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SOME APPLICATIONS OF EXTREMAL LENGTH TO
CONFORMAL IMBEDDINGS

Chung Bo-Hyun*

Abstract. Let G be a Denjoy domain and let G′ a Denjoy proper
subdomain of G and homeomorphic to G. We consider conformal
re-imbeddings of G′ into G. Let G and G′ are N -connected. We
know that if N = 2, there is a re-imbedding f of G′ into G such
that G − cl(f(G′)) has an interior point. In this note, we obtain
the following theorem.

If N ≥ 3, G has a Denjoy proper subdomain G′ such that, for
any re-imbeddings f of G′ into G, G − cl(f(G′)) has no interior
point.

1. Introduction

Throughout this paper, Ĉ will denote extended complex plane, G is
a Denjoy domain in Ĉ, and cl(G) is a closure of G.

Let [aN , bN ], (N = 1, 2, 3, · · · ) be closed intervals such that a1 < b1 <
· · · < aN < bN (N ≥ 2). We denote by

D([a1, b1], [a2, b2], · · · , [aN , bN ])

the Denjoy domain Ĉ− ∪N
j=1[aj , bj ] in Ĉ.

We note that each doubly or triply connected plane region is confor-
mally equivalent to a Denjoy domain (see [2]).

Let
G′ = D([a′1, b

′
1], [a

′
2, b

′
2], · · · , [a′N , b′N ])

be a Denjoy proper subdomain of

G = D([a1, b1], [a2, b2], · · · , [aN , bN ])
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such that
[aj , bj ] ⊂ [a′j , b

′
j ]

for each j (1 ≤ j ≤ N). We consider re-imbeddings of G′ into G, that is,
conformal mappings f from G′ into G with the following two conditions
(1) and (2).

(1) Let denote by Ej the components of Ĉ−f(G′), then Ej ⊃ [aj , bj ] (1 ≤
j ≤ N)

(2) f(z) → Ej if and only if z → [a′j , b
′
j ] (1 ≤ j ≤ N)

2. Extremal length

Let T be a plane region and Γ be a family of curves in T . Let ρ(z)
be a non-negative Borel measurable function defined on T . Define

L(ρ, Γ) = inf
{∫

γ
ρ(z)|dz|; γ ∈ Γ

}
,

A(ρ, T ) =
∫∫

T
ρ(z)2dxdy 6= 0,∞.

Definition 2.1. ([7]) The quantity

λ(Γ) = sup
ρ

L(ρ,Γ)2

A(ρ, T )

is called the extremal length of Γ.

We know that if N = 2, there is a re-imbedding f of G′ into G such
that G − cl(f(G′)) has an interior point, where the closure is taken in
Ĉ.

In fact, each doubly connected plane region with non-degenerate
boundary components is mapped conformally onto an annulus, and the
ratio of the radius of the annulus is uniquely determined. Moreover, two
doubly connected plane regions are conformally equivalent if and only if
these ratios of the radii of the annuli coinside.

We give an example.

Example 2.2. ([6]) Let ∆(r,R) = {z | r < |z| < R}, (0 < r <
R, R 6= ∞) on T . Then ∆1(r1, R1) and ∆2(r2, R2) are conformally
equivalent if and only if

R1/r1 = R2/r2 (3)

For our proof we will need the following.
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Proposition 2.3. ([8]) Let ∆ be the annulus ∆ = {z | a < |z| < b}
on T . Let Γ be the family of arcs in ∆ which join the two contours.
Then

λ(Γ) = (1/2π) log (b/a)

Proof. (Proof of example 2.1) (Method of extremal length) Since the
proof of sufficient conditions is trivial, we discuss the proof of necessary
conditions. Let Γ∆ be the family of arcs in ∆(r,R) which join the two
contours. Then by Proposition 2.1,

λ(Γ∆) = (1/2π) log(R/r). (4)

Suppose that ∆1(r1, R1) and ∆2(r2, R2) are conformally equivalent and
let f be a 1-1 conformal mapping on ∆1(r1, R1) upon ∆2(r2, R2). Then
by the conformal invariance of extremal length,

λ(Γ∆1) = λ[f(Γ∆1)] = λ(Γ∆2). (5)

Hence by (4), (5), we obtain (3).

Hereafter we assume that N ≥ 3. Our proof is an elementary one
using the method of extremal length.

Lemma 2.4. Let G = D([a1, b1], [a2, b2], · · · , [aN , bN ]), and let

Γ = Γ(G; [a1, b1],∪N
j=2[aj , bj ])

be the family of Jordan closed curves in G separating [a1, b1] from
∪N

j=2[aj , bj ]. Let

Γ0 = Γ(Ĉ− [a1, b1]− [a2, bN ]; [a1, b1], [a2, bN ])

be the family of Jordan closed curves in Ĉ− [a1, b1]− [a2, bN ] separating
[a1, b1] from [a2, bN ]. Then

λ(Γ) = λ(Γ0).

Proof. Since Γ0 ⊂ Γ, it holds that λ(Γ) ≤ λ(Γ0). Let ω = ϕ(z) be the
conformal mapping from {Im z > 0} onto the rectangle {0 < Re w <
1, 0 < Im w < κ} such that ϕ(a1) = 0, ϕ(b1) = 1, ϕ(a2) = 1 + iκ and
ϕ(bN ) = iκ. Then ϕ is analytic on G ∩ {Im z = 0}.

Set
cτ = {0 ≤ Re w ≤ 1, Im w = τ}

for 0 < τ < κ. Then

γτ = ϕ−1(cτ ) ∪ cl(ϕ−1(cτ )) ∈ Γ,

where
cl(ϕ−1(cτ )) = {w̄;w ∈ ϕ−1(cτ )}.
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Denote by λ({γτ}) the extremal length of {γτ}0<τ<1. Then

2
κ

= λ({γτ}) ≥ λ(Γ).

Consider the non-negative Borel measurable function ρ(z) on G defined
by

ρ(z) =
{ |ϕ′(z)|/2, z ∈ G ∩ {Im z ≥ 0}
|ϕ′(z̄)|/2, z ∈ G ∩ {Im z < 0}.

Then

A(ρ,G) =
∫∫

G
ρ2dxdy =

κ

2
.

Since
∫
c ρ(z)|dz| ≥ 1 for any c ∈ Γ, we have

λ(Γ) ≥ A(ρ, G)−1 =
2
κ

.

By the same way, we can conclude

λ({γτ}) = λ(Γ0).

Thus, λ(Γ) = λ(Γ0).

Here we note the following fact. That is, let u be the harmonic
measure of [a2, bN ] with respect to Ĉ − [a1, b1] − [a2, bN ]. That is, u is
the bounded harmonic function on Ĉ− [a1, b1]− [a2, bN ] such that u = 0
on [a1, b1] and u = 1 on [a2, bN ]. Then the Dirichlet integral D(u) of u
is finite.

We will need the following lemma.

Lemma 2.5. ([3],[5]) Let ρ(z) = |grad u|, then

D(u) =
L(ρ, Γ0)2

A(ρ,G)
= λ(Γ0).

3. Extremal length and conformal imbeddings

In contrast to the case N = 2, we can prove the following Theorem.

Theorem 3.1. If N ≥ 3, any Denjoy domain G has a Denjoy proper
subdomain G′ such that, for any re-imbeddings f of G′ into G, G −
cl(f(G′)) has no interior point.
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Proof. Let

G = D([a1, b1], [a2, b2], · · · , [aN , bN ])

and
G′ = D([a′1, b

′
1], [a

′
2, b

′
2], · · · , [a′N , b′N ]).

Assume that

[a1, b1] = [a′1, b
′
1], a2 = a′2, bN = b′N

and that G′ be a proper subregion of G, that is,

[aj , bj ] ⊂ [a′j , b
′
j ], (3 ≤ j ≤ N − 1).

Let f be a re-imbedding of G′ into G. We prove that the area measure
of G− cl(f(G′)) is 0.

Contrary to the assertion, assume that the area measure of G −
cl(f(G′)) is positive. Let

Γ = Γ(G; [a1, b1],∪N
j=2[aj , bj ])

be the family of Jordan closed curves in G separating [a1, b1] from
∪N

j=2[aj , bj ]. Let

Γ′ = Γ(G′; [a1, b1], [a2, b
′
2] ∪ · · · ∪ [a′N , bN ])

be the family of Jordan closed curves in G′ separating [a1, b1] from
[a2, b

′
2] ∪ · · · ∪ [a′N , bN ]. Set

f(Γ′) = {f(γ); γ ∈ Γ′}.
By Lemma 2.2,

λ(Γ) = λ(Γ′).
Since G′ and f(G′) are conformally equivalent,

λ(Γ′) = λ(f(Γ′)).

In the meanwhile, we can prove that λ(f(Γ′)) > λ(Γ) to obtain a
contradiction.

In fact, let u be the harmonic measure of [a2, bN ] with respect to
Ĉ − [a1, b1] − [a2, bN ]. Consider the the non-negative Borel measurable
function ρ(z) = |grad u| on G. By Lemma 2.3,

D(u) = λ(Γ) = λ(Γ′).

Since Γ ⊃ f(Γ′),

L(ρ, Γ) = inf{
∫

γ
ρ|dz|; γ ∈ Γ} ≤ inf{

∫

γ
ρ|dz|; γ ∈ f(Γ′)} = L(ρ, f(Γ′)).
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Since G− cl(f(G′)) has a positive measure

A(ρ, f(G′)) =
∫∫

f(G′)
ρ2dxdy <

∫∫

G
ρ2dxdy = A(ρ,G).

Thus

λ(f(Γ′)) ≥ L2(ρ, f(Γ′))
A(ρ, f(G′))

>
L2(ρ, Γ)
A(ρ, G)

= D(u) = λ(Γ).

This completes the proof of the theorem.
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