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SOME IDEALS OF PSEUDO BCI-ALGEBRAS
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ABSTRACT. The notion of x-medial pseudo BClI-algebras is introduced, and
its characterization is discussed. The concepts of associative pseudo ideals
(resp. pseudo p-ideals, pseudo g-ideals and pseudo a-ideals) are introduced,
and related properties are investigated. Conditions for a pseudo ideal to be
a pseudo p-ideal (resp. pseudo ¢-ideal) are provided. A characterization of
an associative pseudo ideal is given. We finally show that every pseudo BCI-
homomorphic image and preimage of an associative pseudo ideal (resp. a
pseudo p-ideal, a pseudo g-ideal and a pseudo a-ideal) is also an associative
pseudo ideal (resp. a pseudo p-ideal, a pseudo g-ideal and a pseudo a-ideal).
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1. Introduction

G. Georgescu and A. Torgulescu [2] introduced the notion of a pseudo BCK-
algebra as an extended notion of BCK-algebras. In [3], Y. B. Jun, one of the
present authors, gave a characterization of pseudo BCK-algebra, and provided
conditions for a pseudo BCK-algebra to be A-semi-lattice ordered (resp. M-
semi-lattice ordered). Y. B. Jun et al. 5] introduced the notion of (positive im-
plicative) pseudo-ideals in a pseudo-BCK algebra, and then they investigated
some of their properties. In [1], W. A. Dudek and Y. B. Jun introduced the
notion of pseudo BClalgebras as an extension of BCl-algebras, and investigated
some properties. Y. B. Jun et al. [4] introduced the concepts of pseudo-atoms,
pseudo ideals and psendo BCI-homomorphisms in pseudo BCI-algebras. They
displayed characterizations of a pseudo ideal, and provided conditions for a sub-
set to be a pseudo ideal. They also introduced the notion of a ¢-medial pseudo
BCl-algebra, and gave its characterization. They proved that every pseudo BCl-
homomorphic image and preimage of a pseudo ideal is also a pseudo ideal. In
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[6], Y. L. Liu et al. extended the ideal and congruence theory to pseudo BCK-
algebras, and investigated the connections between pseudo BCK-algebras and
PD (GPD)-posets.

Ip this paper, we introduce the notion of #-medial pseudo BCl-algebras, and
investigate its characterization. We also introduce the concepts of associative
pseudo ideals {resp. pseudo p-ideals, pseudo g-ideals and pseudo o-ideals), and
investigate related properties. We provide conditions for a pseudo ideal to be
a pseudo p-ideal (resp. pseudo g-ideal). We give a characterization of an asso-
ciative pseudo ideal. We show that every pseudo BCI-homomorphic image and
preimage of an associative pseudo ideal {resp. a pseudo p-ideal, a pseudo ¢-ideal
and a pseudo a-ideal) is also an associative pseudo ideal {resp. a pseudo p-ideal,
a pseudo ¢-ideal and a pseudo a-ideal).

2. Preliminaries

A BCK/BCl-algebra is an important calss of logical algebras introduced by
K. Iséki and was extensively investigated by several researchers.

An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the
following conditions:

(D) Vz,pzeX) (((xxy) * (x*x2)) (2 xy) =0),
(ID) (Va,y € X) ((z * (z*y)) xy = 0),
(L) (Vz € X) (zxz =0),
(IV) (vVz,ye X) (zxy=0& y*xz =0 = £ =y).
If a BCl-algebra X satisfies the following identity:
(V) (Vz e X) (0% z = 0),
then X is called a BCK-algebra. Any BCK-algebra X satisfies the following
axioms:
(al) (Vz € X) (z %0 =1x),
(a2) (Vr,y,2€ X) (z<y =>z%2<y*z,2%y<2%2),
(83) (Va,y,2 € X) ((z xy) %2 = (@ %2) *y),
(a4) (Vz,y,2€ X) ((zx2) *x (y*2) S zxYy)
where x < yifand only if z+y = 0.
A nonempty subset I of a BClI-algebra X is called an ideal of X if it satisfies:

oel @)
and
Ve,ye X)(zxyel&yel = zel), 2

A nonempty subset I of a BCI-algebra X is called a p-ideal of X (see [8]) if
it satisfies (1) and

Ve, y,z€ XY ((zx2)x(yx2) el &yel => zel). 3)
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A nonempty subset I of a BCl-algebra X is called a g-ideal of X (see [7)) if

it satisfies (1) and
(Vz,y,z2€ X)(zx(yxz) el &yel = zxzel). 4)

A nonempty subset I of a BCl-algebra X is called an a-ideal of X (see [7]) if
it satisfies (1) and

Ve,y,z€ X)((zx2)x(0xy) €l & 2] = yxz €l). (5)

Definition 1. [2] A pseudo BCK-algebra is a structure X := (X, <, #,0,0),
where “=” is a binary relation on a set X, “x” and “o” are binary operations
on X and “0” is an element of X, verifying the axioms: for all z,y,z € X,

(zxy)o(x*2)Rzxy, (xoy)*x(zxoz) X zoy, (6)
czx{zoy) Ry, zol{z*xy) 3y, 7N

T =z, (8)

0=z, (9)

iy & yte = =y, (10)

TSy &> ry=0<>z0y=0. (11)

Definition 2. (1] A pseudo BCl-algebrais a structure X := (X, <, *,¢,0), where
“<” is a binary relation on a set X, “+” and “0” are binary operations on X
and “0” is an element of X, verifying the axioms (6), (7), (8), (10) and (11).

Example 1. [4] Let X = [0,00] and let < be the usual order on X. Define
binary operations “¥” and “0” on X by

0 if < Y,
— ) 2% :
TkY: _larctan(ln(f)> ify<e,
- Y
_ 0 if x S Y,
TOU= zemon(3) if y < 7,

for all z,y € X. Then X := (X, <, ,¢,0) is a pseudo BCK-algebra, and hence a
pseudo BCl-algebra.

Proposition 1. [1, 4] In a pseudo BCI-algebra X the following holds:
(bl) <0 = x =0.
b2 z =Xy = zxy<zxzx, 2oy <zo2.
b3) z2=<y,y<z=2z=<2z
(b4) (zxy)oz=(z02)*y.
(b)) zxy =z < x0oz =y
(b6) (zxy)*(zxy) Sx*xz, (zoy olzoy) <zoz



220 Kyoung Ja Lee and Chul Hwan Park

b7z Xy = zxz<y*z, 20z <yoz

(b8) zx0=2z=200.

(b9) zx (zo(z*y)) =a*y, zo(zx(zoy)) =TOU
(b10) Ox{zoy) Xyoz.

(bil) Oo(z*y) Jyx*z.

(b12) Ox (zxy) = (0oz) o (0xy).

(b13) 0o (zoy) = (0xz)*(0oy).

3. Further properties of pseudo BCl-algebras

Proposition 2. Let X := (X, X, %,9,0) be a pseudo BCI-algebra. Then we have
(VzeX)(0xz=001x). (12)

Proof. Putting y = z and z = 0 in (6), we obtain (z *z) o (x *0) < 0 *z and
{(zox)*(x00) % 0oz for all z € X. It follows from (8) and (b8) that 0oz < 0%z
and 0%z < 0o z. Hence 0 xz = 0oz by (10). W]

Definition 3. A pseudo BCl-algebra X is said to be *-medial if it satisfies the
following identity:

vVz,y,a,be X)((zoy) x(aob) = (zoa)x (yoh)). (13)

Proposition 3. A pseudo BCl-algebro X is *-medial if and only if it satisfies:
(Vz,y,z€ X)(z*x(yoz) =(zoy) x(002)). (14)

Proof. Assume that X is *-medial. Putting @ = 0 and b = z in (14) and using
(b8}, we have

(xoy)x(002) =(z00)x(yoz) =z*(yo2z).
Conversely, suppose that X satisfies the condition (14). Using (b4), we have

(zoy)x(aod) = (zx(ach)oy
((xoa)x(0ob))oy
({zoa)oy)*(0ob)
(zoa)*(yob)

for all z,y, a,b € X. Therefore X is *-medial. O

(T

Proposition 4. Every x-medial pseudo BCl-algebra X satisfies the following
identities.
(i) zoy=0x%(yox).
(ii) 0x(0ez) =1z.
(iii) z* (zoy) = .
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Proof. (i) For any z,y € X, we have

zoy = (zoy)x0=(zoy)x(zxox)
= (zoxz)*(yox)=0x(yox).

(ii) If we put y = 0 in (i), then we have (ii}.
(iii) Using (ii), (8) and (b8), we get

zx(zoy)=(z00)x(zoy)=(zox)*x(00y)=0x(0oy) =y.
This completes the proof. O

4. Pseudo ideals

In what follows, let X := (X, <, %,9,0) be a pseudo BCl-algebra unless oth-
erwise specified.

For any nonempty subset J of X and any element y of X, we denote

x(y, J):={z€X|zxyeJ} and o(y,J):={zc X |zoycJ}

Definition 4. [4] A nonempty subset J of X is called a pseudo ideal of X if it
satisfies

(cl) 0eJ,
(€2) (VyeJ) (x(y,J) € J & o (y,J) C J).

Proposition 5. Let J be a pseudo ideal of X. Then
(VzeX)(zeJ = 0x(0ox)eJ & 00 (0xx) € J). (15)

Proof. Let € J. Then
0=(0cz)*(Doz)=(0%(00oz))ox
and
0=(0x*z)o(0*xz)=(00(0x*x))*x

which imply that 0% (0o z) € o(z,J) C J and 00 (0 x ) € *(z,J) € J. This
completes the proof. O

Lemma 1. [4] Let J be a pseudo ideal of X. If x € J and y Xz, then y € J.

Theorem 1. Let J be a pseudo ideal of X and let
J={xeX|0%(0ox)€ J, 00 (0%z) € J}.
Then J* is a pseudo ideal of X and J C J¥.
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Proof. Obviously, 0 € J!. For any y € J*, let a € *(y, J*) and b € o(y, J*). Then
axy e J'and boy € J¥ that is, 0% (0o (a*xy)) € J,00(0*(axy)) € J,
0+(0o(boy)) € J,00(0x(boy)) € J. Using (b12) and (b13), we have

(00(0%8))0 (0% (001)) = 0% ((0%b) x (0oy)) = 0% (0o (boy)) € J
and

(0% (00a))* (00 (0*y)) =00((00a)o(0xy)) =00(0x(axy) € J.
Since 0% (Doy) € J and 0¢ (0% y) € J, it follows that

00(0%b)€o(0x(00y),J)CJ,
0x(0oa)c*x(0o(0xy),J)C J

Now, since 0¢ (@ *xy) X y*a and 0% (boy) X yob, it follows from (b2) that
(Ooy)o(0*a)=0x%(yxa) <0x(0o(axy))eJ

(16)

and
Oxy)x(00b)=00(yob) <0c(0x(boy)) € J.
Using Lemma 1, we get

(0oy)o(0xa) e J, (0xy)*(00b) € J. (17)
Taking y = 0 in (17) implies that
0c(0xa)e J, 0x(0ob)yc J (18)

Combining (16) and (18), we have a € J* and b € J*. Hence *(y, J¥) C J¥ and
o(y, J) C J¥, that is, J! is a pseudo ideal of X. By Proposition 5, we know that
J C J¥. This completes the proof. U

Definition 5. A nonempty subset J of X is called a pseudo p-ideal of X if it
satisfies (c1) and

(zxz)o(yx2z)ed &yeld = z el
(zo2)x(yoz)eJ & yed =zl

for all z,y,z € X.

(19)

Note that if X is a pseudo BCl-algebra satisfying z»y = zoy forall z,y € X,
then the notions of a pseudo p-ideal and a p-ideal coincide.

Theorem 2. Every pseudo p-ideal of X is o pseudo ideal of X.

Proof. Let J be a pseudo p-ideal of X. For any y € J, let a € *(y,J) and
b€ oy, J). Then

(ao0)*x(yo0)=axyeJ, (bx0)o(yx0)=boyeJ

It follows from (19) that a € J and b € J. Hence *(y,J) C J and o(y,J) C J.
Therefore J is a pseudo p-ideal of X, (N
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The converse of Theorem 2 is not true in general as seen in the following
example,

Example 2. Consider the pseudo BCl-algebra X which is described in Example
1. Note that J := {0} is a pseudo ideal of X. But J := {0} is not a pseudo p-ideal
of X since (1%2)0(0%2)=00(0%2)=0€ J and (162)*(002)=0¢ J, but
1¢J.

Proposition 6. Let J be a pseudo p-ideal of X. Then we have
0x(Qox)eJ =% €

0Oo(@xzx)eJ =>z¢eJ (20)
forallx e X,
Proof. Assume that 0* (0oz) € J and 00 (0xz) € J for all x € X. Then

(ox)*x(Doz)=0x(0oz)e J, (xxz)o(0%xz)=00(0xz)ec J
Using (19), we have x € J. This completes the proof. (]
Combining Propositions 5 and 6, we have the following corollary.

Corollary 1. Let J be a pseudo p-ideal of X. Then we have

O0x(0ox)eJ < el (21)

fo(Uxz)eJ &> J
fordlze X

We give a condition for a pseudo ideal to be a pseudo p-ideal.

Theorem 3. Let J be a pseudo ideal of X that satisfies the following assertions:

(zxz)olyxz)eJ = zoy€J,
(zoz)x(yozyeJ = zxyeJ

forall z,y,z € X. Then J is a pseudo p-ideal of X.

(22)

Proof. Let J be a pseudo ideal of X that satisfies (22). Let z,z€¢ X and y € J
be such that (zxz)o(y*z) € J and (z0z)*{yoz) € J. It follows from (22) that
zoy € Jand zxy € J Hence z € o(y,J) C J and x € #(y, J) C J. Therefore J
is a pseudo p-ideal of ¥. O
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Definition 6. A nonempty subset J of X is called an associative pseudo ideal
of X if it satisfies (c1) and

(zxy)ozed & yozeJ = z €, (23)
(zoy)szeJ & yrzeJ = zeJ

forall z,y,z € X.

Theorem 4. A nonemply subset J of X is an associative pseudo ideal of X if
and only if it satisfies (cl1) and

(zxy)oyeJ = z €,

(zoy)yryed = ze€J (24)

forallx,y € X.

Proof. Assume that J is an associative pseudo ideal of X. Let z,y € X be such
that (zxy)oy € J and (zoy)*y € J. Since yoy = 0 = yxy, it follows from (cl)
and (23) that z € J. Conversely, let J be a nonempty subset of X satisfying (c1)
and (24). Let z,y,z € X be such that (z*xy)oz € Jyyoz e J, (zoy)xzeJ
and y* z € J. If we take z =y, then (zxy)oy € J and (xoy) xy € J. By (24),
we have z € J. Hence ¥ is associative. O

Theorem 5. Every associative pseudo ideal of X is a pseudo ideal of X.

Proof. Let J be an associative pseudo ideal of X. For any y € J, let z € %(y,J)
and a € o(y,J). Then (z*xy)o0=xz*y € J and (aoy) x0 =aoy € J. Since
yoO0 =y e Jand yx0 =y € J, it follows from (23) that x € J and @ € J. Hence
*(y,J) € J and o(y, J) C J. Therefore J is a pseudo ideal of X. 0

The converse of Theorem 5 is not true in general as seen in the following
example.

Example 3. Consider the pseudo BCl-algebra X which is described in Example
1. We know that J := {0} is a pseudo ideal of X. But J is not an associative
pseudo ideal of X since (1%¥2)02=002=0€J,(102)%2=0%2=0€ J and
2%2=202=0€J,but 1 ¢ J.

Proposition 7. Every associative pseudo ideal J of X satisfies the following

assertions:
zxyed & red = yelJ,

royeJ & zrzeJ = yed (25)

forallz,y € X.
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Proof. Let z,y € X besuch that z € J, zxy € J and zoy € J. Then 0x(0oz) € J
and 0¢ (0 *z) € J by Proposition 5. Hence
((0oz)o(Doz)y*(0ox)=0x%(00x) € J,
({(0x2)*x(0xz))o(0xz)=00(0x2) € J
Using (24), we get 0xz € J and 0oz € J. Then
yox)xy=(y*xy)ox =00z € J,
(yxz)oy=(yoy)xx=0xz € J.
Since z+y € J and oy € J, it follows from (24) that y € J. This completes the
proof. O

Definition 7. A nonempty subset. J of X is called a pseudo q-ideal of X if it
satisfies (c1) and

zx(yoz)eJ &yeJ =>zxzel (26)
zo(y*xz)eJ & yeJ = zozelJ
forall z,y,z € X.

Note that if X is a pseudo BCl-algebra satisfying z+y = zoy forallz,y € X,
then the notions of a pseudo g-ideal and a g-ideal coincide.

Example 4. Consider the pseudo BCl-algebra X which is described in Example
1. Then J := {0} is a pseudo g-ideal of X,

Theorem 6. Bvery pseudo g-ideal of X is a pseudo ideal of X.

Proof. Let J be a pseudo g-ideal of X. Taking 2 = 0 in (26) and using (b8), we
have

zryed & yed =z €

zoyed & yeJ =zxeJ
for all z,y € X. This means that *(y,J) € J and o{y,JJ) € J for all y € J.
Hence J is a pseudo ideal of X. O

Proposition 8. Every pseudo g-ideal J of X satisfies the following assertions:

zx(0oy)eJ => zxy e J

zo(0xy)eJ =>zoyecd (27)

forallz,yc X.

Proof. Let z,y € X be such that zx (0oy) € Jand z¢{0xy) € J. Since 0 € J,
it follows from (26) that zxy € Jand zoy € J. 0
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Proposition 9. Every pseudo q-ideal J of X satisfies the following assertions:

T*(yoz)eJ => (x*xy)xz € J, (28)
zo(yxz)eJ = (zoy)ozed

forallz,y,z € X.

Proof. Suppose that  x (yo2) € Jand z o (y*2) € J for all z,y,7 € X. Then

((zxy)*(002))o(zx(yo2))
=((zxy)o(z*(yo2)))*(002)
2((yoz)xy)x(002)
=((yxy)oz)*x(002)
=00oz)*x(002)=0¢€J

and : ‘
((zoy) o (0%2)) *(zo(y*2)
=((zoy)*(zo(y*2)))o(0x2)
X ((yxz)oy)o(0%2)
=((yoy) x2) 0 (0x2)
=(0%2)o(0x2)=0€J.
Using Lemma 1, we get

({(z*xy)x(002))o(zx(yor)) el

and
ey o(0xz))x(zo(yx2)) € J
Hence
(zxy)x(0oz)eo(x*(yoz),J)CJ
and
(oy) 0 (0%2) € x(zo(y *2),J) C J.
It follows from Proposition 8 that (z*y)*2 € J and (zoy)oz e J. O

We provide conditions for a pseudo ideal to be a pseudo ¢-ideal.

Theorem 7. If a pseudo ideal J of X satisfies the following assertions:

zx{yoz)eJ = (zoy)xz€J,
zo(y*rz)e€J => (zxy)oz€J

Jor allx,y,z € X, then J is a pseudo g-ideal of X.

(29)

Proof. Let x,y,2 € X besuch that y € J, zx(yoz)e Jand z o (y*2) € J
Applying (b4) and (29), we have

(x*2)oy=(zoy)*zeJ and (zo2)*xy=(x*y)oze L

Hence z* 2z € o(y,J) € J and x o2 € x(y, J) C J. Therefore J is a pseudo g-ideal
of X. ‘ ' O
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Theorem 8. Let J be a pseudo ideal of X which satisfies:
(Vz,ye X)(zeJ = zxyeJ &zoyelJ). (30)
Then J is a pseudo q-ideal of X.

Proof. Let z,y,2 € X besuch that y € J, zx (yoz) e Jand z o (y*2) € J.
Using (30) and (b4), we have yx 2 € J, yo 2z € J,
(zoz)x(yoz)=(xx(yoz))ozeJ
and
(xxz)o(yxz)=(zo(yx2))xze J

Hence x oz € x(yoz,J) C Jand x %z € o(y* 2, J) C J. Therefore J is a pseudo
g-ideal of X. 0

Theorem 9. Let J be a pseudo ideal of X that satisfies (28) and
(Ve,y,ze X)((axy)xz=(zx2)xy & (xoy)oz=(x0z)0y). (31)
Then J is a pseudo g-ideal of X.

Proof. Let z,y,z € X besuch that y € J, zx(yoz) € J and 2z (y*2) € J. Using
(28) and (31), we obtain (z*2)*y = (z*xy)xz € J and (zoz2)oy = (zoy)oz € J.
Hence xxz € x(y,J) C J and 20z € o(y, J) C J. Therefore J is a pseudo g-ideal
of X. ]

Definition 8. A nonempty subset J of X is called a pseudo a-ideal of X if it
satisfies (c1) and

(zxy)o(0x2)eJ & yeJ = zox e,
(oyyx(0oz)eJ & yeJ = zxzeJ

forall z,y,2z € X.

(32)

Note that if X is a pseudo BCI-algebra satisfying zxy = zoy forallz,y € X,
then the notions of a pseudo a-ideal and an a-ideal coincide.

Theorem 10. Every pseudo a-ideal of X is a pseudo ideal of X.

Proof. For any y € J, let z € *(y, J) and w € o(y, J). Then (z*y) ¢ (0x0) =
zxy € Jand (woy)*(000) =woy € J It follows from (32) that

0O¢ozeJ and Oxw € J. (33)
Putting z = y = 0 in (32), we have
ze€J = 0ozxcJ & O0xzxcJ (34)
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Combining (33) and (34), we get (000)%(00z) = 0x(00x) € J and (0+0)o(0xw) =
00 (0*w) € J. Using (32), we obtain z = z*0 € J and w = wo 0 € J. Hence
*(y, J) C J and o(y, J) C J. Therefore J is a pseudo ideal of X. O

Proposition 10. Every pseudo a-ideal of X satisfies the following assertions:

(zxz)o(0xy)eJ = yo(zxz)€J, (35)
(zoz)x(0oy)eJ = yx(zoz)eJ

forallz,y,z € X.

Proof. Let z,y,2 € X be such that (z*2) 0 (0xy) € Jand (zo2)x(Doy) € J.
Using (b4), we obtain

(@x2)* (2 +2)0(0%y)) o (0xy) = (Tx2)o (Oxy)) (T 2) 0 (0xy)) =0 € J
and

((xoz)o((xoz)x(0oy)))x(0oy) = ((zoz)x(0oy))o((xoz)x(Doy)) =0€ J
1t follows from (32) that yo (zx2) € Jand yx(z o 2) € J. 0

Taking z = 0 in (35) and using (b8), we have the following corollary.

Corollary 2. Every pseudo a-ideal of X satisfies the following assertions:

zo(0*xy)eJ = yoz e J, (36)
zx(0oy)eJ = yxzxelJ

forallz,y e X.

Definition 9. [4] Let X and 9) be pseudo BCI-algebras. A mapping f:X — 9
is called a pseudo BCI-homomorphism if f(z xy) = f(z) * f(y) and f(zoy) =
f(z)o f(y) for all z,y € X.

Proposition 11. [4] Let f : X — 9 be a pseudo BCI-homomorphism from a
pseudo BCI-algebra X to a pseudo BCI-algebra ). Then
(i) if J is a pseudo ideal of ), then f~1(J) is a pseudo ideal of X.
(it) #f f is surjective and I is a pseudo ideal of X, then f(I) is a pseudo ideal
of 9. '

Theorem 11. Let f : X — %) be a pseudo BCI-homomorphism from a pseudo
BClI-algebra X to a pseudo BCI-algebra %Y. Then
(i) #f J is an associative pseudo ideal of 9, then f~1(J) is an associative
pseudo ideal of X.
(ii) if J is a pseudo p-ideal of Y, then f~1(J) is a pseudo p-ideal of X.
(i) if J is a pseudo g-ideal of ), then f~1(J) is a pseudo g-ideal of X.
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(iv) if J is a pseudo a-ideal of 9, then f~1(J) is a pseudo a-ideal of X.
(v) if f is bijective and I is an associative pseudo ideal of X, then f(I) is
an associative pseudo ideal of .
(vi) if f is bijective and I is a pseudo p-ideal of X, then f(I) is a pseudo
p-ideal of 7).
(vii) if f is bijective and I is a pseudo g-ideal of X, then f(I) is a pseudo
g-ideal of .
(viii) éf f is bijective and I is a pseudo a-ideal of X, then f(I) is a pseudo
a-ideal of .

Proof. (i) Assume that J is an associative pseudo ideal of 9). Let z,y,z € X be
such that (zxy)oz € f~1(J) and yo 2z € f~1(J). Then

(f(@)* f(Y) o f(2) = f(( xy) 02) € J and f(y) ¢ f(2) = flyoz) € J.
Since J is an associative pseudo ideal of 9, it follows from (23) that f(z) € J.
Hence z € f~1(J). Similarly, if (x oy) * 2z € f~1(J) and y * z € f~1(J), then
z € f~(J). Therefore f~1(J) is an associative pseudo ideal of X.

(i) Suppose that J is a pseudo p-ideal of Y and let z,y, z € X be such that
y € fHJT), (z*x2)o(yxz) € f~1(J) and (zoz)*(yoz) € f1(J). Then f(y) € J
and
(f(@) * f(2)) o (f(y) * f(2)) = f((z x2) o (y x 2)) € J,
(f(@) o f(2)) x (f(y) © £(2)) = f((z02) * (y o 2)) € J.
It follows from (19) that f(z) € J so that = € f~(J). Hence f~1(J) is a pseudo
p-ideal of X.
(iii) Suppose that J is a pseudo g-ideal of 9) and let z,y, z € X be such that
ye fTHJ), zx(yoz) € f(J)and zo (y * 2) € f~1(J). Then f(y) € J and

f@)+ (fy) o f(2) = flzx (yo2)) € J,
f@)o(fy) x f(2)) = f(zo(yx2)) € J.

It follows from (26) that f(z*2) = f(z)* f(2) € J and f(z¢z) = f(z)of(2) € J
sothat zxz € f~1(J) and z o z € f~1(J). Hence f~*(J) is a pseudo g-ideal of
X

(iv) Assume that J is a pseudo a-ideal of ). Let z,y,2 € X be such that
ye fTHI), (xxy)o(0x2) € f71(J) and (zoy) * (00 2) € f71(J). Then
fly) € J and

(f(@) x f(y) o (0 f(2)) = f((w xy) 0 (0 2)) € J,
(f(z) o f(y)) x (00 f(2)) = f(zoy) x (00 2)) € J.
Using (32), we get f(zox2) = f(2) o f(z) € J and f(z xx) = f(2) = f(z) € J.

Hence zoz € f~1(J) and z x z € f~1(J). Therefore f~'(J) is a pseudo a-ideal
of X.

Now, suppose that f is bijective. Let a,b,c € Y. Then f(z,) = a, f(zp) = b
and f(z.) = c for some ., Ty, ¢, € X. Assume that I is an associative pseudo
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ideal of X. Let (a*b)oc € f(I) and boc € f(I). Then there exist z,y € I such
that f(z) = (a*b)ocand f(y) = boc. It follows that

f((za x2p) 0 Tc) = (f(za) * f(z)) © f(gc) = (a %) 0 c = f(x) € f(I)
and
flzeoxc) = f(mp) o fzc) = boc= fy) € f(I).

Hence (z, * x3) ¢ 2. € I and zp ¢ 2. € I, which imply from (23) that z, € I.
Similarly, if (a0 b)*c € f(I) and bxc € f(I), then a € f(I). Therefore f(I)
is an associative pseudo ideal of ). Suppose that I is a pseudo p-ideal of X. let
be f(I), (axc)o(bxc) € f(I) and (aoc) * (boc) € f(I). Then there exist
T,Zo,%. € I such that f(z) = b, f(x,) = (axc)o(bxc) and f(x.) = (aoc)x(boc).
It follows that b= f(z) € f(I) and

H@arzc)o(@xze)) = (f(@a)* f(we)) o (f(2) * flzc))
= (axc)o(bxc) = f(zo) € f(I),
f@aoze)x(zoze)) = (f(ma)o flze)) * (f(z) 0 flzc))
= (aoc)x{boc) = flz«) € f(I).
Hence (zq * zc) 0 (x % z.) € I and (24 ¢ z¢) * (z © z) € I, which imply from
(19) that z, € I. Thus a = f(z,) € f(I), and so f(I) is a pseudo p-ideal of
). Assume that I is a pseudo g-ideal of X. Let b € f(I), a* (boc) € f(I) and
ao{bxc) e f(I). Then f(z) =b, f(z.) = ax(boc) and f(zs) = ao (bxc) for
S0INe T, T4, To € I. It follows that

F(@ax (@ oze)) = f(za) * (f(z) o fze)) = ax (boc) = f(ax) € fI)

and

f(@a o (z x2c)) = f(za) o (f(2) * fze)) = a0 (bxc) = f(zo) € f(lf)-
Hence z, ¢ (z *xx.) € I and z, * (zox.) € I. Using (26), we have 2, *z. € I and
T 0. €I, and so

axc= f(z,) * f(xc) = flzq xz.) € fF(I)
and

aoc= f(z,) ¢ flze) = f(wa 0 z) € F(I).
Consequently, f(I) is a pseudo g-ideal of 9. Finally, suppose that I is a pseudo
a-ideal of X. Let b € f(I), (a*b)o(0x¢c) € f(I) and (aob) x(0oc) € f(I).
Then there exist y,yo,y« € I such that f(y) = b, f(yo) = (@*b) o (0*c) and
f(y«) = (aob)*(0oc). Hence

f(Zaxy)o(0xz)) = (f(za) * f(y)) o (£(0) * f(zc))
= (axbd)o(0xc) = f(y) € f(I)
and
f((zaoy)* (00zc)) (f(za) o () * (F(0) < f(zc))

I

(aob)x(00c) = fly.) € F(I).
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follows that (z,*y) o (0xz.) € I and (x,0y) *(Boxz,) € I. Since I is a pseudo

a-ideal of X, we have z. 0z, € I and 2. * 2, € I by (32). Therefore

coa = f(zc) ¢ f(za) = flac o) € f(I)

and
cxa= f(zc)* f(xa) = f(zc*z0) € f(I).
Consequently, f(I) is a pseudo a-ideal of . O
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