nµ

(
1
2
· 2 · λ

N
x

)
=

N

2
µ((λ1 + λ2)x)

=
N

2
(λ1 + λ2)µ(x) =

N

2
· 2 · λ

N
µ(x) = λµ(x)
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for all x ∈ A. Also, it is obvious that µ(0x) = 0 = 0µ(x) for all x ∈ A,
that is, µ is linear.

Let us now take x = y = 0 in (2.2). Then it follows that

(2.7) ‖f(zwz)− f(z)wz − zf(w)z − zwf(z)‖ ≤ ϕ(0, 0, z, w).

for all z, w ∈ A. Replacing 2nz and 2nw instead of z and w in (2.7) and
dividing by 8n, we have by (2.1)

lim
n→∞

∥∥∥f(8nzwz)
8n

− f(2nz)
2n

wz − z
f(2nw)

2n
z − zw

f(2nz)
2n

∥∥∥
≤ lim

n→∞

ϕ(0, 0, 2nz, 2nw)
2n

= 0.

Hence it implies that µ is a Jordan triple linear derivation.
Assume that there exists another Jordan triple linear derivation µ1 :

A → A satisfying the inequality (2.4). Since µ1 is linear, we get

µ1(x) =
µ1(2x)

2
= (Tµ1)(x)

and so µ1 is a fixed point of T. In view of (2.4) and the definition of
d, we know that d(f, µ1) ≤ 1

2(1−L) < ∞, that is, µ1 ∈ ∆ = {g ∈ X :
d(f, g) < ∞}. Due to the alternative of fixed point, we find that µ = µ1,
which proves that µ is unique.

Corollary 2.2. Let A be a Banach algebra. Assume that p is given
with 0 < p < 1. Suppose that a mapping f : A → A satisfies the
inequality

‖Dα,βf(x, y, z, w)‖ ≤ ε(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p)(2.8)

for all x, y, z, w ∈ A and all α, β ∈ U and for some ε > 0. Then there
exists a unique a Jordan triple linear derivation µ : A → A such that

‖f(x)− µ(x)‖ ≤ 3ε

|2− 2p|
‖x‖p

for all x ∈ A.

We here remark that any Jordan triple ring derivation on 2-torsion
free semiprime ring is a ring derivation [5].

Theorem 2.3. Let A be a commutative semiprime Banach algebra
with unit. Suppose that f : A → A is a mapping with f(0) = 0 for
which there exists a function ϕ : A4 → [0,∞) satisfying

lim
n→∞

ϕ(2nx, 2ny, 2nz, 2nw)
2n

= 0, lim
n→∞

ϕ(0, 0, 2nz, w)
2n

= 0(2.9)
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and the inequality (2.2). If there exists a positive constant L < 1 satis-
fying (2.3), then f is a linear derivation which maps A into its Jacobson
radical.

Proof. By Theorem 2.1, there exists a unique Jordan triple linear
derivation µ : A → A satisfying (2.4), where µ(x) = limn→∞

f(2nx)
2n for

all x ∈ A. Replacing z by 2nz in (2.7) and dividing by 4n, we have by
the condition (2.9)

lim
n→∞

∥∥∥f(4nzwz)
4n

− f(2nz)
2n

wz − zf(w)z − 2nzw
f(2nz)

2n

∥∥∥
≤ lim

n→∞

ϕ(0, 0, 2nz, w)
4n

= 0,

which means that µ(zwz) = µ(z)wz + zf(w)z + zwµ(z) for all z, w ∈ A.
Using the linearity of µ, this equation now can be rewritten as

µ(2nz · w · 2nz) = 4nµ(z)wz + 4nzf(w)z + 4nzwµ(z),

µ(z · 4nw · z) = 4nµ(z)wz + zf(4nw)z + 4nzwµ(z).

Hence zf(w)z = z f(4nw)
4n z and then we obtain zf(w)z = zµ(w)z as

n → ∞. If z = e, we arrive at f = µ. Thus we see that f is a Jordan
triple linear derivation. Since A is a commutative semiprime, f is a
linear derivation and so f maps A into its Jacobson radical.

Theorem 2.4. Let A be a Banach algebra. Suppose that f : A → A
is a mapping for which there exists a function ϕ : A4 → [0,∞) satisfying

lim
n→∞

8nϕ
( x

2n
,

y

2n
,

z

2n
,

w

2n

)
= 0(2.10)

and the inequality (2.2). If there exists a positive constant L < 1 such
that

(2.11) ϕ(x, x, x, 0) ≤ L

2
ϕ(2x, 2x, 2x, 0)

for all x ∈ A, then there exists a unique Jordan triple linear derivation
µ : A → A such that

‖f(x)− µ(x)‖ ≤ L

2(1− L)
ϕ(x, x, x, 0)(2.12)

for all x ∈ A.

Proof. First of all, if we take x = 0 in (2.11), then we see that
ϕ(0, 0, 0, 0) = 0, because of 0 < L < 1. So letting x = y = z = w = 0 in
(2.2), one obtains f(0) = 0.
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We now use the definitions for X and d, the generalized metric on X ,
as in the proof of Theorem 2.1. Then (X , d) is complete. We define a
mapping T : X → X by Tg(x) := 2g(x

2 ) for all x ∈ A. Using the same
argument as in the proof of Theorem 2.1, T is a strictly contractive on
X with the Lipschitz constant L. In addition, we prove that d(Tf, f) ≤
L
2 < ∞.

Now it follows from the alternative of fixed point that there exists
a fixed point µ of T such that µ(x) = limn→∞ 2nf( x

2n ) for all x ∈
A, because limn→∞ d(Tnf, µ) = 0. In addition, we have the inequality
d(f, µ) ≤ 1

1−Ld(Tf, f) ≤ L
2(1−L) , that is, the inequality (2.12) is true.

To show that the mapping µ : A → A is a Jordan triple linear
derivation, let us replace x

2n and y
2n instead of x and y in (2.5) and

multiply by 2n. Then, by virtue of (2.10), we find that

lim
n→∞

∥∥∥2nf
(x + y

2n

)
− 2nf

( x

2n

)
− 2nf

( y

2n

)∥∥∥
≤ lim

n→∞
2nϕ

( x

2n
,

y

2n
, 0, 0

)
= 0.

Thus we see that µ is additive. If we also replace x and y with 2nx and
2ny in (2.6), respectively, and then divide both sides by 2n, we see that

lim
n→∞

∥∥∥f
(αx + βy

2n

)
− 2nαf

( x

2n

)
− 2nβf

( y

2n

)∥∥∥
≤ lim

n→∞
2nϕ

( x

2n
,

y

2n
, 0, 0

)
= 0.

So we get µ(αx + βy) = αµ(x) + βµ(y) for all x, y ∈ A and all α, β ∈ U.
Similarly, as we did in the proof of Theorem 2.1, the mapping µ is linear.

Replacing z
2n and w

2n instead of z and w in (2.7) and multiplying by
8n, we obtain by (2.10)

lim
n→∞

∥∥∥8nf
(zwz

8n

)
− 2nf

( z

2n

)
wz − 2nzf

( w

2n

)
z − 2nzwf

( z

2n

)∥∥∥
≤ lim

n→∞
8nϕ

(
0, 0,

z

2n
,

w

2n

)
= 0.

Therefore, µ is a Jordan triple linear derivation.
Following the same fashion as the proof of Theorem 2.1, we can show

that µ is unique.

Corollary 2.5. Let A be a Banach algebra. Assume that p is given
with p > 3. Suppose that a mapping f : A → A satisfies the inequality
(2.8). Then there exists a unique a Jordan triple linear derivation µ :



268 Juri Lee, Eunyoung Son, and Ick-Soon Chang

A → A such that

‖f(x)− µ(x)‖ ≤ 3ε

|2p − 2|
‖x‖p

for all x ∈ A.

Theorem 2.6. Let A be a commutative semiprime Banach algebra
with unit. Suppose that f : A → A is a mapping for which there exists
a function ϕ : A4 → [0,∞) satisfying

lim
n→∞

8nϕ
( x

2n
,

y

2n
,

z

2n
,

w

2n

)
= 0, lim

n→∞
8nϕ

(
0, 0,

z

2n
, w

)
= 0(2.13)

and (2.2). If there exists a positive constant L < 1 satisfying (2.11),
then f is a linear derivation which maps A into its Jacobson radical.

Proof. It follows from Theorem 2.4 that there exists a unique Jordan
triple linear derivation µ : A → A satisfying (2.12), where µ(x) =
limn→∞ 2nf( x

2n ) for all x ∈ A.
If we substitute z := z

2n in (2.7) and multiply by 4n, then we obtain
by (2.13)

lim
n→∞

∥∥∥4nf
(zwz

4n

)
− 2nf

( z

2n

)
wz − zf(w)z − 2nzwf

( z

2n

)∥∥∥
≤ lim

n→∞
4nϕ

(
0, 0,

z

2n
, w

)
= 0.

So that µ(zwz) = µ(z)wz + zf(w)z + zwµ(z) for all z, w ∈ A. Similar
to the proof of Theorem 2.3, f is a linear derivation which maps A into
its Jacobson radical.
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