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ABSTRACT

In this paper, statistical distribution functions are developed for distance determination of stellar
groups. This method depends on the assumption that absolute magnitudes and apparent magnitudes
follow a Gaussian distribution function. Due to the limits of the integrands of the frequency function of
apparent and absolute magnitudes, we introduce Case A, B, and C Gaussian distributions. The devel-
oped approaches have been implemented to determine distances to some clusters and stellar associations.
The comparison with the distances derived by different authors reveals good agreement.
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I. INTRODUCTION

Trigonometric, spectroscopic, dynamical parallaxes
(Jenkins,1952, Gliese, 1978, Mihalas and Binney 1981,
Wilson and Bappu 1957; Blitz, 1980 ) are methods that
can be used to determine distances to objects as far as
some tens of parsec to some hundreds. Moving star
clusters, zero age main sequence fitting are also two
other methods for distance determination (Heck, 1978;
Blaauw, 1973). Issa (1980, 1981, 1982, 1985) used the
size distribution functions of dark clouds, HII- region
radii and globular clusters for the distances determina-
tion.

Most important is the standard candle procedure
(Sandage and Tammann, 1971, Gascoigne, 1974, Mar-
tin et al., 1979, Iben and Tuggle, 1975, Vaucouleurs,
1979, van den Bergh, 1979; Hartwick and Hutchings,
1978) used to estimate distances to nearby objects as
well as for remote galaxies and clusters of galaxies. Re-
quired always are some other independent means to
establish distances to heavenly bodies. This is to as-
sume that already determined distances are reliable and
to be used wherever other distance means cannot be
used. The term Malmqvist bias has been used in many
places to describe related but different effects (Willick
1991). In the classical sense, the term Malmquist bias
refers to a positive bias in the luminosity of objects
in magnitude limited samples, as originally described
by Malmquist in 1922 (Malmquist 1922). However, the
term is now also commonly used for a related geometric
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bias that arises in distance measurements (Lynden-Bell
et al. 1988). Malmquist bias is a statistical effect and
formally can be evaluated using probability theory. In
this work we reanalyze Sharaf et. al. (2003) method
with the aim to discuss some special cases which may
be of importance. We treated Malmquist bias (Sharaf
et. al 2007) although of being less important in clusters
of stars. But we still believe that the data used in these
clusters do not represent a complete sample (member-
ship problem). Also selection effects are still important
in these clusters. The organization of the paper is as
follows. The method of calculation is discussed in Sec-
tion 2. Section 3 is devoted to the data sources. Results
and discussions are represented in Section 4.

II. THE METHOD

We assume that all the members in a given cosmic
group are at the same distance, r parsec. The frequency
function of the absolute magnitudes of the members of
a given cosmic group could be given by

Φ(M) =
1

σ
√

2π
e−(M−M0)

2/2σ2
. (−∞ ≤ M ≤ ∞) , (1)

showing that the members are scattered around a
mean absolute magnitude, in normal distribution with
dispersion. It should be noted that the dispersion arises
from uncertainties in some factors, e.g., spectral clas-
sification and the actual cosmic dispersion in absolute
magnitude which is due to evolution.

The relation between the apparent magnitude m and
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the absolute magnitude M of a cosmic object at a dis-
tance r (in parsecs) is given by

M = m + 5− 5logr . (2)

The frequency function of the apparent magnitudes is
written as

Ψ(m) =
∂(r,m)
∂(r,M)

Φ[M(m, r)] , (3)

where r is assumed to be constant for all the members
of the group. From Equations (1), and (2) in (3) we
get

Ψ(m) =
1

σ
√

2π
e−(m+5−logr−M0)

2/2σ2
. (4)

Let us consider all member brighter than a given ap-
parent magnitude mL (a certain limiting magnitude).
Then the mean magnitude is given by

m̄ =

∫ m1

−∞mΨ(m)dm∫ m1

−∞Ψ(m)dm
. (5)

Using equation (4) we obtain

m̄ =

∫ m1

−∞me−(m+5−logr−M0)
2/2σ2

dm∫ m1

−∞ e−(m+5−logr−M0)2/2σ2dm
. (6)

The distance r could be determined from

r = 10(1+mL−m0−σy)/5 , (7)

where y is the solution of the transcendental equation

G(y) = y + e−
y2

2

{√
π

2

[
1 + erf

(
y√
2

)]}−1

− α = 0 , (8)

α =
mL − m̄

σ
, (9)

and erf(x) is the error function defined by the series

erf(x) =
2√
π

∞∑
n=0

(−1)n

n!(2n + 1)
z2n+1 . (10)

If A is the interstellar absorption coefficient and [Fe/H]
is the metallicity, then Equation (7) should be written
as:

r = 101+(mL−M0−σy−A−[Fe/H])/5 . (11)

The distance modulus is then given by

m−M = mL −M0 − σy −A− [Fe/H] . (12)

From the features of Equation (5), we could indicate
that the limits of the integration represent the magni-
tude limit of the sample under investigations. So, by
changing these limits, we could obtain different cases.
Doing that, we obtained two additional cases, which
are called Gaussian B (GB) and Gaussian C (GC). GB
is a result of considering the data sample having two
extremes mg (the brightest one) and mL (the faintest
one). GC is raised as a result of taking the Sun as the
brightest object (mL) and mg is minus infinity.

(a) Case A (GA)

The approach introduced by Sharaf et al. (2003) has
been followed. Sharaf et al. (2003) adopted the mean
absolute magnitude (M0) and dispersion given by Mi-
halas and Binney (1981). Sharaf et al. (2007) derived
the dispersion corresponding to the minimum percent-
age error. These provide the mean absolute magnitudes
for each spectral subtype and the dispersion as well.
This way was followed instead of the one used earlier
which depends on evolutionary theories which are not
well understood (Mihalas and Binney, 1981. Malmquist
Bias formula was used to get the best mean absolute
magnitudes. We calculated for the cluster as a unit, for
each spectral type in the cluster and whenever possible
for spectral subtypes.

(b) Case B (GB)

Sharaf et al. (2003) assumed that all the members in
a given cosmic group are nearly at the same distance, r
(in parsecs) and are normally distributed. Statistically,
this can be written as M ≈ N(M ; M0 , σ2

M ). In the
present work we add also the assumption of normality
of m ≈ N(m; m̄0 , σ2

m). That is both the absolute
and apparent magnitudes are assumed to be normally
distributed.

In the present case (GB), we changed the limits of
the integrands from that used by Sharaf et al. (2003) in
such way that we considered all members between two
apparent magnitudes mL and mg (mL > mg) where
mL is the faintest side and mg is the brightest side of
the star cluster sample. Changing the limits of integra-
tion requires adding another variable to the problem,
which facilitates the optimization process and may lead
to better results. This resulted also in adding two error
functions instead of one. The mean apparent magni-
tude is given as

m̄B =

∫ mL

mg
mΨ(m)dm

∫ mL

mg
Ψ(m)dm

. (13)
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Substituting Eqs. (4) and (5)we obtain

m̄B =

∫ mL

mg
me−(m+5−log r−M0)

2/2σ2
dm

∫ mL

mg
e−(m+5−log r−M0)2/2σ2dm

. (14)

It can be shown that, the distance r could be deter-
mined from

rB = 10(1+mL−M0−σyB)/5 , (15)

where y is the solution of the transcendental equation

G(yB) = yB −
{

e−
z2
1
2 + e−z1yB

}

{√
π

2

[
erf

(
yB√

2

)
+ erf

(
zB√

2

)]}−1

− αB = 0, (16)

and

αB =
mL − m̄B

σ
, zB = z1 + yB

and z1 =
mg −mL

σ
. (17)

The general definition of the error function is

erf(x) =
2√
π

∫ x

0

e−
x2
2 dx . (18)

Clearly, y is a basic quantity for distance determination
of a given stellar group. The interstellar absorption
A and metallicity [Fe/H] as well can be taken into
account, then Equation (15) should be written as:

rB = 101+(mL−m0−σyB−A[Fe/H])/5 , (19)

The distance modulus is then given by

(m−M)B = mL −M0 − σyB −A− [Fe/H] . (20)

Increasing [Fe/H] values affects the luminosity nega-
tively and hence the magnitudes and the distances will
increase. The metallicity must be subtracted if positive
and neglected when negative.

(c) Case C (GC)

Equations (1) to (4) are also the starting point of
this section. Here, we introduce another limit of mL

and mg, and we still consider mL > mg. We shall
fix the limiting magnitude at the faintest limit reached
by the Hubble Space Telescope at mL = 26 magnitude,

while the apparent magnitude of the Sun is mg = −26.8
which is the brightest magnitude.

Then after some manipulations we get the distance
r as follows

rB = 101+(26−M0−σyC)/5 , (21)

where yC is the solution of the transcendental equation

G(yC) = yC −
{

e−
z2
2
2 + e−z2yC

}

{√
π

2

[
erf

(
yC√

2

)
+ erf

(
zC√

2

)]}−1

− αC = 0, (22)

and

αC =
26− m̄B

σ
, zC = z2 + yC

and z2 = −52.8
σ

. (23)

The metallicity [Fe/H] as well can be taken into ac-
count, and Equation (21) must be written as:

rC = 101+(26−M0−σyC−A−[Fe/H])/5 . (24)

The distance modulus is then given by

(m−M)C = 26−M0 − σyC −A− [Fe/H] . (25)

III. DATA SOURCES

Two types of cosmic objects are used for the present
application, open star clusters and stellar associations.

(a) Open Star Clusters

UBVRI photometric observations for NGC 2658 and
NGC 2439 open star clusters (Ramsay and Pollaco
1992) were used. The observations were obtained in
1990 Jan. 9-22 with the 1 meter telescope in Sutherland
station of the South African Astronomical Observatory
(SAAO). Vazquez and Will (1995), and Vazquez and
Baume (1996) used the 0.61 meter telescope of the uni-
versity of Toronto Southern observatory at Las Cam-
panas Observatory, Chile, to get photometric observa-
tions for the open clusters Pis 20 and Tr 14 respectively.

(b) Stellar Associations

Brown et. al. (1994) used the Dutch 0.91 meter
telescope at ESO in the VBLUW Walraven system,
to get photoelectric observation for Orion OB1 asso-
ciations. The final HIPPARCOS Input Catalog con-
tains 699 stars of the sample under study (1318 stars
in Orion OB1) of which 236 are of priority 1, and 463
are of priority 2. These stars are the subject of this
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Table 1.
GA parameters and distances rs of the present work in comparison to others rc.

Objects ml m̄ σ M0 α Y rs(pc) rc(pc)
NGC 2658 16.69 14.02 0.32 1.04 8.22 8.22 3907.91 36311

NGC 16.57 13.42 0.31 0.26 10.06 10.06 4296.10 4450
2439 Ramsay

(1992)
Pis 20 13.66 11.48 0.01 -1.31 217.10 217.10 3630.78 3600

Vazquezy
(1995)

Tr 14 17.22 12.93 0.015 0.43 285.93 285.73 3359.50 3100
Vazquezy

(1996)
Orion 10.72 8.32 0.013 0.79 184.43 184.43 319.90 380.189
OB1 Brown
1a (1994)

Orion 10.96 7.99 0.035 0.49 84.81 84.81 315.50 363.078
OB1 Brown
1b (1994)

Orion 10.31 8.25 0.021 0.85 97.74 97.74 302.80 398.107
OB1 Brown
1c (1994)

Orion 9.19 6.71 0.073 -1.36 33.91 33.91 412.40 380.189
OB1 Brown
1d (1994)
Car 9.60 6.98 0.014 -4.85 187.11 187.11 2331.99 2850
OB1 Kaltcheva

(1998)
Car 9.20 7.45 0.015 -4.20 116.66 116.66 2149.01 2590
OB2 Kaltcheva

(1998)
1 Tadross (2002), 2 Ramsey (1992),

work. Kaltcheva (1998) observed Carina OB1 and Ca-
rina OB2 using the half meter telescope at Sutherland
site of the SAAO. The observations were calibrated to
the standard system using standard stars from the lists
of Cousins (1987), Perry et al. (1987), Crawford et al.
(1971) and Olsen (1983). The reduction to the stan-
dard system was carried out by the procedure adopted
at the SAAO.

To correct the apparent magnitude for absorption
we use the relation

m0 = m−Av

where

Av = 3.1E(B − V )
and Av, B, V and E(B−V ) are the visual absorption,
the magnitudes in the blue and visual filters, and the
color excess respectively.

IV. NUMERICAL RESULTS AND DISCUS-
SIONS

All computations are carried out through computa-
tional algorithms which were coded using Mathemat-
ica software. This was applied for all approaches men-
tioned in Section 2.

(a) Case A (GA)

The result of Case A is presented in Table (1), which
has the following designations: column 1 stands for the
object name, column 2 is a certain limiting magnitude
mL, column 3 is the mean apparent magnitude m̄ ,
column 4 is the dispersion σ, column 5 is the mean ab-
solute magnitude M0, column 6 contains the parameter
α and column 7 gives y the solution of the transcenden-
tal equation. Columns 8 and 9 give the statistical dis-
tance computed by the present approach and rs is the
distance computed by others. In comparison to other
methods we believe that our method is most accept-
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Table 2.
GB parameters and distances rs of the present work in comparison to others rc.

Objects ml mg m̄ σ M0 α Y rs(pc) rc(pc)
NGC 16.69 11.88 14.02 1.31 3.28 2.04 0.18 4278.20 3631
2658 Tadross

(2002)
NGC 16.57 7.60 13.42 1.441 3.03 2.16 0.13 4668.90 4450
2439 Ramsay

(1992)
Pis 20 13.66 4.45 11.48 1.22 0.74 1.77 0.09 3631.40 3600

Vazquezy
(1995)

Tr 14 17.22 4.97 12.93 1.71 4.49 2.50 0.13 3156.70 3100
Vazquezy

(1996)
Orion 10.72 3.91 8.32 1.22 2.86 1.96 0.12 346.87 380.18
OB1 Brown
1a (1994)

Orion 10.96 1.66 7.99 1.38 3.13 2.14 0.12 339.07 363.078
OB1 Brown
1b (1994)

Orion 10.31 2.07 8.25 1.12 2.59 1.82 0.09 332.58 398.10
OB1 Brown
1c (1994)

Orion 9.19 4.10 6.71 1.18 0.58 2.08 0.17 479.48 380.18
OB1 Brown
1d (1994)
Car 9.60 4.17 6.98 1.18 -2.91 2.21 0.17 2911.30 2850
OB1 Kaltcheva

(1998)
Car 9.20 4.88 7.45 0.93 -2.98 1.86 0.14 2582.60 2590
OB2 Kaltcheva

(1998)

able. Although standard candles were studied and un-
derstood well, we believe that some evolutionary facts
(exact position in H-R Diagram, Hayashi tracks, insta-
bility strip width for Cepheids, the low mass tail at the
end of the main sequence) still need more understand-
ing. Interstellar extinction values are still and perhaps
will remain one of the most dangerous difficulties for
distance determination. Accordingly, distances derived
from different photometric methods for the same ob-
ject still show significant differences. Our approach is
unique, using the known facts of statistics for well de-
fined parameters of a distribution function which has a
universal nature.

(b) Case B (GB)

In Table (2): column 1 is devoted for the object
name, column 2 for the limiting magnitude mL, col-
umn 3 for mg, and the other columns have the same
designation as Table 2. Our distances rs differ a bit

from the distances rc obtained by other methods. Our
distances for NGC 2658, NGC 2439, Pis 20, Tr 14, Car
OB1 and Orion OB1-1d are little big while in some oth-
ers are bit smaller. One must mention that rc obtained
mostly through photoelectric techniques suffering from
many approximations especially the extinction, either
on the way of the light to us or the extinction of light
through the group itself and suffers from some evolu-
tionary factors still remaining to affect the distances.
While the statistical methods smears all these factors,
and remains of statistical nature. We would like to re-
mind the reader to the fact that dividing the HIPPAR-
COS stars into priority 1 and priority 2 stars may throw
some doubt about the accuracy of their distances.

(c) Case C (GC)

In Table (3), the results of this approach are given.
Columns 1 to 6 are the object name, the mean appar-
ent magnitude m̄, the dispersion σ, the mean absolute
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Table 3.
GC parameters and distances rs of the present work in comparison to others rc.

Objects m̄ σ M0 α Y rs(pc) rc(pc)
NGC 14.02 2.91 12.59 4.12 0.085 4273.37 3631
2658 Tadross

(2002)
NGC 13.42 2.97 12.38 4.22 0.088 4678.23 4450
2439 Ramsay

(1992)
Pis 20 11.48 3.20 12.88 4.52 0.099 3626.81 3600

Vazquezy
(1995)

Tr 14 12.93 3.04 13.22 4.29 0.091 3158.93 3100
Vazquezy

(1996)
Orion 8.32 3.51 17.89 5.02 0.114 347.58 380.189
OB1 Brown
1a (1994)

Orion 7.99 3.55 17.93 5.06 0.116 339.72 363.078
OB1 Brown
1b (1994)

Orion 8.25 3.52 17.98 5.03 0.114 332.80 398.107
OB1 Brown
1c (1994)

Orion 6.71 3.66 17.15 5.26 0.122 478.62 380.18
OB1 Brown
1d (1994)
Car 6.98 3.61 13.24 5.25 0.120 2904.72 2850
OB1 Kaltcheva

(1998)
Car 7.45 3.58 13.51 5.17 0.118 2578.37 2590
OB2 Kaltcheva

(1998)

magnitude M0, the parameter α and the distance pa-
rameter y is the solution of Equation (17) respectively.
Columns 7 to 9 include rs the statistical distance com-
puted by the present method and rc is the distance
computed by the others and the references of compar-
isons respectively. Comparing our distances with those
obtained by others still, indicates that our distances
for NGC 2658, NGC 2439, Pis 20, Tr 14, Car OB1 and
Orion OB1-1d are little bit bigger. Whereas, our dis-
tances for Orion OB1 (1a, 1b, 1c) and Car OB2 are
smaller. This can be interpreted as due to uncertain-
ties in estimating interstellar absorption in the other
methods and we must not forget that our method is
statistical, depending on the averages.

V. CONCLUSION

The main aim of this work was to put the theoretical
statistical foundations of the distribution functions for
cosmological distance determinations. The results of

the present work are summarized in Table (4). The en-
tries are rs: the distances reached in this work, where
the subscript s stands for statistical distances deter-
mined using statistical distribution function. rc dis-
tances from other methods, the subscript c stands for
comparison. Distances given in columns 3 and 4 dif-
fer slightly among each other. They differ a bit, how-
ever, from distances of column 2 named GA. The dif-
ferences among distances in column 3, 4 increase as
the distance increase, while they are small for small
distances. Figure 1 plots the comparison between the
statistical distance and the distance in the first row of
the fifth column in Table 4. More samples are needed
to establish the effect of changing mL and mag on dis-
tances. No systematic difference are shown among our
distances and the distance rc. However it should be
mentioned that, different author’s distance do not agree
fully among themselves. For NGC 2658 quite a big dif-
ference between distances given by Tadross (2002) and
Loktin (2001). The same also for NGC 2439. Differ-
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Fig. 1.— Comparison between the distance computed in the present work (rs) with the distance (rc) in the first row of the
fifth column in Table 4.

ences also among other author’s distances are found in
Orion OB1 (1a, 1b, 1c). In our opinion such differences
can be due to the location of the stars used to deter-
mine the distances. It can be on the near side or in
the far side of the association. The difference among
these distances is as big as the difference between the
distances of the present work and the other distances,
which is of the same order as the linear dimensions of
the complex. The distance of the far side of the Orion
OB1 is 500 pc while the distance of the near side is
as big as 300 pc. Depending on statistical distribution
functions, although based on averages, and on observa-
tions taken by different authors, can give smearing out
of some defects that are inherited in others distances.
The smearing out means that stars from the far side
are used in the distribution to determine the distance
as well as stars of the near side. They were used with
the same weight. The statistical methods smears all
these factors, and remains of statistical nature. It is

to be mentioned also that sub-grouping especially in
Orion, and the position of the stars in the cluster or
association used to determine the distance, affect them
significantly. Since, the linear dimension of this struc-
ture is on average 45 pc reaching sometimes to 100 pc.
Interstellar absorption and the assumption regarding
the ratio of total to selective absorption, produce also
its uncertainties. We still like to remind the reader of
the fact of dividing stars by some authors into priority
1 and priority 2 stars and its effect on distance deter-
minations.
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