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VAGUE DEDUCTIVE SYSTEMS OF SUBTRACTION
ALGEBRAS

CHUL HWAN PARK

ABSTRACT. The notion of vague deductive systems in subtraction algebras
is introduced, and several properties are investigated. Conditions for a
vague set to be a vague deductive system are provided. Characterizations
of a vague deductive system are established.
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1. Introduction

B. M. Schein [8] have considered systems of the form (®;o0,\), where @ is
a set of functions closed under the composition “o” of functions (and hence
(®;0) is a function semigroup) and the set theoretic subtraction “\” (and hence
(®;\) is a subtraction algebra in the sense of [1]). Jun et al. [6] discussed ideal
theory of subtraction algebras. In this paper we introduce a notion of a vague
deductive system in a subtraction algebra, and study some properties of them.
We give conditions for a vague set to be a vague deductive system, and establish

characterizations of a vague deductive system.

2. Basic results on subtraction algebras

By a subtraction algebra we mean an algebra (X;—) with a single binary
operation “—” that satisfies the following identities: for any z,y,z € X,

(81) z—(y —z) = =;

(82) 2 —(z -y) =y —(y — =);

(83) z-y)—z=(z-2) -y
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The last identity permits us to omit parentheses in expressions of the form
(z — y) — z. The subtraction determines an order relation on X: a < b &
a—b=0, where 0 = a — a is an element that does not depend on the choice
of a € X. The ordered set (X; <) is a semi-Boolean algebra in the sense of (1],
that is, it is a meet semilattice with zero 0 in which every interval {0,a] is a
Boolean algebra with respect to the induced order. Here a Ab=a — (a —b); the
complement of an element b € [0, a] is a — b; and if b, ¢ € [0, al, then

bve = (M'AcdY =a-(la-b)A(a—c))
a—((a—b)—((a—b)—(a—c)))

In a subtraction algebra, the following are true (see {6]):

(a2) z—0=zand 0—z=0.

(a3) (x—y)—z=0.

(ad) z—(z —y) <y

(a5) (z—y)-(y—-z)=2—¥.

(26) @ - (2 - (c— ) = T - v.

(a7) z-y)-(z-y) <z -2

(a8) z <y if and only if z = y — w for some w € X.

(a9) z<yimpliesz—z<y—zandz—y<z—gzforallz€ X.
(al0) z,y < zimpliessz —y =z A (2 —y).

(all) (zAy)—(zAz)<TA(y—=2)

Proposition 2.1. [6] Let X be a subtraction algebra and letz,y € X. Ifw € X
is an upper bound for x and y, then the element

zVy=w-((w-y)-2)

is a least upper bound for x and y.

3. Basic results on vague sets

Defitinition 3.1. [3] A vague set A in the universe of discourse U is character-
ized by two membership functions given by:

(1) A truth membership function t4 : U — [0,1] and

(2) A false membership function fa: U — [0, 1]
where t4(u) is a lower bound of the grade of membership of u derived from the

“evidence for u”, and f4(u) is a lower bound on the negation of u derived from
the “evidence against u”, and

ta(u) + fa(u) <1.

Thus the grade of membership of v in the vague set A is bounded by a
subinterval [ta(u),1 — fa(u)] of [0,1]. This indicates that if the actual grade of



Vague deductive systems of subtraction algebras 429

membership is p(u), then
ta(u) € p(u) <1 fa(u).
The vague set A is written as

a={{w,[taw), faw)) | ue U},

where the interval [ta(u),1 — fa(u)] is called the vague value of u in A and is
denoted by V4 (u).

Defitinition 3.2. 3] A vague set A of a set U is called
(1) the zero vague setof U if t4(u) =0 and fa(u)=1forallu e U,
(2) the unit vague setof U if t4(u) =1 and fa(u)=0forallueU.
(3) the a-vague setof U if ta(u) = a and fa(u) = 1—a for all u € U, where
a€(0,1).

For o, B € [0, 1] we now define («, 8)-cut and a-cut of a vague set.

Defitinition 3.3. [3] Let A be a vague set of a universe X with the true-
membership function ¢4 and the false-membership function fa. The («, 3)-cut
of the vague set A is a crisp subset A, g) of the set X given by

A, = {z € X | Va(2) 2 [0, 8]}

Clearly A(g0) = X. The (o, §)-cuts are also called vague-cuts of the vague set

Defitinition 3.4. [3] The a-cut of the vague set A is a crisp subset A, of the
set X given by Aa = A(a,a)-

Note that Ag = X, and if « > @ then Ag C A, and A, g) = Aq. Equivalently,
we can define the a-cut as A, = {z € X | ta(z) > a}. For our discussion, we
shall use the following notations, which are given in [3], on interval arithmetic.

Notation 3.5. Let [0, 1] denote the family of all closed subintervals of [0, 1]. If
I = [ay,b) and I = (a2, ba] be two elements of 1[0, 1], we call I; > I if a1 > aq
and by > by. Similarly we understand the relations I; < I and I} = I, Clearly
the relation I1 > I does not necessarily imply that I; O I and conversely. We
define the term “imaz” to mean the maximum of two intervals as

imaz(ly, I>) = [max(a1, az), max(by, b2)].

Similarly we define “émin”. The concept of “imaz”’ and “imin” could be extended
to define “isup” and “#nf’ of infinite number of elements of {0, 1].

It is obvious that L = {I[0, 1], isup,itnf, <} is a lattice with universal bounds
[0,0] and [1,1] (see [3]).
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4. Vague deductive systems

In what follows let X be a subtraction algebra unless otherwise specified.

Defitinition 4.1. A nonempty subset D of X is called a deductive system of
X (it is called an ideal of X in [5]) if it satisfies:

(1) 0e D,
(2) VzeX)Yye D)(z~yeD = z€ D).

Defitinition 4.2. A vague set A of X is called a vague deductive system of X
if the following conditions are true:

(c1) (Vz € X) (Va(0) > Va(z)),
(c2) (Vz,y € X) (Va(z) 2 min{Va(z — y), Va(y)}),

that is,
ta(0) > ta(z), 1 - fa(0) 2 1 - fa(z), (1)

and
ta(z) > min{ta(z - y),ta(y)},

1~ fa(@) 2 min {1- falz ~),1 - falv)} @

forall z,y € X.

Example 4.3. Consider a subtraction algebra X = {0, a,b} with the following
Cayley table:

Let A be a vague set in X defined as follows:
A= {(0,[0.6,0.2]), (a,[0.3,0.6]), (b, [0.5,0.3]) }.

It is routine to verify that A is a vague deductive system of X.

Example 4.4. Consider a subtraction algebra X = {0, qa,b,c,d} with the fol-
lowing Cayley table:

Qo o8 of |
QO o0 OO
ISTIES S O I Y B~
Qe O Ofc
Qo ocoon
OO0 o0 O8N
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Let A be a vague set in X defined as follows:
A= {(0,[0.7,0.2)), (2,10.7,0.2]), (5,105, 0.3), {c, [0.5,0.3)), {d, [0.7,0.2))}.

It is routine to verify that A is a vague deductive system of X.

Proposition 4.5. Every vague deductive system A of X satisfies:
(Vz,y € X)(z <y = Valz) 2 Valy)) 3)

Proof. Let z,y € X be such that z < y. Then z — y =0, and so
ta(z) > min{ta(z —y),ta(y)} = min{ta(0),ta(y)} = ta(y),
1-fa(x) 2 min{l~fa(z-y),1- fa(y)}
= min{l - f4(0),1 - fa(y)}
= 1-faly).
This shows that V4(z) > Va(y). O

Proposition 4.6. Every vague deductive system A of X satisfies:
(Vz,y,2 € X) (Vale = 2) 2 min{Va((z - ) = 2L, Va@®)})- (@)

Proof. Using (c2) and (53), we have
Val@—z) 2 min{Va((z —2) —y),Valy)}
= min{V4((z - y) ~ 2), Va(y)}
forall z,y,z € X. N

We give conditions for a vague set to be a vague deductive system .

Theorem 4.7. If A is a vague set in X satisfying (c1) and (4), then A is a
vague deductive system of X.

Proof. Taking z =0 in (4) and using (a2), we have

Valz) = Va(z—-0)
> min{Va((z ~y) - 0), Va(y)}
= min{Va(z-y),Va@®)}
for all 7,y € X. Hence A is a vague deductive system of X. a

Corollary 4.8. Let A be a vague set in X. Then A is a vague deductive system
of X if and only if it satisfies conditions (c1) and (4).
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The following is a characterization of a vague deductive system of X.

Theorem 4.9. Let A be a vague set in X. Then A is a vague deductive system
of X if and only if it satisfies the following conditions:

(Vz,y € X)(Va(z —y) > Va(z)), ()
(Vz,a,b € X)(VA(x ~ ((z - a) = b)) > min{Va(a), VA(b)}>. (6)

Proof. Assume that A is a vague deductive system of X. Using (a3), (c1) and
(c2), we get
Va(z ~y) 2 min{Va((z — y) — %), Va(z)} = min{V4(0), Va()} = Va(z)
for all z,y € X. Since
(z—(—a)-b))—e=(z-a)-((c—a)-b) <¥b,
it follows from (3) that V4((z — ((z — a) — b)) — a) > Va(b) so from (c2) that
Va(z - ((z —a))—b)) = min{Va((z - ((z —a) - b)) - a), Va(a)}
> min{Va(a), Va(b)}-
Conversely let A be a vague set in X satisfying conditions (5) and (6). If we

take y = x in (5), then V4(0) = Va(z — x) > Va(z) for all z € X. Using (6), we
obtain

Va(z) = Va(z-0)
= Valz-(z—y) - (z-v))
= Valz—((z—(z-v)) - v))
> min{Vx(z - y),Valy)}
for all z,y € X. Hence A is a vague deductive system of X. d

Proposition 4.10. Every vague deductive system A of X satisfies the following
assertion:

(Vz,y € X)(3zVy = Va(z Vy) > min{Va(z), Va(y)}). (M

Proof. Suppose there exists z V y for 2,y € X. Let w be an upper bound of
and y. Then zVy = w — ((w — y) — z) is the least upper bound for z and y (see
Proposition 2.1), and so

Va(z Vy) = Va(w - ((w ~y) — 7)) 2 min{Va(z), Va(y)}
by (6). This completes the proof. O
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Proposition 4.11. Let A be a vague set in X. Then A is a vague deductive
system of X if and only if it satisfies:

(Vz,y,2 € X) (z -y <z = Va(z) 2 min{Va(y), Va(2)})- (8)

Proof. Assume that A is a vague deductive system of X and let z,y,2 € X be
such that z — y < 2. Then V4(z) < Va(z — y) by (3). It follows from (c2) that
Va(z) 2 min{Va(z — y), Va(y)} > min{Va(y), Va(z)}. Conversely suppose that
A satisfies (8). Since 0 —y < y for all y € X, we have

Va(0) > min{Va(y), Va(y)} = Valy)

by (8). Thus (c1) is valid. Since z — (z —y) < y for all z,y € X by (ad),
it follows from (8) that V4(z) > min{Va(z — y), Va(y)}. Hence 4 is a vague
deductive system of X. O

As a generalization of Proposition 4.11, we have the following results.

Theorem 4.12. If a vague set A in X s a vague deductive system of X, then

n
H:v——wizo = Va(z) > min{Va(w;) |1 =1,2,--+ ,n} 9)
i=1

for all x, w1, w2, - ,wn € X, where

Hx-—'w,-:(-~-((m—w1)—w2)—---)—wn.
i=1

Proof. The proof is by induction on n. Let A be a vague deductive system of
X. By (3) and (8), we know that the condition (9) is valid for n = 1,2. Assume
that A satisfies the condition (9) for n = k, that is,

k
Hz_wi =0 = Va(z) > min{Va(w;) [1=1,2,-.- ,k}
i=1

for all z,wy,ws, -+ ,wx € X. Let z,w;,wo, -+ ,wr, wkr1 € X be such that
B41

Hr—wi=0. Then

i=1
VA(IL‘ - ’w1) > min{VA(wj) l J=23,---k+ 1}
Since A is a vague deductive system of X, it follows from (¢2) that
Va(z) min{Va(z — w1), Va(w1)}

min{Va (w1 ), min{Va(w;) | j =2,8,- ,k+ 1}}
min{Va(w;) | ¢ =1,2,--- ,k+ 1},

This completes the proof. ]

vV
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Now we consider the converse of Theorem 4.12.

Theorem 4.13. Let A be a vague set in X satisfying the condition (9). Then
A is a vague deductive system of X.

Proof. Note that (---((0 —x) —x) —---) —z =0 for all € X. It follows from

nt;;nes
(9) that V4(0) > Va(z) for all z € X. Let z,y,z € X be such that z —y < z.
Then
0=(@-9)-2=((&—9)~2)~0) =) =0,
| —
n — 2 times
and so

Va(z) > min{Va(y), Va(2), Va(0)} = min{Va(y), Va(2)}.

Hence, by Proposition 4.11, we conclude that A is a vague deductive system of
X. a

Theorem 4.14. Let A be a vague deductive system of X. Then for any o, €
[0,1], the vague-cut A, p) is a crisp deductive system of X.

Proof. Obviously, 0 € A, p)- Let 2,y € X be such that y € Anpyandz—y €
A(a,ﬁ)' Then VA(Z/) 2 [anBL i'e'1 tA(y) 2a and 1 — fA(y) 2> ﬁ; and VA(“"‘?/) >
[, 8], ie., ta(z —y) > aand 1 — fa(z —y) > B. It follows from (2) that

tA(x) 2 min{tA(a: - y)’tA(y)} 2q,
1 - fa(z) 2 min{l — fa(x —y),1 — fa(y)} 2 B

so that Va(z) > [a, 8]. Hence x € A(q,g), and so A(, ) is a deductive system of
X. O

The deductive systems like A, g) are also called vague-cut deductive systems
of X. Clearly we have the following result.

Proposition 4.15. Let A be a vague deductive system of X. Two vague-cut
deductive systems Aq gy and A, ) with [a, 8] < [w,7] are equal if and only if
there is no x € X such that

[, 8] < Va(2) < [w,]-

Theorem 4.16. Let X be finite and let A be a vague deductive system of X.
Consider the set V(A) given by

V(A) = {Va(z) |z € X}.
Then A; are the only vague-cut deductive systems of X, where i € V(A).
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Proof. Consider [a1,az] € I]0, 1) where [a1,a;] ¢ V(A). If

o, B] < [a1, 2] < [w,7]
where [o, 8], [w, 7] € V(A), then

A(a,f) = Afar,a2) = A,y)-
If
a1, 03] < [a1, a3

where [a;, a3] = imin{z | z € V(A)}, then

Aaro0) = X = Afar,a2)-

Hence for any [a1,az] € I[0,1], the vague-cut deductive system A(q, q,) is one of
A; for i € V(A). This completes the proof,

Theorem 4.17. Any deductive system D of X is a vague-cut deductive system
of some vague deductive system of X.

Proof. Consider the vague set A of X given by

we={oat e w
where a € {0,1). Since 0 € D, we have
Va(0) = [o, o] 2 Va(z)

forallz € X. Let z,y € X. If z € D, then

Va(z) = [e,0] > min{V4(z — y), Va(y)}-
Assume that ¢ D. Theny ¢ D or z —y ¢ D. It follows that

Va(z) =[0,0] = min{V4(z ~ y), Va(y)}.
Thus A is a vague deductive system of X. Clearly D = A(q,q)- il

Theorem 4.18. Let A be a vague deductive system of X. Then the set
D= {z € X | Va(z) = Va(0)}

18 a crisp deductive system of X.

Proof. Obviously 0 € D. Let z,y € X besuch that z —y € D and y € D. Then
Va(z — y) = Va(0) = Va(y), and so
Va(z) 2 min{Va(z - y), Va(y)} = Va(0)

by (c2). Since V4(0) > Va(z) for all z € X, it follows that V4(z) = V4(0) so
that z € D. Therefore D is a crisp deductive system of X. |
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