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SEMI-HOMOMORPHISMS OF BCK-ALGEBRAS

KyouNG JA LEE* AND YOUNG BAE JUN**

ABSTRACT. As a generalization of a homomorphism of BCK-algebras,
the notion of a semi-homomorphism of BCK-algebras is introduced,
and its characterization is given. A condition for a semi-homomorphism
to be a homomorphism is provided.

1. Introduction

BCK-algebras entered into mathematics in 1966 through the work of
Imai and Iséki [1], and have been applied to many branches of math-
ematics, such as group theory, functional analysis, probability theory
and topology. Such algebras generalize Boolean rings as well as Boolean
D-posets (= MV-algebras). The notion of homomorphisms of BCK-
algebras play an important role in studying BCK-algebras and related
algebraic structures. As a generalization of a homomorphism of BCK-
algebras, we introduce the notion of a semi-homomorphism of BCK-
algebras, and give its characterization. We provide a condition for a
semi-homomorphism to be a homomorphism.

2. Preliminaries

We first display basic concepts on BCK-algebras. By a BCK-algebra
we mean an algebra (X;x,0) of type (2, 0) satisfying the axioms:

(al) (Va,y,z € X) (((zxy) x (% 2)) * (2 xy) = 0),
(a2) (Va,y € X) ((z+ (zxy)) xy = 0),

(a3) Vr e X) (xxx=0,0xz =0),

(ad) Vz,ye X) (zxy=0,yxx=0 = =z =y).
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We can define a partial ordering < by « < y if and only if z xy = 0. A
BCK-algebra X is said to be bounded if there exists the bound 1 such
that x <1 for all z € X.

In any BCK-algebra X, the following hold:

1) (Vx e X) (xx0=ux),

2) (¥, 2 € X) ((wxy)+ 2= (z+2) * ),

3) Vo,y,z€ X) ((zx2)*(y*2) <xxy),
4

b
b
b
bd) (Vr,y,z€ X) (z <y = xxz<yxz,zxy < zx1).

e T T

A mapping f : X — Y of BCK-algebras is called a homomorphism
if f(xxy) = f(x)* f(y) for all z,y € X. Note that if f: X — YV isa
homomorphism of BCK-algebras, then f(0) = 0.

A subset A of a BCK-algebra X is called an ideal of X if it satisfies:

(cl) 0 € A,
(c2) Vxe A) (Vye X) (yxx e A = ye A).
Note that every ideal A of a BCK-algebra X satisfies:

(2.1) VzeA)(WeX)(y<z = ye A).

The set of all ideals of a BCK-algebra X is denoted by Id(X). It is
known that Id(X) is an infinitely distributive lattice (see [7]).

If A is a nonempty subset of a BCK-algebra X, then the ideal of X
generated by A, in symbol (A), is the set (see [2, Theorem 3|)

(---((x*ao)*m)**")*an:0 }

for some ag, a1, ,a, € A

(2.2) (A) = {x € X

If A = {a}, then we denote ({a}) by (a) and call it as the ideal of X
generated by a.

DEFINITION 2.1. ([3]) An ideal A of a BCK-algebra X is said to be
irreducible if it satisfies:

(2.3) (VB,Celd(X))(A=BNnC = A=B or A=C).
Denote by I1d(X) the set of all irreducible ideals of X.

DEFINITION 2.2. ([5]) A subset I of a BCK-algebra X is called an
order system of X if it satisfies:

(c¢3) I is an upper set, that is, I satisfies:
VeeX)(Vyel)(y<z = zel),
(cd) Vz,yel) (3zel) (2 <z, z<y).
Denote by Os(X) the set of all order systems of X.
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3. Semi-homomorphisms

DEeFINITION 3.1. A mapping f: X — Y of BCK-algebras is called a
semi-homomorphism if it satisfies:

(d1) f(0) =0,
(d2) (Vo,y € X) (f(z) * f(y) < f(z*y)).

Note that every homomorphism of BCK-algebras is also a semi-homo-
morphism, but the converse is not true in general as seen in the following
examples.

ExAmMPLE 3.2. Let X = {0,a,b,c,d} be a BCK-algebra with the
following Cayley table:

QO O OO
Q QOO o>
OO OO O

QU O R O *
QOO
QL OO OO

Define a mapping f : X — X by f(0) =0, f(a) =0b, f(b) =¢, f(c) =
d and f(d) = d. Then f is a semi-homomorphism, but f is not a
homomorphism since f(cxa) =b# a= f(c)* f(a).

EXAMPLE 3.3. Let X; = Xy = {0,a,b,c} be BCK-algebras with the
following Cayley tables respectively:
b

*1 ‘ 0 a c %9 ‘ 0 a b ¢

0/0 0 0 O 0/0 0 0 O

ala 0 a a ala 0 0 0

b|b b 0 b b|b a 0 0

clc c c 0 clc a a 0
Define a mapping f : X1 — Xo by f(0) =0, f(a) = a, f(b) = ¢ and
f(c) =b. Then f is a semi-homomorphism, but f i not a homomor-

phism since f(a 1 b) =a # 0= f(a)*2 f(b).
DEFINITION 3.4. ([6]) Let X be a BCK-algebra. For a fixed element
a € X, we define amap R, : X — X by Ry(x) = xxa for all z € X, and

call R, a right map on X. Also, a left map on X is defined analogously,
and denoted it by L,.

Obviously, Ry and Lg are homomorphisms and so semi-homomorphisms.
Generally, both a right map R, and a left map L, for a # 0 on a
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BCK-algebra may not be semi-homomorphisms as seen in the following
examples.

ExAmMPLE 3.5. Let X = {0,a,b,c,d} be a BCK-algebra with the
following Cayley table:

*x10 a b ¢ d
0[0 0 OO O
ala 0 a 0 O
blb b 0 0 b
clec b a 0 b
dld d d d 0

For any x € X, let R, (resp. L) be a right (resp. left) map on X. Then
every right map on X is a homomorphism, i.e., Ry, Ry, Ry, R, and Ry
are all homomorphisms, and hence these are all semi-homomorphisms.
But the left map L, is not a semi-homomorphism for x = a,b, c and d,

since L,(0) # 0.

EXAMPLE 3.6. Let X = {0,a,b,c} be a BCK-algebra with the fol-
lowing Cayley table:

*‘Oa b ¢
0|0 0 0 O
ala 0 0 O
blb a 0

clec ¢ ¢ O

For any x € X, let R, (resp. L,) be a right (resp. left) map on X. Then
Ry and Ry, are homomorphisms, and so these are semi-homomorphisms.
But R, and R. are not semi-homomorphisms since Rq(b) * Rq(a) = a £
0 = Ry(b*a) and R.(b) * Re(c) = a ¢ 0 = Re(b* c¢), and hence R,
and R. are not homomorphisms. And the left map L, is not a semi-
homomorphism for x = a,b and ¢, since L,(0) # 0.

ProrosiTION 3.7. Let R, be a right map on a BCK-algebra X. Then
the following are equivalent:
(i) R, is a semi-homomorphism,
(ii) Rq is a homomorphism,
(iii) R, = R2.
Proof. (i) = (ii) Assume that R, is a semi-homomorphism. Since

0 < a by (a3), it follows from (b1l) and (b4) that y*xa <y for all y € X.
Then

Ri(xxy)=(xxy)*xa=(rxa)*xy < (r*xa)*(y*a) = Re(x) * Ry(y)
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for all z,y € X by using (b2) and (b4). Hence R, is a homomorphism.
(ii) = (iii) Assume that R, is a homomorphism. Then

R%(z) = Ry(R4(z)) = Ry(z % a) = Ry(z) * Ry(a) = Ry(x)

for all x € X. Hence R, = R2.
(iii) = (i) Assume that R, = R2. Tt follows from (b2), (b3) and (b4)
that

Rq(z) * Ra(y) = Ri(z)* Raly) = ((x*a)*a)*(y*a)
= ((xxa)*(yxa))*a
< (z*xy)*a = Ry(xxy)
for all x,y € X. Hence R, is a semi-homomorphism. O

Consider a left map L, on a BCK-algebra X. If L, is a semi-homo-
morphism, then 0 = L,(0) = a * 0 = a. Hence we have the following
proposition.

ProrosiTION 3.8. For a left map L, on a BCK-algebra X, the fol-
lowing are equivalent:
(i) Lg is a semi-homomorphism,
(ii) Lg is a homomorphism,
(iii) a = 0.
THEOREM 3.9. If f : X — Y is a semi-homomorphism of BCK-
algebras, then the set

ker(f) i= {z € X | f(x) = 0}
is an ideal of X.

Proof. Obviously 0 € ker(f) by (dl). Let z,y € X be such that
y € ker(f) and x*y € ker(f). Then f(y) = 0 and f(z*y) = 0. It follows
from (b1l) and (d2) that

f(@) = f(2) 0= fz)* fly) < flwxy) =0

so that f(xz) =0, i.e., z € ker(f). Therefore ker(f) is an ideal of X. [

Theorem 3.9 is a generalization of [4, Proposition 10].

We give a characterization of a semi-homomorphism of BCK-algebras.
We first need the following lemma.

LEMMA 3.10. ([3]) If A is an ideal of a BCK-algebra X and a is not
contained in A, then there is an irreducible ideal B of X such that A C B
and a ¢ B.
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Note that (a) is the ideal generated by a in a BCK-algebra X. If
x Ly for x,y € X, then (y) is an ideal of X which does not contain z.
Hence we have the following corollary.

COROLLARY 3.11. If x £ y in a BCK-algebra X, then there is an
irreducible ideal B of X such that y € B and x ¢ B.

THEOREM 3.12. Let f : X — Y be a mapping of BCK-algebras.
Then f is a semi-homomorphism if and only if it satisfies:

(3.1) (VBCY)(BeldY) = f1B)cId(X)).

Proof. Assume that f is a semi-homomorphism. Let B € Id(Y).
Obviously 0 € f71(B) by (d1). Let x,y € X be such that x+y € f~1(B)
and y € f~1(B). Then f(z*y) € B and f(y) € B. Since f(z)* f(y) <
f(z*y) by (d2), it follows from (2.1) that f(z) * f(y) € B so from (c2)
that f(z) € B, i.e., z € f~}(B). Therefore f~1(B) € Id(X). Conversely
suppose that f satisfies (3.1). If f(0) # 0, then there exists an ideal C
of Y such that f(0) ¢ C, i.e., 0 ¢ f~1(C). This is a contradiction, and
so f(0) = 0. Assume that (d2) is not valid. Then f(z) * f(y) € f(z *xy)
for some x,y € X. It follows from Corollary 3.11 that there exists an
irreducible ideal B of Y such that f(z *y) € B and f(x) * f(y) ¢ B.
Consider the ideal (B U {f(y)}) of Y generated by B U {f(y)}. Then
f(z) ¢ (BU{f(y)}) because if not then

(- ((f(@)* f(y) «br) %) xb, =0€ B

for some by,b9,--- ,b, € B. Since B is an ideal of Y, it follows from
(c2) that f(x) = f(y) € B, which is a contradiction. Using Lemma 3.10,
there exists an irreducible ideal @ of Y such that (B U {f(y)}) C Q
and f(z) ¢ Q, that is, B C Q, y € f~4(Q) and = ¢ f~1(Q). Since
rxy € f~1(B) C f71(Q), it follows from (3.1) and (c2) that z € f~1(Q).
This is a contradiction. Therefore (d2) is valid. O

LEmMA 3.13. Let f: X — Y be a homomorphism of BCK-algebras.
For any A € I1d(X), let

(3.2) [f(X\A)) ={yeY | f(a) <y for some a € X \ A}.
Then [f(X \ A)) is an order system of Y.

Proof. Let y € Y and w € [f(X \ A)) be such that w < y. Then there
exists a € X \ A such that f(a) < w. It follows from the transitivity of
< that f(a) < y so that y € [f(X \ A)). Hence (c3) is valid. Now let
z,y € [f(X \ A)). Then there exist a,b € X \ A such that f(a) <z and
f(b) <y. Obviously f(a), f(b) € [f(X \ A)). Therefore (c4) is valid. O
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LEMMA 3.14. ([5]) Let A € Id(X) and I € Os(X). If A and I are
disjoint, then there exists an irreducible ideal B of X such that A C B
and BN1T = 0.

We provide a condition for a semi-homomorphism to be a homomor-
phism.

THEOREM 3.15. Let f : X — Y be a semi-homomorphism of BCK-
algebras. Then the following assertions are equivalent:

(i) f is a homomorphism,
(ii) For every A € 11d(X) and B € 11d(Y),

(3.3) fYB)CA= BPcIldY))(BCP, fi(P)=A).

Proof. Assume that f is a homomorphism. Let A € I1d(X) and
B € I1d(Y) be such that f~!(B) C A. Consider the ideal (BU f(A)) of
Y generated by BUf(A). By means of Lemma 3.13, [f(X'\ 4)) is an order
system of Y. Now we prove that (BU f(A)) and [f(X \ A)) are disjoint.
Suppose that they are not disjoint and take w € (BU f(A))N[f(X\A4)).
Then f(a) < w for some a € X \ A and

(- ((w far)) * f(az)) * ) * f(an) € B

for some ay, a9, - ,a, € A. Using (b4), we have

(- ((fa) * far)) * flag)) * -+ ) * f(an)
< (- ((w flar)) = flag)) * -+ ) * flan).
Since B is an ideal of Y, it follows from (2.1) that

(- ((f(a) x f(a1)) * flaz)) - --) * f(an) € B.

Since f is a homomorphism, we have

f((---((axay)*xag) x--+)*xay) € B,

and so (---((a*a1) xag) *---) xa, € f~1(B) C A. It follows from (c2)
that a € A. This is a contradiction. By Lemma 3.14, there exists an
irreducible ideal P of Y such that (BUf(A)) C P and PN[f(X\A)) = 0.
It follows that B C P and f(A) C P so that A C f~1(P). Now if
r € f71(P), then f(z) € P. Since PN [f(X \ A)) = 0, we have f(z) ¢
[f(X\ A)), and so # € A. Therefore A = f~1(P). Conversely suppose
that (3.3) is valid. Let a,b € X be such that f(a*b) £ f(a)= f(b). Then
there exists an irreducible ideal B of Y such that f(a) * f(b) € B and
axb ¢ f~1(B). Since f is a semi-homomorphism, f~1(B) € Id(X) by
(3.1). Consider the ideal {f~1(B)U{b}) of X generated by f~(B)U{b}.
Then a ¢ (f~1(B)U{b}). For, if not then axb € f~1(B), a contradiction.
Using Lemma 3.10, there exists A € IT1d(X) such that (f~1(B)U{b}) C
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Aand a ¢ A, that is, f71(B) C A, b € A and a ¢ A. It follows from
(3.3) that there exists P € I1d(Y) such that B C P and f~1(P) = A.
Since f(a) * f(b) € B C P and f(b) € f(A) C P, we have f(a) € P by
(c2), which is a contradiction. Hence f is a homomorphism. O

Let f: X — Y be a homomorphism of BCK-algebras and let
(3.4) r:={BelldY)| fYB)eIldX)}.
Consider a mapping
(3.5) ®:7— IId(X), B— f~YB).
Let A € I1d(X) and consider the ideal (f(A)) of Y. We will prove that if
f is injective, then (f(A)) and [f(X \ A)) are disjoint. Let f be injective.
Assume that (f(A)) N[f(X\ A)) # 0 and take y € (f(A)) N[f(X\ A)).

Then y € (f(A)) and y € [f(X \ A)), and hence f(b) < y for some
be X\ A and

(- ((y* flar)) * flag)) *---) = fan) =

)
for some aq,as9,- - ,a, € A. It follows from (b4) that

)t
(- ((F(b) * f(ar)) * f(ag)) *---) * [(an)
< (- ((yx flar)) x faz) *---) * flan) =

so that

P (b ar) e az) ) wan)
= (- ((f(b) * F(an))  F(a)) ) # f(an)
= 0= f(0).

Since f is injective, we get
(((b*al)*GQ)*)*an:OGA

and hence b € A by (c2). This is a contradiction. Therefore (f(A)) and
[f(X \ A)) are disjoint. Using Lemma 3.14, there exists B € IId(Y)
such that f(A) C B and BN[f(X \ A4)) = 0, that is, f~1(B) = A. Hence
® is surjective. Now suppose that ® is surjective and let a,b € X be
such that b £ a. Then there exists an irreducible ideal A of X such that
a€ Aandb¢ A. Since D is surjective,

(3B e CIId(Y)) (f 4(B) = A).

Thusa € f~Y(B)and b ¢ f~1(B),i.e., f(a) € B and f(b) ¢ B. It follows
that f(b) £ f(a), which implies that f is injective. Hence we have the
following theorem.



Semi-homomorphisms of BCK-algebras 139

THEOREM 3.16. Let f : X — Y be a homomorphism of BCK-
algebras. For a mapping ® which is given in (3.5), the following are
equivalent:

(i) f is injective,

(ii) @ is surjective.
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