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MULTIPLE SOLUTIONS FOR THE NONLINEAR
PARABOLIC PROBLEM

TACKSUN JUNG* AND Q-HEUNG CHOI1**

ABSTRACT. We investigate the multiple solutions for the nonlinear
parabolic boundary value problem with jumping nonlinearity cross-
ing two eigenvalues. We show the existence of at least four nontriv-
ial periodic solutions for the parabolic boundary value problem. We
restrict ourselves to the real Hilbert space and obtain this result by
the geometry of the mapping.

1. Introduction

Let 2 be a bounded, connected open subset of R with smooth bound-
ary 02 and let A be the Laplace operator. In this paper we consider the
multiplicity of the solutions of the following parabolic boundary value
problem

Dyu = Au+but — au™ — s¢y in Q xR, (1.1)

u(z,t) =0, x e d, teR,
u(x,t) = u(z, t + 27), in QxR.

The physical model for this kind of the jumping nonlinearity problem
can be furnished by traveling waves in suspension bridges. The nonlinear
equations with jumping nonlinearity have been extensively studied by
McKenna and Walter [8], Tarantello [14], Micheletti and Pistoia [10,11]
and many the other authors. Tarantello, Micheletti and Pistoia dealt
with the biharmonic equations with jumping nonlinearity and proved
the existence of nontrivial solutions by degree theory and critical points
theory. Lazer and McKenna [7] dealt with the one dimensional elliptic
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equation with jumping nonlinearity for the existence of nontrivial solu-
tions by the global bifurcation method. For the multiplicity results of
the solutions of the nonlinear parabolic problem we refer to [6, 9].

The purpose of this paper is to find the number of weak solutions of

(1.1)

The steady-state case of (1.1) is the elliptic problem
Aw +bwt —aw™ — s =0 in Q, (1.2)

w=0 on Of).
For the multiplicity results for the solutions of (1.2) we refer to [9].

We observe that 0 < A\ < Ay < --- < Ay — oo are the eigenvalues
of the eigenvalue problem —Au = Au in Q, ulspo = 0 and ¢ is the
eigenfunction corresponding to the eigenvalue Ay for each k. We note
that the first eigenfunction ¢;(z) > 0.

The main results are the following:

THEOREM 1.1. Assume that a < A\ < Ay < b < A3 and s > 0.
Then (1.1) has at least four periodic solutions.

Generally we have the following result:

THEOREM 1.2. Assume that A, < a < Apr1 < Apgo < b < Apys,
n >0, and s > 0. Then (1.1) has at least four periodic solutions.

For the proof of Theorem 1.1 and Theoem 1.2 we use the variational
reduction method. The organization of this paper is the folllowing: In
section 2 we introduce the Hilbert space H whose elements are expressed
by the square integrable Fourier series expansions on 2 x (0,27), con-
sider the parabolic problem (1.2) on H and obtain some results on the
operator Dy — A. In section 3 we prove Theorem 1.1 and Theorem 1.2.

2. Parabolic problem on the Hilbert space H

Let @ be the space 2 x (0,27). The space L2(€2 x (0,27)) is a Hilbert
space equipped with the usual inner product

2
< v,w >:/ /v(x,t)w(x,t)dxdt
0 Q

and a norm

vl La0) = V< v,0 >.
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We shall work first in the complex space La(€2 x (0,27)) but shall later
switch to the real space. The functions

it
Vor’

form a complete orthonormal basis in Lao(£2 x (0,27)). Every elements
v € La(2 x (0,27)) has a Fourier expansion

v = Z Ujkq>jk
jk

with 3" |vj|? < 00 and vj, =< v, ®j; >. Let us define a subspace H of
Ly (22 x (0,27)) as

& (. 1) = oy, j=0,+1,42,..., k=1,2,3,...

H={ue Ly x (0,21))] Y (2 +A})2ud, <o} (21)
ik
Then this is a complete normed space with a norm
. 1 1
lull = ) (G2 + AP)2uj,)2.
ik
A weak solution of problem (1.1) is of the form u = ) u;,®;;; satisfying

S Juge2 (5% + )\i)% < 00, which implies u € H. Thus we have that if
is a weak solution of (1.1), then uy = Dyu = zj i tJuk P belong to H
and —Au = Y Apujp®j5 belong to H.

We have some properties on || - || and Dy — A. Since |ij + A\gx| > 1 for
all j, k, we have that:

Lemma 2.1 (i) [Juf] = [lu(z, 0)[| > [[u(z, 0) Ly(0)-
(ii) |lul| o) = 0 if and only if |ul| = 0.
(iii) uy — Au € H implies u € H.

Proof. (i) Let u=3_, ; ujx®ji. Then
, 1
> = Y02 + A 2ud = Y Aui(2.0) = |lu(z.0)|?
> ud(@,0) = [lu(@,0)|[7, -
(ii) Let u= 3", , ujk®jp.

. 1
ull =0 ) (2 +A)2uf, =06 > uf =04 |ufL,g) =0
jk Jk
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(iii) Let uy — Au = f € H. Then f can be expressed by
. 1
F= @i D (P A < oo
jk
Then we have

- J2+ A7)
(RIS i ¥ h<OS <o
ik

for some C > 0. O

LEMMA 2.2.  For any real a # A\, the operator (D; — A — )~ ! is
linear, self-adjoint, and a compact operator from Lo(Q2 x (0,27)) to H
with the operator norm ﬁ, where A, is an eigenvalue of —A closest
to «.

Proof. Suppose that a # Ag. Since A\, — 400, the number of elements
in the set {\;| \x < a} is finite, where \j is an eigenvalue of —A. Let

h = Z] i ik @k, where @, = gﬁkr Then

1
Dy — A — _1h:§ —hi P
(D @) jkim-i-/\n—a Tk gk

Hence

1 1
_ _ 1112 — s 2 _ 2 2
(Dt — A =)™ h| ; k: P24 (A —a)? "+ (A — ) )thk

<ZChk<oo

for some C' > 0. Thus (D; — A — a)~! is a bounded operator from
Ly (2 x (0,27)) to H and also send bounded subset of La(Q2 x (0,27))
to a compact subset of H, hence (D; — A — a)~! is a compact operator.

0

From Lemma 2.2 we obtain the following lemma:

LEMMA 2.3.  Let F(x,t,u) € Lo(2x(0,2m)). Then all the solutions
of
— Au= F(x,t,u) in La(9 x (0,2m))

belong to H.
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With the aid of Lemma 2.3 it is enough to investigate the existence
of solutions of (1.1) in the subspace H of Ly(£2 x (0,27)), namely

Dyu = Au+but —au™ — s¢ in H. (2.2)

From now on we restrict ourselves to the real Lo-space and observe
that this is an invariant space for R. So Lo(f2 x (0,27)) denotes the
real square-integrable functions on € x (0,27) and H the subspace of
Ls(2 x (0,27)) satisfying (2.1).

3. Proof of Theorem 1.1 and Theorem 1.2

Assume that a < A\ < Ay < b < A3 and s > 0. We shall use the
contraction mapping theorem to reduce the problem from an infinite
dimensional one in L2(Q) to a finite dimensional one.

Let V' be the two dimensional subspace of H spanned by ®¢;(z) and
Pp2(z) and W the subspace spanned by ®g,, n > 3 and ®¢,,, 7.,
m > 1. Then W is the orthogonal complement of V in H.

From now on we restrict ourselves to the real Lo-space and observe
that this is an invariant space for R. So Lo(f2 x (0,27)) denotes the
real square-integrable functions on € x (0,27) and H the subspace of
Lo(22 % (0, 27)) satisfying (2.1). Let P be an orthogonal projection from
H onto V. Then for all u € H, uw = v+ w, where v = Pu, w = (I — P)u.

Therefore (2.2) is equivalent to

(a) w=(Dy — A)"HI = P)(b(v +w)" —a(v+w)™),
(b) Dw = Av+ P(b(v+w)" —a(v+w)” —s¢1), (3.1)
where D; = 2.

ot
Let us show that for fixed v, (3.1.a) has a unique solution w = 6(v)

and that 6(v) is Lipschitz continuous in terms of v. Let ¢ be the spec-
trum of D;—A. Then o = {\,£im|n > 1, m > 0}. Let a = 2(A1+X2).
We rewrite (3.1.a) as
(Dy — A —a)w= (I —P)bv+w)T —alw+w)™ —alv+w))

or

w=(Dy — A —a) I — P)g,(w) (3.2)
where

go(w) = b(v +w)T —a(v+w)"t — alv+w).
Since
|90 (w1) = gu(w2)| < max{|b —al, |a — a|}ws —wil,
g0 (w1) = go(w2)[l| < max{[b — af, |a = a|}|[|wz — wi]l],
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where || - || is the norm in H. Since the operator (D; — a)~(I — P) is
a self-adjoint, compact linear map from (I — P)H onto itself, it follows
that

|(Dy — A —al) Y — P)|| = dist(a, {(A\y £im — )" m >0, n>2}).

Therefore for fixed v € V, the right hand side of (3.2) defines a Lipschitz
mapping (I — P)H into itself with Lipschitz constant v < 1. Therefore
by the contraction mapping principle, for given v € V, there exists a
unique w = #(v) € W which satisfies (3.2). it follows that, by the
standard argument principle, 6(v) is Lipschitz continuous in terms of v.
Thus we have a reduced equation (2.2) to the equivalent equation

Dy = Av + P(b(v+ 0(v))" —a(v+ 0(v))” — sé1) (3.3)

defined on the two dimensional subspace PH spanned by {®o1(z), ®o2(z)}-

We note that if v > 0 or v < 0, then §(v) = 0. If we put v > 0 (v < 0)
and 6(v) = 0 in (3.1.a), equation (3.1.a) is satisfied, respectively. Since
v = c1Pg1 + c2Pp2, there exists a cone C; defined by ¢1 > 0, |ea| < €ycy
so that v > 0 for all v € C] and a cone Cq, ¢ < 0, |c2| < €p|c1| so that
v <0 for all v € Cy. We know that w = 0(v) = 0 for v € C; U Cq, but
we do not know 0(v) for all v € PH. We consider the map

v T(v) = =Dy + Av + P(b(v + 0(v) " —a(v +60(v)) ).

First we consider the image of the cone Cy. If v = ¢;Pg1 + c2Pg2, we
have that

T(v) = —A1c1Po1 — A2Ca®Po2 + b(c1Po1 + c2Po2)
= ()\1 — b)Clq)m + ()\2 — b)CQ‘I)OQ.
Thus the image of the rays c1®g1 & €gc1 Poo are
(A1 = b)e1®or + (A2 — b)epc1 Doz

or the rays
Ay —b
AL —b

d1Po1 £ €0 )d1Po2.

Thus T maps C1 into the cone
b— A
Dy = {d1®o1 + d2Pp2|d1 > 0, |da| < 6o(b /\?)}

Similary for Cy we can calculate the image under T'. If ¢; <0,
T(Clq)(n + 6061@02) = (a — )\1)61(1301 + (a — /\2)6001(1302.

Thus T'(v) = s¢; has one solution in each of the cones C7, Co, namely

5®o1 - 5%01  Now we need a lemma.
b—X1’ a—M\1
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LEMMA 3.1. There exists d > 0 so that
(T(c1Po1 + c2Po2), Po1) > d|cal.

Proof. By the definition of T'(v),
T(c1Po1 + c2Po2) = (=Dt + A)(c1Po1 + c2Po2)
+P(b(cl Dy + 2P + 9(61 Py + Cg@og))+

—a(c1+Po1 +c2Po2 +0(c1Po1 +c2Po2)) ).
So if u = ¢1Pg1 + caPo2 + O(c1Po1 + c2Po2), then
(T'(c1Po1 + c2Po2), Po1) = ((—D¢ + A + A1) (c1Po1 + caPo2), Por)
+(but — au” — A\ju, @o1).
The first term is zero because (—Dy + A + A\1)®p; = 0 and —D; + A is
self-adjoint. The second term satisfies bu™ — au™ — A\ju > ~y|u|, where

v = min{b — A\;,\; — a} > 0. Therefore (T(c;®Pp1 + c2Po2), Po1) >
7y [ Ju|®o1. Now there exists d > 0 so that y®g; > d|Pg2| and therefore

V/IU\‘I’M > d/|ur\<1>02| > dl/l@oz\ — d|(u, @p2).

Thus we prove the lemma. ]

We shall describe the behavior of T" in the complement of the two
cases C7 and Cs. Let us consider the image under T of ¢1®Pg; + coPg2
with ¢ > €|c1], ca = [ for some [ > 0. By Lemma 3.1, the image T'(L) of
ca =1, || < %l must lie to the right of the line ¢; = dI and must cross
the positive ®g; axis in the image space. Thus we have shown that if
u = c1Po1 + [Pg2 + 0(c1Po1 + (Pp2), | > 0, |c1]| < é Then u satisfies,
for some ¢y, —Dyu + Au + but — au™ = s¢; for some s > dl and [ > 0.
Letting @ = Lu, we see that @ satisfies

s
(=D + A)u + bu — au = t¢y.
Similarly we can show the existence of another solution @ satisfying
—Dyii + A+ but —au” =ty

with (@, @o2) < 0. Thus we have four solutions, one in each of the four
cones, where C, Cs divide the ®¢;, P2 plane into. We prove Theorem
1.1. For the proof of Theorem 1.2 we set V be the two dimensional
subspace of H spanned by ®g,+1(z) and ®g,42(z) and W the subspace
spanned by ®g,, ®onts, n > 1 and @5, ®7.,., m > 1. Then W is

the orthogonal complement of V' in H. The other parts of the proof of
Theorem 1.2 have the similar process to that of Theorem 1.1. ]
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