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SOME APPLICATIONS AND PROPERTIES OF
GENERALIZED FRACTIONAL CALCULUS
OPERATORS TO A SUBCLASS OF ANALYTIC AND
MULTIVALENT FUNCTIONS

S. K. LEe*, S. M. KHAIRNAR AND MEENA MORE

ABSTRACT. In this paper we introduce a new subclass K,*(n; p; )
of analytic and multivalent functions with negative coefficients us-
ing fractional calculus operators. Connections to the well known
and some new subclasses are discussed. A necessary and sufficient
condition for a function to be in K;"‘ﬁ’"(n;p; «) is obtained. Several
distortion inequalities involving fractional integral and fractional de-
rivative operators are also presented. We also give results for radius
of starlikeness, convexity and close-to-convexity and inclusion prop-
erty for functions in the subclass. Modified Hadamard product, ap-
plication of class preserving integral operator and other interesting
properties are also discussed.

1. Introduction and definitions

Let M(n,p) denote the class of functions f(z) of the form

f(z) =2 — Z arz® (ax > 0;p,n € IN) (1.1)

k=n+p

which are analytic and multivalent in the unit open disc U = {z: z € C
and |z| < 1}. Alsolet U* = {z: 2 € C and 0 < |z|] < 1}. Consider the
subclass K% (n;p; ) of functions f(z) € M(n,p) which also satisfy
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the inequality:

U () + R RO ()
o [EDWEy -9 <a (12)
(L =) o2 " {f(2) )+ pedo . 7 f(2)}
(zeUneN;0<a<p0< <0< A< i0,m€ R;¢p <pyn>
max{\, ¢} — (1 + p)). Where J; " denotes an operator of fractional
calculus which is defined as follows:

DEFINITION 1. The fractional integral of order A of a function f(z)
is defined by

gy L7 @)
DIMf(z2) = F()\)/o ot 0> 0) (1.3)

where f(z) is analytic in a simply-connected region of the z-plane con-
taining the origin, and the multiplicity of (z — t)*~! is removed by re-
quiring log(z — t) to be real when (z —t) > 0.

DEFINITION 2. The fractional derivative of order A of a function f(z)
is defined by

Dﬁunga%jﬁ%Zfaﬁ%vumgA<1) (1.4)

where f(z) is analytic in a simply-connected region of the z-plane con-
taining the origin and the multiplicity of (z — t)™* is removed as in
Definition 1 above.

DEFINITION 3. Let A > 0 and n,¢ € IR. Then, in terms of the
Gauss’s hypergeometric function oI}, the generalized fractional integral
operator Ia\f’" of a function f(z) is defined by

BPMf(2)} = ZF(AA; [ =t RO s, 1= Dar (19

where the function f(z) is analytic in a simply-connected region of the
z-plane containing the origin, with order

f(z) = O(lz[), 2 =0 (1.6)

for
e >max{0,0 —n}—1 (1.7)

and the multiplicity of (z — t)*!

be real when (z —t) > 0.

is removed by requiring log(z — t) to



Some applications and properties of generalized fractional calculus 129

DEFINITION 4. Let 0 < A < 1 and 3, € IR. Then the generalized
fractional derivative operator J6\7 P of a function f(z) is defined by

1 d o
I'(1—\)dz

{zAﬁAZ(z—t)Af(t)- QFl(ﬂ—A,l—n;l—)\;l—é)dt} (1.8)

Tol ™M f(2)} =

where the function f(z) is analytic in a simply-connected region of
the z-plane containing the origin, with the order as given in (1.6), and
the multiplicity of (z —t)™ is removed by requiring log(z —t) to be real
when (z —t) > 0.

Notice that for f(z) € M(n,p)

b _ T+pI0+p+n—9)
Joz H{f(2)} = r(1+p_¢) L ¢

F1+kKT(1+k+n—09) o
_ Z Tk Tkt )\)az ¢ (1.9)
D2 f(z) = o {f(2)} (0 < A < 1) (1.10)

Jueesmtomtagp oy = O psare oy eUmen, (11

dmOz

For (0 <A< 1)

dm
T f(2)} = DI f(z) = o DIf(2). (1.12)
Also
pone_ TOERI0 4k 4n—0)
TA+k—O(Itktn—N
if0<A<1,¢,n€ R and k > max{0,¢ —n} — 1.

By comparing Definition 1 with 3 and Definition 2 with 4, we obtain
the following relationships:

L " f(2)} = D f(2) (A > 0) (1.13)

and

o f(2)} = D2 f(z) (0 <A< 1). (1.14)
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From the general class K»*"(n;p; ) defined by (1.2) we take note of
the following important subclasses:

QM(n; p;a) = Ky (nip;a) (n,p € N;0SA<L0<a<p

S*(pia) = Si(p;@) (p € IN;0 < a < p)

C*(pa) = Ci(pia) (p € IN;0 < o < p).

The classes S, (p; ) and S*(p; ) consists of p-valently starlike func-

tions of order (p — ), (0 < a < p) and the classes C,(p; @) and C*(p; a)

consists of p-valently convex functions of order (p — ), (0 < a < p). For

p = 1 we have S*(a) = S*(1;«) the class of starlike functions of order

(1—a),(0<a<1)and C*(a) = C*(1; a) the class of convex functions

of order (1 — ), (0 < a < 1). The classes are popularly studied and of
interest in Geometric Functions Theory (cf. [12]).

)
(1.15)
R’\’d”"(n;p; )—K Mn;p;a) (n,p € IN;0< A< 1;0 < a<p) (1.16)
O (n;p; @) = QXM (n; pra) (n,p € IN;0 <A< 1,0 <a<p) (LI7)
Ax(n;p;a) = M (n;pra) (n,p € IN;0<A<1;0<a<p) (118)
Sn(p;a) = Qo(n;p;a) (n,p € IN;0 < a < p) (1.19)
Cn(p;a) = Ag(n;p;a) (n,p € IN;0 < a < p) (1.20)
(1.21)
(1.22)

2. Coefficient bounds and distortion inequalities

We begin by stating a necessary and sufficient condition for a function
f(z) € M(n,p) to be in the class K»*"(n; p; a).

THEOREM 1. Let a function f(z) € M(n,p). Then the function f(z)
belongs to the class K" (n; p;a), if and only if

o

Z (k—p+a)l+uk—-—0o—-DTA+KTA+k+n—09)

S T1+k—@)L(1+k+n—N) i
c ol +p (A +p+n =)l +pup—¢—1)]
- Fl+p—9)l(14+p+n—2A)

(npe N0 <a<p;0< u<1L;0< A< Ligne Rip <pinp>

max{\, 6} — (1 +p).
The result is sharp for the function f(z) given by

(2.1)
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F(2) = 2 ol +p)lA+p+n—¢)1+pup—9¢—1) .
T T4 p =) +p+n=Nk—p+a)l+uk—¢—1)]
Tl+k—9)T(1+k+n—2A) ..,
NN b g 2 Ye ) (2.2)

Proof. Assume that f(z) is defined by (1.1) and inequality (2.1) holds.
Then

2 Jo MO ()} + p TN f(2))
—(p— &)1 = W) I 2™ f(2)} + paJg IO ()1
—a|(1 = @) Jo P f (2)} + pzdg IO f(2))

§§<k—mu+uw—¢—n]u+kwu+k+n 0) 4, kv
L Fl+k—)LA+Ek+n—X)

L+ulp—¢—DIA+p (A +p+n—9)
Fl+p—¢)I(1+p+n—2N)

— [L+puk—¢o—DTA+k)I(1+k+n— hep
—'Z: plk — ¢ — DIPA + k)I( n—9)

e TA+k—@(Lthktn—N k=
<:§3(k—p+aML+Mk—¢—1ﬂ(1+MFO+k+n 0)
- T(1+k—@)(1+k+n—\) i

_al+plA+p+n—@t+up—o-1]
Fl+p—¢)L(1+p+n—2N) a

by hypothesis and maximum modulus principle (n,p € IV;0 < a <
p0<p<1,0< A< Lo,n € R¢ < pyn > max{\ ¢} — (1+p)).
Hence, f(z) defined by (1.1) belongs to the class K" (n; p; ).
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Conversely, assume f(z) € K;7*"(n;p; ). Then

S VOV R Tt/ P VL)
(L= T2 ™I ()} + ey £z
[i (k=p)[L+ k=0 = DD+ WE(+ k40— 6) ]

—(p—9)

et T1+k—o)(1+k+n—N

/

D+M@_¢_mwu+pﬁﬂ+p+n—®__§3

PAL+p—)L(L+p+n—2) kemtp

[+ p(k — ¢ — DT+ E)T(1+k +1 — ) mﬂ
FA+k—@T(1+Ek+n—N) "

<« (2.3)

Notice that |Re(z)| < |z| for any z, and thus choosing z to be real
and allowing z — 1~ through real values, (2.3) yields

o0

E:(k—MH+u%—¢—U]ﬂ+kWﬂ+k+n ?) o
Fl+k—)lA+Ek+n—2X)

B F1+p—@)L(14+p+n—N

FA+EI(1+E+n—9)
__22 T(1+k— @)l O+k+n—M%}

which simplifies to (2.1). We also observe that f(z) given by (2.2) is an
extremal function for the assertion (2.1). O

k=n-+p

COROLLARY 1. Let f(z) € M(n,p). Then

Y ar <{al(1+p)(L+p+n— @)L+ ulp—¢—1)]

F_(l+n+p—¢)1“(1+n+p+n—)\)}/{F(1+p—¢)l“(1~|—p+n—)\)
x(n+a)l+pun+p—¢g—DI1+n+pTA+n+p+n—0)}

(npe N;0 < a<p0<pu< L0 A< Lion€ R <pn>
max{\, ¢} — (1 + p)) with equality for f(z) given by (2.2).
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COROLLARY 2. Let a function f(z) € M(n,p). Then the function
f(2) belongs to the class Q™" (n; p; ), if and only if
i": (k—p+a)k!F(1+k+n—¢)a _ ol +pT(1+p+n—0¢)
TA+k—)(I+k+n—A) "~ TA+p—l(1+p+n—A)

k=n+p
(2.
(npe N;0<a<p,0<A<1l;¢,n€ R;¢ < p;n>max{ ¢} — (1 +
p)).
COROLLARY 3. Let a function f(z) € M(n,p). Then the function
f(2) belongs to the class RM"(n; p; «), if and only if

i (k—p+ )k T(1+k+n—9)(k— o)
k=n+p Fl+k—-—p)l'(1+k+n—X)
ol (1+ (L +p+1-9)(p )
= TA+p—9)F(1+p+n—X)
(n,p € N:0 <a<p0sA<Ligne R <pn>max{) ¢} — (1 +
p))-

COROLLARY 4. Let a function f(z) € M(n,p). Then the function
f(2) belongs to the class Q,(n;p; @), if and only if

g

(2.5)

[e.9]

Z (k—p+a)k! < al'(1+p)

TA+k—N "=T(l+p—\ (2:6)

k=n+p
(n,pe N,0 <a<p,0<A<1).

COROLLARY 5. Let a function f(z) € M(n,p). Then the function
f(2) belongs to the class Ay(n; p;«), if and only if

53(k—p+a%! . ol +p)

Th—X) *=Tpm-N 27)

k=n-+p
(n,pe IN,0<a<p0<A<1).
COROLLARY 6. Let a function f(z) € M(n,p). Then the function
f(2) belongs to the class S, (p;«), if and only if

[e.e]

Z(k+p+a)ak§a (2.8)

k=n+p
(n,p e IN;0 < a <p).
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COROLLARY 7. Let a function f(z) € M(n,p). Then the function
f(2) belongs to the class C,(p; ), if and only if

Z E(k—p+a)a, < ap (2.9)

k=n+p
(n,p€ IN;0 < a <p).

Notice that substituting n = 1 and p = 1 in corollaries 6 and 7 above,
we get the known results for starlike and convex functions.

Next, we prove the distortion inequalities involving the fractional op-
erators I{)\’f’" and J&f)’".

THEOREM 2. Let 5 € IR and ,n € IR such that n > max{—/,v} —
(1+p). If n is a positive integer satisfying

"> (%) —(1+p) (2.10)

and, if f(z) € K*"(n;p;a), then

Y 't+pl'd+p+n—vo
“I& {f(z)}‘ N T(1(+p—)7)(F(1 +p+n+)6)
<A{al'(l+n+p—v+nlQ+pIA+p+n—9)[1+ulp—9¢—1)
PA+n+p—@)LA+n+p+n=N}"P}{TA+n+p—7)
F'l4+n+p+n+B8)TQ+p—) A +p+n—AN(n+a)
M+un+p—o—DTA+n+p+n—9)} (2.11)

’Z‘P*’Y

forze U ify<pandzeU"ify>p.
The result is sharp for the function f(z) given by

f(z)=2"={al(1+p)T(A+p+n—9)[Ll+pup—¢—1)
P(l4+n+p—@)l(L+n+p+n—N" T +p—¢)
Fl+p+n—Nn+a)l+pn+p—9¢—1I'(1+n+p)
Fl+n+p+n—09)} (2.12)

(n,p € IN).
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Proof. Let f(z) € K;»*"(n;p;a). Then by Corollary 1 and the defi-
nition of [057 7 we have

F1+p)l(1+p+n—7)

577777 — p—"
loZ7 )} [+ p = DI+ )
P14+ kICQ+k+n—7)
_ 2.13
22 L+k DA+ kg™ @13
Consider
P14+ kTCQ+k+n—7)
(k) = k> ‘n:p € IN).
(k) ru+k—7wa+k+ﬁ+m< zntpnip e N)

Notice that h(k) is a non-increasing function of k (k > n+ p;n,p €
IN). By assuming the hypothesis of this theorem and the condition
(2.10), we have

Fl+n+pl(l+n+p+n—17)

0 < h(k) < h(n+p) = n,p € V).
(k) < hntp) F(1+n+p—7)1“(1+n+p+ﬁ+n)( b )

(2.14)
Now the result in (2.11) is an immediate consequence of (2.13) and
(2.14). O

THEOREM 3. Let 0 < 3 < 1 and ~,n € IR such that v < 1+ p,n >
max{3,v} — (1 + p). If n is a positive integer such that

> W20 1) (2.15)

and if f(z) € K®"(n;p; ), then

oy FA+plA+p+n—7) | s
”ﬁZf@ﬂ_Fﬂ+p—vﬁﬂ+p+n—ﬁﬂd =
(I +plA+n+p+n—7TA+p+n—@)1+up—0¢—1)
PA+n+p—@)LA+n+p+n=N""3{TA+n+p—7)
Fl4+n+p+n—0T0+p—)(1+p+n—A)(n+ )
L+pun+p—9—DII(1+n+p+n—¢)} (2.16)

for z € U if vy < p and z € U* if v > p. The result is sharp for the
function given by (2.12).
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Proof. Using the hypothesis of this theorem and function f(z) given
by (1.1) we have

P(1+p)T(A+p+n—17)
F1+p—yT(A+p+n-p)

__E:Fﬂ+k—vﬁu+k+n_ﬁﬂﬂk- (2.17)

=

Ty f(z) =

k=n+p

Now following the arguments similar to those given in the proof of The-
orem 2, result (2.16) is obtained. O

The Theorems 2 and 3 can be used to derive a number distortion
properties by suitable choice of the parameters v, ¢, u, & and n in equa-
tions (2.11) and (2.16). For v = —( in Theorem 2 and v =  in Theorem
3, we get the following distortion properties of the fractional integral and
fractional derivative operator.

COROLLARY 8. If f(z) € K)»*"(n;p; ), then

~ (1 +
|D;7 f(z)] —ﬁ
Fl+p+n—9)[l+up—¢—-DI(1L+n+p-09)
TA+n+p+n—N"""PY{TA+n+p+ 3T +p—9)
xI'M+p+n—XNn+a)l+pun+p—0—1DI(l+n+p+n—0)}
(2.18)

|2[PHP) < {al'(1 + p)

for all 5 (8 >0),z € U andn,p € IN.
COROLLARY 9. If f(z) € Kﬁ”’"(ﬂ;p; «), then
3 B ['(1+p)
D=1 F(1+p—p)
(ol +p)PA+p+n—9)l+up—¢—-DI'1+n+p—9)
F(1+n+p+n=Nz""}{TA+n+p—B)I(1+p—¢)
xP(1+p+n—ANn+a)l+pn+p—9o—-DT(1+n+p+n—9¢)}
(2.19)

|Z’p—ﬁ <

forall 3 (0< B <1),z€ U andn,p € IN.



Some applications and properties of generalized fractional calculus 137

Each of the results in (2.18) and (2.19) are sharp for the function f(z)
given by
f(z) =2 ={al(Q+p)L(A+p+n—9¢)[l +pp—¢—1)]
Fl4+n+p—)T(1+n+p+n—NZ"I{TA+n+p)IT(1+p—9)
Fl+p+n—-—Nn+a)l+punt+p—¢—-DT1+n+p+n—9)}
(n.p € IN).
Next we state two corollaries for growth and distortion of the function
f(z) € K;»*"(n;p; ) using the fact that D2f(z) = f(z) and D!f(z) =
f'(z). Thus we choose f =0 and § = 1 in Corollary 9.

COROLLARY 10. If f(z) € K;»*"(n;p.cx), then
[f(2)] = 2P| < {oT' (1 +p)T(1+p+n—9)
I+pulp—¢—DILA+n+p+n—N)zP"}/{T1+n+p)
Fl+p=)l(1+p+n—ANn+a)l+pun+p—9¢—1)
Fl+n+p+n—¢)} (2.20)

COROLLARY 11. If f(z) € Kﬁ"f””(n;p; «), then

/) =plzfP~t| < {al A+ p)T(1+p+1—9)
I4+up—o—DITA+n+p—d)TA+n+p+n— Nz}

AT +p)l(A+p—@)L(1+p+n—N(n+a)
L+pn+p—0o—DIM(L+n+p+n—09)} (2.21)

3. Properties of the class K*"(n;p; )

Next, we investigate the radius of starlikeness, convexity and close-
to-convexity for f(z) € Ky*"(n;p; ).

THEOREM 4. Let 0 < s < p and f(z) = K,*"(n;p;«). Then f(z) is
starlike of order s in |z| < r; where

1

ry = inf { Ei - i;g(k, n,p, H, Qs A, 77)} - (3.1)

(n,p e N;0 <a<p;0<p<10< A< Ligne R <pin >
max{\, ¢} — (1 +p);k = n+p).
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Proof. Let f(z) € K3®"(n;p;a). f(z) is starlike of order 5,0 < s < p
in |z| <7 if Re {z?l((j))} > s which is equivalent to
f'(z
=) _,
f(2)

Simplifying by fairly straightforward calculations we obtain the required
result, where

‘z ' <p-s (3.2

@—p+mu+u®—¢—mwu+mx
T(1+k—¢)L(1+k+n—Na
F1+k+n—)T(A+p—)T(1+p+n—N)
FA+pll+p+n—o)l+pup—0—1)]

g(k,n,p, 0, X, 6,m) =

(3.3)

]

THEOREM 5. Let 0 < ¢ < p and f(z) € K,*"(n;p;a). Then f(z) is
convex of order ¢ in |z| < rq, where

1

ro = i%f{%g(kﬂnapﬁ%aa)‘a d)an)}w (34)

(n,p e N;0 <a<p;0<p<10< A< Ligne€ Ro<pin >
max{\, ¢} — (1 +p);k = n+p).

Proof. Let f(z) € Kﬁ"‘z”"(n;p; a). f(z) is convex of order ¢,0 < ¢ <p
in |z| <ryif Re {1 + zf"(z)} > ¢ which is equivalent to

I'(2)
f(2) '
z +1—-p|<p-c 3.5
G 39
simplifying we get the required result for g(k,n,p, pu, o, \, ¢, 1) given in
(3.3). O

THEOREM 6. Let 0 < d < p and f(z) € Kﬁ’d””(n;p; «). Then f(z) is
close-to-convex of order d in |z| < r3 where

1

—d k—p
r3 = i%f{pTg(kvnapnuaa7)\a¢v 77)} (36)
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Proof. Let f(z) € K*"(n;p;a). f(z) is close-to-convex of order
d,0<d<pin |z] <rsif Re {f,(z)} > d which is equivalent to

zp—1

M—p‘<p—d, (37)

zp—1

simplifying we get the required result for g(k,n,p, pu, a, A, ¢, n) given in
(3.3). O

THEOREM 7. Let f;(z) = 22 — > ax;2* (ax; > 0,p,n € IN,j =
k=n+p
1,2,--- ,{) be in the class K/;\’¢”7(n;p; «). Then the function h(z) defined

by
W) =5 3 6(e) (33)

also belongs to the class K,*"(n;p; ).

Proof. By the definition of h(z) we have

00 L
h(z) =2 — Z (% Zaw) 2F (3.9)

j=1

since fj(z) € Ky®"(n;p;) (j = 1,2,---,£) by Theorem 1 we have
inequality (2.1) with aj replaced by aj ;. Consequently, h(z) can be
easily shown to be in K% (n; p; ). O

4. Results on modified Hadamard product

THEOREM 8. Let the function f(z) and g(z) be defined by

f(z) = 2" — Z a2 (4.1)

k=p+n

and
oo

g(z) = 2P — Z by 2" (4.2)

k=p+n
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belong to K,*"(n; p; ) and Ky*"(n;p;€), respectively. Also assume
that

L2+p)T2+p+n—7)[1+ (up— o)
F+p-—yL2+p+06+n)

Then (f * g)(z) € K}*"(n;p;d) where
ags(p)(k —p)

s(p+1) = <1 (pe ).

5= 4.3
- prak-pro—atsm
The function s(k) is given by
ri+kra+k —¢)[1 k—¢—1
F'l+k—p)T(1+k+n—X)
(k>n+p;n;p € IN).
The result is best possible for
— P _ C(S(p) p+n
R S EVEIR
£s(p) +
z) =2 — A
o (h—p+&)sp+ 1)
Proof. To prove the theorem it is sufficient to show that
= (k—p+0)s(k
Z <k p+ )S( >akbk S 1 (45)

ds(p)

k=p+n

where s(k) is defined by (4.4).
Now, f(z) € Ky®"(n;p;a) and g(z) € Ky®"(n;p;€) and thus, we

have
o0

E:(k—p+ak%)
k=p+n as(p) mel o
— (k—p+&s(k)
k%ﬁﬂ ) b < 1. (4.7)

Applying Cauchy-Schwarz inequality to (4.6) and (4.7), we get

— s(k)\/(k—p+a)(k—p+§) -
2 S(p)VaE Va1 (48)
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In view of (4.5) it suffices to show that

S (kopt0)s(), N sV p -t e
LR MM s(p)vVag O

or equivalently
0 /(k—p+a)(k—p+§)
Vo S T G v ot
In view of (4.8)and (4.9) it enough to show that
s(p)v/ag _0Vk—p+a)(k—p+¢)
s(k)y/(k=p+a)(k—p+&) ~ (k —p+0)vat
which yields

k=p+n k=p+n

for k>p+1 (4.9)

5> ags(p)(k —p)
~ s(k)(k—p+a)(k—p+E) —aks(p)
s(k) is a decreasing function of k for (k > (p+ 1)), we have
_ as(p)(k — p)
s(p+ 1)k —p+a)(k—p+§) —als(p)
Hence the proof is complete. O]

(4.10)

COROLLARY 12. Let the function f(z) and g(z) be defined by (4.1)
and(4.2), belong to the class K" (n; p; a). Then (fxg)(z) € K,*"(n;p;9)
where

_ a*s(p)(k — p)
s(p+1)(k —p+a)®> — a?s(p)

COROLLARY 13. Let the function f(z) define by (4.1) be in the class
Ky (n; p; ). Also let

g(z) =2 — Z br2* for (|br] < 1,n € IN)

k=p+n
Then (f * g)(z) € Kj’(ﬁ’"(n;p; a).

COROLLARY 14. Let the function f(z) define by (4.1) be in the class
be‘@’"(n;p; «). Also let

g(z) =2 — Z brz® for (0 < b, < 1,n € IN)
k=p+n
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Then (f * g)(2) € K;*"(n; p; ).

5. Integral transform of the class K% (n;p;a)

The Komatu integral operator [7] of the function f(z)is defined by

+p) 7. Zi4
H(z) = P! _(C—/tcll Z)f ()t 1
()= P = o [t a6
(d>0,c>—p,zel)
THEOREM 9. Let the function defined by (1.1)be in the class K %" (n; p; v).
Also let (d > 0,¢ > —p,z € U), then the function H(z) defined by (5.1)
is also in the class Kﬁ"‘ﬁ’”(n;p; Q).

Proof. From the definition of H(z) we notice that

0o d
c+p k

H(z)= 2P — ) 5.2
==Y (S8 a (5:2)

k=p+n

Since (Z_F—Z)d < 1, and in view of Theorem 1, the result follows.

Setting ¢ =1 —p,d =1 1in (5.1) we obtain another integral operator
F(z) = 271 / P F ()t (5.3)

0
Again if follows from Theorem 9 that F'(z) € K,*"(n;p; ). O

THEOREM 10. Let (d > 0,¢ > —p,z € U). Alsolet H(z) € K2’¢’”(n;p; Q).
Then H(z) given by (5.1) is p-valent in the disc |z| < ry, where

[ph(R)(k—p+a) 7
= inf ) A4
fa =1 { kah(p) (5:4)
Proof. We have
o) C+p d
H(z) =2 — F :
(2) ==z Z (c—l—k) axz (5.5)
k=p+n
We need to show that
H'(z )
’ Zp(_l) —p‘ <pin|z] <ry (5.6)

where 74 is given by (5.4).
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In view of (5.5), we have

/ 0 d
B |5 ()
C

2p~1
k=p+n

00 d
< Z k crp ag|z|FP.
- c+k

k=p+n

The last inequality is bounded above by p if
0o k 1 d
Z — (C+k) aplz|FP < 1. (5.7)
k=p+n p\¢ ™
But H(z) € K;»*"(n;p;«) and hence by Theorem 1, we have

X (k—p+a)s(k) (£2)°

2 as(p) C

k=p+n

Thus (5.7) and hence (5.6) will hold if

1

_ (=

o < Pk —p )™
kas(p)

This leads to precisely the main assertion of the theorem by setting

|z| = ry. O

for k > p+n,n e IN.

6. Extreme points of the class Kﬁ"i”"(n;p; Q)

THEOREM 11. Let f,(z) = 2P and

as(p)
(k—p+a)s(k)

Then f(z) € Kl’)"ﬁ’”(n;p; «) , if and only if, f(z) can be expressed in the
form

fr(z) = 2P — Kok >p+1).

f(z2)= > Aefu(2) (n € INo) (6.1)

:p+n

where A\, > 0 and > A, = 1.
k=p+n

Proof. Let f(z) be expressible in the form

Fz)= > Mful2) (n € INy)

:p+n
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_ - os(p)
k=p+n
Now
> - as(p) - Eopta)sth) 5~y 1y <1mem)
e Gmprap®)  asl) 2

Therefore, f(z) € Kﬁ"b’”(n;p; a) . Conversely, suppose that f(z) €
K% (n; p; o). Then setting

as(p) S
A = ap and A\, = 1 — A (n € IN).
(k —p+ Oé)S(kf) g k:pZJ:rn
Thus we notice that f(z) can be expressed in the form (6.1). O

COROLLARY 15. The extreme points of the class K;%"(n;p;a) are
fp(2) = 2P and

[1]
2]

[7]

8]

— as(p) L
fe(z) = i—pta)sh) k>p+1.
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