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MACWILLIAMS IDENTITIES OVER M,.,(Z;) WITH RESPECT
TO THE RT METRIC

SHI-XIN ZHU, AND HE-QIAN XU *

ABSTRACT. There has been a recent growth of interest in codes with re-
spect to a newly defined non-Hamming metric grown as the Rosenbloom-
Tsfasman metric (RT, or p, in short). In this paper, the definitions of the
Lee complete p weight enumerator and the exact complete p weight enu-
merator of a code over Mpnxs(Z4) are given, and the MacWilliams iden-
tities with respect to this RT metric for the two weight enumerators of a
linear code over Mpxs(Z4) are proven too. At last, we also prove that
the MacWilliams identities for the Lee and exact complete p weight enu-
merators of a linear code over Mpxs(Z4) are the generalizations of the
MacWilliams identities for the Lee and complete weight enumerators of
the corresponding code over Zj.

AMS Mathematics Subject Classification : 94B05, 94B99.
Key words and phrases: RT metric, weight enumerator, MacWilliams iden-
tity, linear code, dual code.

1. Introduction

The weight distribution of codes, in a classical coding theory, is an important
investigation field. Whether in fields or in rings, using the weight distribution
of linear codes to explore the weight distribution of their dual codes is very
significant. In [5], the weight distribution of codes over fields is elaborated
systematically. Also later, codes over Z; and their weight distributions are
investigated in [1, 3, 4, 12]. Recently, there has been a growth of interest in codes
with respect to a newly defined non-Hamming metric grown as the Rosenbloom-
Tsfasman metric (RT, or p, in short) in [8]. The structure of linear codes over
F,[u]/(u*) and Galois rings with respect to this RT metric have been investigated
in [6, 7]. About the weight distribution of codes with respect to the RT metric,
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S. T. Dougherty and others have established some results in (2, 9, 10, 11]. But
we can’t get efficient information from these weight enumerators of codes in the
above paper, in spite of these weight enumerators have given some better weight
distributions of codes.

In this paper, associating the complete p weight enumerator with the Lee
weight and the exact weight, the definitions of the Lee complete p weight enu-
merator and the exact complete p weight enumerator of a code over My ys(Z4)
are given, and the MacWilliams identities for the two weight enumerators with
respect to the RT metric are proven. These two weight enumerators are supe-
rior to the complete p weight enumerator, and they include more information
of the codeword. Especially, we can determine a code from its exact com-
plete p weight enumerator. Moreover, the definitions are the generalizations
of the Lee weight enumerator Leec(X,Y) and the complete weight enumerator
cwec(Zo, 1, Z2,23) of a code over Z4 defined in [12]. At last, we also prove that
the MacWilliams identities for the Lee and exact complete p weight enumerators
of a linear code over My, xs(Z4) are the generalizations of the MacWilliams iden-
tities for the Lee and complete weight enumerators of the corresponding code
over Z,. All these results, whether in the determination of the minimal distance
of codes or in encoding and decoding, will play important roles in coding theory.

2. Preliminaries

Let Mnxs(Z4) denote the set of all nx s matrices over Z4. Let p = (po,p1,- - ,
Ps—1). Then, the RT ( or p ) weight of p is defined by

'wN(p)_{O’ p=0 "
Let p(p,q) = wn(p — q), where p,q € M1xs(Z4), and this is extended to the
n
RT (or p ) weight of P as wn(P) = Z'wN(Pi), where P = (P, Ps,-++ ,P,)T €
=1
Myxs(Z4) and P; = (pio, pi1y -+, Pi,s—1) € Mixs(Z4),1 i < n. Let p(P,Q) =
wy (P — @), where P,Q € M, xs(Z4). Note that p is a metric on Myx4(Z4).
For s = 1, the p metric is just the usual Hamming metric.

Definition 1. A Z;—submodule of C is called a linear code.

Let C C Mpnxs(Zs) be a linear code, the set w,.(C) = {P € Clun(P) =
r}|, where 0 < r < ns, is called the weight spectrum of C, and the p weight
enumerator of C is defined by

We(z) = iwr(C)z’ = Z 2N (P),

r=0 PeC

Let p = (po,p1,*** ,Ps—1) and ¢ = (g0, q1,*** ,Gs—1) € M1xs(Z4). Then the in-
ner product of p and q is defined by (p,q) = Z:;é PiQs—1—;, and this is extended
to the inner product of P and @} as
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n
(P’ Q> = Z(Pini>7
=1
where P = (P1’P2,"' ’P’n)Tv Q - (QI’QQ,”' ,Qn)T € M‘n.)(s(Z4) and Pi =
(Pios Pi1, "+ v Pi,s-1)y Qi = (Qi0y Giny "+ s Giys~1) € Mixs(Z4),1 < i< m.
For s = 1, the inner product defined above becomes

(P, Q)= Z Pzan szoqzo,

i=1
n—1
and it coincides with the usual inner product (p,q) = Zpiqi, where p =
i=0

(Po,P1, "+ ,Pn—1) and ¢ = (90,91, ,qn-1) € Z3.

Definition 2. The dual code of a linear code C over Myxs(Z4) is defined by
L = {Q € Muxs(Z4)|(P,Q) = 0,YP € C}
and C is also a linear code over My (Z,).

For the purpose of make computations easier in the proof of the following
lemmas and theorems, we define the following map. Let

@ Mixs(Z4) = Zylx}/(x°)
1

P=(po,P1,---,Ps=1) = P(T) =po+ P12+ ... + P12,
where p = (po,p1,- .. ,Ps-1) € Mixs(Z4) and p(z) = po+prz+... +ps-12°"! €
Z4lz}/(z®). The map is a Z4— module isomorphism from a Z4~ code C to ¢(C)

It can be extended naturally as follows. Let

¢ Mnxs(Za) = Mnx1(Zalz]/(2°))

P (pro+pug+...+p1e-12° Y Puo+ Pr1Z + ... + Prjs12° )T
where P = (Py, Py, , Pn)T € Mnxs(Zs) and Pi = (pio, pir, -+ ,Pis-1) , 1 <
¢ £ n. The map is also denoted by ¢, and it is also a Z4—module isomorphism
from a code C over Mpxs(Z4) to (C).

Let p(z) = po + p1% + ... + ps—12°~! € Zy[z]/(z®) , the [P0 < I < s -1)
coefficient of p(z) is defined by ¢;(p(z)) = pi. Let p(z ) g(z) € Z4[z}/(z®), the
inner product of them in terms of polynomials then becomes

{p(x), q(x)) = cs-1(p(z)a(=)).

It can be extended to matrices as follows. Let P(z) = (Py(z), Po(z), -,
Po(2))",Q(z) = (Q1(2), Q2(2), -, Qn(®))T € Max1(Zalz]/(z*)), where P;(z)
=pio+paz+.. . +pis—12°71 ,Qi(T) = g+ gz +.. . +gis—12°7 € Zo[z]/(2*),
1 <4 < n, and the inner product of P(z) and Q(z) then becomes

n

(P(2), Q) = 3 (Pi(a), Qi(a)) = chl (2).

i=1

i
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The Hamming weight of an element a € Z4 is defined by

w(a) = 0, a=0
11 a#0 "
n—1
Then, the weight of p is defined by w(p) = Z w(p;), where p = (po,p1,"
=0
pn—l) S ZZ'

Definition 3. Let p = (po,p1,-* ,Pn—-1) € Z¢ and Y = (y1,y2, - ,¥n), We
define the complete p weight enumerator of a Zy—code C' by

Y)= Z y'lv(Po)y;v(m) . ,.y:l”(pn—l)_
PeC

Definition 4. Let P = (pij)nxs and Yoo = (Y10, 1 Y1,6-1," " 1¥n0s*** » Ynyo—1)s
where 1 <4< n,0 <j < s—1. We define the complete p weight enumerator of
a code C over Mnxs(Zs) by

WC(Yns) = Z y;‘é)(pw) e y;‘jgp_l = 1) y::’(P'nO) y:(f_n .- 1)

PeC

In the above definition, if we let n = 1,s = n, and arrange the subscripts
properly, then we easily obtain the definition 3. Note that it is a polynomial
of ns variables. Further, it is possible to obtain the p weight enumerator of C
through a proper transformation.

In the sequel of this paper, the definitions of the Lee and the exact complete
p weight enumerator of a code C over My xs(Z4) are given at first. Then, the
MacWilliams identities for the two weight enumerators of a linear code C over
M, xs(Z4) are proved, and some corollaries are obtained at last.

3. The Lee complete p weight enumerator

Definition 5. The Lee weight of an element a € Z; is defined by

0, a=0
wrp(@)=¢ 1, a=1lor3
2, a=2
n-1
and then the Lee weight of p is defined by wi(p ZwL(p, where p =
=0

(pO»pla' o 7pn—1) S ZZ'

Definition 6. Let p = (po,p1, " ,pPn-1) € Z7 and Y = (y1,¥2,*** ,¥n). We
define the Lee complete p weight enumerator of a Zy—code C by

Leec(Y) = Z wa(Po) wr(p1) | wL(Pn 1)
PeC
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Definition 7. Let P = (pij)nxs and Yns = (Y10, 1 Y1,a=1s"** s¥n0s* " * yYn,s=1)5
where 1 <i <n,0 <j <s—1. We define the Lee complete p weight enumerator
of a code C over Myxs(Z4) by

Leec (Y, }:ym(pm) . m(m s-1) __, wi(Pno) | wb(pn‘a D

Y1,5-1 " Yno **Yn,s—1
PeC

In the above definition, if we let n = 1,5 = n, and arrange the subscripts
properly , then we can obtain the definition 6 easily. Note that it is a polynomial
of ns variables. Further, it is possible to obtain the complete p weight enumerator
of C through a proper transformation.

If we let s = 1, then the p metric defined in this paper is just the usual
Hamming metric, and the inner product of P and @ defined above becomes the
usual inner product. If we arrange the subscripts properly, then we obtain a new
weight enumerator

Lees(Y Z yWL(Po) wr(p1) | 'wL(Pn 1)
PeC

where p = (po,P1,*** ,Pn~1) € 27 and Y = (y1,%2,"** ,Yn), which is called the
Lee complete weight enumerator of a Z4—code.

Lemma 1.1% Let £(a) = i® for all a € Zy, where i2 = —1. Let H # {0} be a

subgroup of Z4. Then

_ 1, H= {0}

Z §lo) = { 0, otherwise °
acH

Lemma 2. Let C C Myx.(Z4) be a linear code, and P(z),Q(z) € Mnx1
(Zs[z]/(z®)). Then

S are.een-{ 1y o980

P(z)eC

Proof. If Q(z) € C*, then it is clear. If Q(zx) ¢ C*, then there exists P(z) € C
such that (P(z),Q(z)) # 0. Then

Y. E(P@),Q()) > € (Z Cs—l(Pi(fc)Qi(x))>

P(z)eC P(@eC \i=l

Y T é(co-1(Pi=)Qi(2)))

P(z)eC i=1

Z H§ (vaql s-1 -1)

P(z)eCi=1
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n s—1

= Z H H £(pijis—1-5)

P(z)eC i=1 j=0

n s—1

III Y. ¢wigie-1-s)-

i=13=0p;;€2Z4

]

( from lemma 1.) O

Lemma 3. Let 3 € Z4 and i,j be fized, and let Pi(z) = pio + pax + ...+
Dis-13°"1 € Zy4|z)/(2°). Then

(1) Z £( 'Ba)ywz,(a) =(1+ yij)z—wz,(ﬁ)(l _ yij)w"(ﬁ);

a€Zy
) 2 &P aa s ) = (14 )P (1 gy eeenied),
a€Zy
Proof. (1) From the definitions, we have
wi (@) (1 +335)%, B=0
> By ™ = ¢ (L+yi)(1~wi), B=1or3
a€Zy (1 - y,-j)2, 6=2

= (L+yyy)" =0 - gy @,
(2) From (1), we have

3 €(Pi(x), oz )yt
ij

a€Zy
= Z 5(03—1(Pi(:c)(axj)))y:‘]’L(")
a€Zy
Z £ p‘L s~1 -—J y:‘;L(a)
a€EZ,
(1+y35)?, Pis—1-5 =0
(14 9:5)1 = 435), Pia—1-; =lor3
(1-w;5)? Dis—1—j = 2

(1 + y )‘2 'wL(P: a— l—J)(l —_ y )WL(Pv - l—])
g
Lemma 4. Let f : Mpx1(Za[z)/(2°)) = Clyr0, - ¥1,6=15"* 1 Yn0s " * » Yn,s—1)-

Then
Y f(QE) Z f(P(x))

Q(z)eCt P(z)GC
where f(P(z)) = ZQ(z)éMnxl(Zq[:c]/(x’)) §((P(z), Q(z))) f(Q(z))-
Proof. We take R = Z, in lemma 2.3 in [10], then the result is obtained. O
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Now we obtain a MacWilliams identity for the Lee complete p weight enu-
merator of a linear code C over M, «,(Z4) as follows:

Theorem 1. Let C be a linear code over Myxs(Z4). Then
Z ywz,(qw) L gwr{ae-1) wL(gno) wa(qna 1)

Yis-1 *Yngo " Yn,s-1
Q(z)eC+
n s—1 n g-1 'wL{Pk.a——l—f)
1—yu
04| ¥ HH(——) -
|Cl i=1 ;=0 P(z)eC k=11=0 T4 yw
n s—1
Proof. We take f((Q1(z)," - ,Qn(z yw"(q" ) in lemma 4. Then
i=1j7=0
) n s—1
— w
f(P(x)) 3 e(P(), Q@) T T v
Qz)eMax1(Zalz]/(2%)) i=1j=0
= Y e(Pi), qo)yig @
q10€2Z4
> P (@), gz e
q1,5-1€2Z4
S E((Pala), guo) s ).
In0€Z4
3 E(Pa(@), gn oozt ),
Gn,s-1€Z4

Applying lemma 3,
j(P(Z‘)) = (1 + y10)2—wL(Pl‘s—l}(l — le)wL(pl’a_‘} .
{1+ y1’3_1)2-w1.(17m}(1 _ yl,s—l)wz‘(pm)

(1 + gno)?~¥elPre-1)(1 — yno)%ff’n»s—w .

(1 + Yn,s— I)Z—UJL(pnG)(l . l)wb(p"e)
n §g=—1
= H H ((1 + ¥ij )2 wi (Pi,so— 1—:)(1 - ¥ij )w;,(pt . 1_1))
i=1 j=0
(ﬁﬁ Z HH 1*3/1:1)%(?:“ - 1)
= y”) (
150 p(aecizij=o LT UM
Finally by applying lemma 4, we obtain the result. .

In the above theorem, if we let n = 1,5 = n and arrange the subscripts
properly, then we can easily obtain the following corollary which is called a
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MacWilliams identity for the Lee complete p weight enumerator of a linear code
C over Zy.

Corollary 1. Let C be a linear code overZy , q(z) = qo + 1z + -+ + gn—-12™!
and p(z) =po+ P1Z+ -+ + Ppn12™ € Zy[z]/(z"). Then

Z y;vz,(qo)y;vn(qx) . y;llUL(qﬂ—l)
q(z)eCL

_ 17 1— g \ens)
_ﬁ(gy‘?) 2 H( +yk) '

p(z)eC k=1

If we let s = 1 in theorem 1 and arrange the subscripts properly, then we
obtain another corollary as follows, which is called a MacWilliams identity for
the Lee complete weight enumerator of a linear code over Zj.

Corollary 2. Let C be a linear code overZs, q(z) = qo + 1 + - -+ + gn—12™!
and p(z) = po+ P12+ -+ + pn-12"" € Zaz]/(z"). Then
Z yvl.vz,(QO)y;UL(m) . y::’L(q'n—l)

q(z)eCct

e (Hy) > H(llzl,:)%(m_l),

p(z)eC k=1

The following transformation will play an important role in the proof of the
last corollary in this part. Let

A = {y;UL(ao) . y::!z,(an—l)la — (ao’ . ’an——l) € ZZ}v
B = {XPureolyuile) . xiwilen-)ywilon]a = (ag, -, anoy) € Z5)
(X2P-vL@Ywe@|g = (g0, an_y) € Z2}.
Define map ¢: A — B

y;vz,(ao) .. 'y:lUL(an—l) — X2-wi(eo)ywe(ao) ,,, x2-wi(an-1)ywi(en-1)
= Xx2n-wi(a)ywr(a)

and ¢ is an additive group homomorphism from A to B.

Denote the left and the right of the formula in corollary 2 by LHS and RHS
respectively. Then

(1) It is clear that ¢(LHS) = Leeg. (X,Y);

(2) Because

RHS = — Z H (1 + ye)? e Pe-1)(1 — gy, )welPe-1)
|C| p(z)eC k=1
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= l Z H Zzpk 13) wi ()

p(z)eC k=1 \j=0

Z Z Z'P()jl ++pa-1jn y;‘t’f‘(]l) N y:fl«(jn)’
p(m)ecjh "\Jn€Zs

so that

#(RHS) = Z Z jPodittpno1in x2-wi(h)ywe(in) ...
p(x)€C jiy 1 Jn€Za
X2 wr (Jn)ywb(]n}

= Z H Zzpk -1 x2-wi(f)ywe(s)

p(m)EC k=1 \j=0
1
= G > [T0X + v estesn(x - yyouton
p{x)€C k=1

= LY (x4 1) Tt (g y) K, v

I | p(z)eC

- L Z (X + Y)2—wlp)(x — y)yue ()

cl plz)eC

1
= —Leec(X+Y,X-Y).
Then we have:

Corollary 3.2 Let C be a linear code over Zy. Then

—1—Leec(X +Y,X-Y).

Leeg (X,Y) = ]

4. The exact complete p weight enumerator

The definition of the exact complete p weight enumerator of a code C over
M xs(Z4) will be given at first.

We can determine a code from its exact complete p weight enumerator. For
example, let

1
c= |3
{0

o D

2
0
1
1 00

be a codeword of C, where C is a code over Mpxs{Z4). Then, we use the

polynomial yioyt1 ¥T2u302193:980Y31 ¥52¥dov1 932 = Y10¥T2y30y21 Y3230 to denote
the codeword c.
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In general, we use yj; (where a € Z;) to denote that it is just the element

a located at the row ¢ and column j in a matrix of C, and use the polynomial
cio €1,9—-1 Cno Cn,s—-1

Y10 Y121 "' YUno ' Yn sy tO denote a matrix
Cilo '+ Ci,5-1
C = . v P
Cno ' Cnye—1

So ¢ is decided by the polynomial singly, and the p weight of ¢ can be seen
from the polynomial directly. Then we have:

Definition 8. The ezact weight of an element a € Z, is defined by
we(a) = a.

Definition 9. Let p = (po,p1, - ,Pn-1) € ZF and Y = (y1,¥2, " ,Yn). We
define the exact complete p weight enumerator of a Z4—code C by

Ec(Y)= 3" ype®olype®) yuelon-i) = 5™ ypoypr. . ypn-s,
pPeC PeC

Definition 10. Let P = (pij)nxs € Mnxs(Zs) and Yos = (y10,° -+ 1 ¥1,6-1,° "
Yn0s* " yYn,s—1), Where 1 € <n,0 < j < s—1. We define the exact complete
p weight enumerator of a code C over Mpxs(Z4) by

EC(Yna) = Z y;‘g(Plﬂ) yw:(l’l 8= 1) y;J:(Pno) y::):(fn ,8— 1)
pPeC
— Z yféo Ve yf:”s_"ll . nO . yznss 11
PeC

In the above definition, if we let n = 1, s = n, and arrange the subscripts prop-
erly, then we can obtain the definition 9 easily. Further, it is possible to obtain
the Lee complete p weight enumerator of C through proper transformations.

If we let s = 1, and arrange the subscripts properly, then we obtain a new
weight enumerator

E&(Y)= Y by
PeC

as before, where p = (pg,p1, - 1Pn—1) € Z and Y = (y1,¥2, - ,Yn), which is
called the exact weight enumerator of a Z4— code.

Lemma 5. Let 8 € Z, and i,j be fired, and let P;(z) = pio+pax+ ...+
Pis— 12°7 € Zy[z)/(z®). Then

M) D By = (1+EB)wi; )1+ (€(B)wi)?);

a€Zy

(2) D E((Pila), 0m )y = (1+ E(Pio-1-5)0i5) (1 + (EPis—1-7)055)°)-

a€Z,
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Proof. (1) From the definitions, we have the result immediately. (2) From (1),
we have

S (Pl or s = Y € (Pla)aah )
aEZ, aEZy
= Z&(pi,aﬁlﬂja)yf’;
a€EZy

(1 + E@is—1-5)9i5) (1 + (E(Piya—1-7)wi5)%)-
O

Now we obtain a MacWilliams identity for the exact complete p weight enu-
merator of a linear code C over My, x,(Z4) as follows:

Theorem 2. Let C be a linear code over Mpys(Zs). Then

qgi0 wql,s—1 qn0 Whn,s~1
E Yo " Y152 “Yno " Yn,s-1
Q(z)eC+

n g-—1

1 > IIII (1 + &Pk, a-1-1)ykt) (1 + (€(pk,s-1_z)yu)"’).

P(z)eC k=11=0

Proof. We take f((@1(z), - ,Qn(z))T) =T 152 qu" in lemma 4. Then

n s—1

f(P(z)) = >, o) [T11v%
Q(E)EMnxl(Zla[m]/(x")) i=1j=0
= Z §((P1( Q10 )qu e Z 6 Pl (I1,s—1$ ))yllhsi )

q10€Z4 q1,5-1€24

Z f Pn QnO yZ’é" : Z 5 -Pn(x) Qn,s— 1z° ))yZ"sT-
ano€Zq Gn,s-1€2Z4

Applying lemma 5,

F(P(z)) (1+ €(p1,5-1)y10) (1 + ((P1,5-1)¥10)%) - -
)

(1 + €(P10)y1,5-1)(1 + (E@10)Y1,6-1)°
(1 + §(pn s— l)yno)(l + (E(pn §— l)ynO)z)
(14 &(Pno)yn,s—1) (1 + (€(Pro)Yn,e—1 )2)

n s—1

= JITIQ+€@ro-1-wm) (1 + (E@r,s-1-0y0)?)-

k=11=0
Finally by applying lemma 4, we obtain the result. O
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In the above theorem, if we let n = 1,s = n and arrange the subscripts
properly, then we can easily obtain the following corollary which is called a
MacWilliams identity for the exact complete p weight enumerator of a linear
code C' over Z,.

Corollary 4. Let C be a linear code overZ,, ¢(z) = qo+ 1z + -+ + qn_12™!
and p(z) = po+p1T + -+ + pa1z™ ! € Zy[z]/(z™). Then

> yi"’yé“"'y%"“‘—l 3 > H (14 &(Pn—rk)ye) (1 + (E(Pa-k)k)?))-

q(z)eC+ p(z)eC k=1

If we let s = 1 in theorem 2 and arrange the subscripts, then we will obtain
another corollary as follows, which is called a MacWilliams identity for the exact
weight enumerator of a linear code over Z4.

Corollary 5. Let C be a linear code over Z4, q(T) = go+ 1z + - + G127}
and p(z) = po+ p1&+ - + pn_12™! € Zy|z]/(z™). Then

Y oweg = Y H(1+m DY) (1 + (EEr-1)3)?))-

q(z)eC+ Il p(z)€C k=1

The following transformation will play an important role in the proof of the
last corollary in this part. Let

A = {I° e = (a0, ,an-1) € 27},
B = {Xs ' Xa._.la= (a0, ,an-1) € Z}}
= {Xp"@Wx O xO %3 Do = (g, ,an-1) € 23},
Define map ¢ : A — B
Yoyt X Xy = X(‘)”"(“) X;vl(a) X;vz(a) X;va(a),

and ¢ is an additive group homomorphism from A to B.

Denote the left and the right of the formula in corollary 5 by LHS and RHS
respectively. Then

(1) It is clear that ¢(LHS) = cwec+ (X,Y).

(2) Because :

RHS |Cl > HZ(E(Pk 1ye)

p(z)eC k=1j=0

Z Y. H(&(p, Dy;),

p(z)eC k- kn€Z4 j=1

so that
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#(RHS) = Z > ng, 1kj)e

p(z)60k1, kn€Z4 j=1

)
Z Z E(poky + + - - pn—1kn) E‘ 1Sy ...:L-321=1 3,k

p(2)€C k1, kn€2Z4

G proh g

p(z)ECk1624
Z épn lkn t 63 rkn
kn€2Z4
1 3 3
=G Y (}:(E(pok)wk)“-Z(&(pn_lk)wk)>
p(z)eC \k=0 k=0
Z H Jk zk 'wJ(P)
p(:r:)EC] =0
1 3 wo(p) 3 wa(p)
=G Y. (Z(&(%)u)) --~<Z<§(3k>mk)>
‘ p(z)eC \k=0 k=0

3 3
= I—é—lcweo (Z{(Ok)mk,--- ,Z&(?;k)mk) ,
k=0 k=0

where

Then we have:
Corollary 6.1'2 Let C be a linear code over Zs. Then

cweg. (o, T1, T2, T3) cwec(xy + x1 + T2 + 23, To + ixy — T2 — i3,

L
IC|

To — T1 + Tp — T3, Top — 1T1 — T2 + 1T3).

5. Conclusion

From this paper, we can recognize that the Lee complete p weight enumer-
ator of a code over Myx5(Z;) is a generalization of the Lee complete weight
enumerator and the Lee weight enumerator of a code over Zy. Furthermore,
the MacWilliams identity for the Lee complete p weight enumerator of a linear
code over My, x5(Z4) is a generalization of the MacWilliams identitiy for the Lee
complete weight enumerator and the Lee weight enumerator of a linear code over
Zs. Also, the exact complete p weight enumerator of a code over My xs(Z4) is
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a generalization of the exact weight enumerator and the complete weight enu-
merator of a code over Z4. Furthermore, the MacWilliams identity for the exact
complete p weight enumerator of a linear code over Myxs(Z4) is also a gener-
alization of the MacWilliams identity for the exact weight enumerator and the
complete weight enumerator of a linear code overZ,.
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