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WEIGHTED COMPOSITION OPERATORS FROM F(p,q,s)
INTO LOGARITHMIC BLOCH SPACE

SHANLI YE

ABSTRACT. We characterize the boundedness and compactness of the
weighted composition operator uCy, from the general function space F(p,
g, s} into the logarithmic Bloch space 81, on the unit disk. Some neces-
sary and sufficient conditions are given for which «C, is a bounded or a
compact operator from F(p,q,s), Fo(p,q,s) into Bz, B2 respectively.

1. Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane C, and
H(D) denote the set of all analytic functions on D. For f € H(D), let

2
I fllg, = sup{(1 — |Z|2)1n(1 — IZl)|f'(2)| :z € D}.
As in [6], the logarithmic Bloch space §j, consists of all f € H(D) satisfying
I flls, < 400 and the little logarithmic Bloch space 7 consists of all f € H(D)
satisfying lim,,|_,;- (1 — |z|2)1n(1—_2|—z—|)|f’(z)| = 0. The B is a Banach space
under the norm

11l = 1£ O]+ 11 flls. -

In [6], the author proved that 89 is a closed subspace and coincides with the
closure of polynomials under the norm. Yoneda [8] studied the composition
operator in the 8;, space and the 89 space.

We write 8, (o > 0) for the space of analytic function f for which |||z, =
|£(0)| + sup,cp(1 — |2]*)*|f'(2)] < oo and BS (& > 0) for f € B, such that
limyj1-(1 = [2]2)*|f'(2)| = 0. The functions in B, and 8% will be referred to
as a-Bloch functions, little a-Bloch functions respectively. It is easily proved
that for 0 < a < 1, S, ; 8L g B1. For more information about the 8, (see

(12]).
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978 SHANLI YE
Let dm denote the Lebesgue area measure in D. Let 0 < p,s < oo and

-2 < g < oo, then a function f € H(D) is said to belong to the general
function space F(p,q,s) (see [11]) if

NP5y = [FO)] +{ Sup/ F@PA - 12201~ lpa(2)2)* dm(2)}7 < oo
a€D JD
and the little general function space Fy(p,q,s) if f € F(p,q,s) and

fim_ [ 1P~ ) = ea(2)) dmz) =0.
D

laj—1"

Here ¢, is a conformal automorphism defined by ¢, (2) = =% fora € D. We
can get many function spaces if we take some specific parameters of p, ¢, s.

For example (see [11}), F(p,¢,s) = fas2 and Fy(p,g,8) = B for s > 1
P 4
F(p,q,s) C Bat2 and Fy(p,q,s) C By, for 0 < s < 1; F(2,0,5) = Q, and

Fo(2,0,5) = Q,0; F(2,0,1) = BMOA and Fy(2,0,1) = VMOA. For more
information about the BMOA and VMOA (see [1]). If ¢+ s < —1, then
F(p,q,s) is the space of constant functions.

An analytic self-map ¢ : D — D induces the composition operator C, on
H(D), defined by C,(f) = f(p(2)) for f analytic on D. It is a well known con-
sequence of Littlewood’s subordination principle that the composition operator
C, is bounded on the classical Hardy and Bergman spaces (see, for example,
(2, 13]).

Recall that a linear operator is said to be bounded if the image of a bounded
set is a bounded set, while a linear operator is compact if it takes bounded sets
to sets with compact closure. It is interesting to provide a function theoretic
characterization of when ¢ induces a bounded or compact composition operator
on various spaces. The book [2] contains plenty of information on this topic.

Let u be a fixed analytic function on the open unit disk. Define a linear
operator uC,, on the space of analytic functions on D, called a weighted com-
position operator, by uCy, f = u- (f o), where f is an analytic function on D.
We can regard this operator as a generalization of a multiplication operator
and a composition operator.

In [4, 5], Ohno, Stroethoff and Zhao have characterized the boundedness
and compactness of weighted composition operators between a-Bloch spaces,
between H> and the Bloch space 81, and from the little Fy(p, ¢, s) into the little
Bloch space 8Y. The boundedness and compactness of weighted composition
operators from F(p,q, s) into the Bloch space 8, were investigated in [9].

In this paper we study the weighted composition operators from the general
function spaces F(p,q, s) into the logarithmic Bloch space 8r and the little
Fs(p, q,s) into the little logarithmic Bloch space ﬁ%, Throughout this paper,
constants are denoted by C, they are positive and may differ from one occur-
rence to the other.
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2. Boundedness and compactness of uCy, : F(p,q,s) — O

In this section we characterize the boundedness and compactness of the
weighted composition operator «C, : F(p,q,5) = [(r. For this purpose we
need some lemmas. The following lemma can be found in [11].

Lemma 2.1. Suppose that 0 < p,s < 00, —2< qg< 00, qg+8>—1 and f €
F(p,q,s). Then there is a positive constant C such that || flls, < Cllfllr(p,g,s),

moreover, if f € Fo(p,q,s), then f € B0, where a = 1';—2.

Lemma 2.2 ([7]). Supposet >0 and f € H(D). Thensup,cp(1-|2))Yf(2)} <
+00 if and only if sup,cp(1 — |2])' T f/(2)] < +00.

Lemma 2.3. Let 0 < p,s < 00, -2 < g < o0 and g+ s > —1. The operator
uCy : F(p,q,s) = Br is compact if and only if for any bounded sequence {fn}
in F(p,q,s) which converges to zero uniformly on compact subsets of D, we
have ||uCy frll — 0 as n — oo.

Proof. Using [6, Lemma 2.1] and Montel’s Theorem, one may prove the lemma.
The details are omitted here. O

Lemma 2.4 ([7]). Let a >0 and f € B5. Then
(1) 1£(2)] < Cllfllp.., where a < 1;
(@) f()] < Clog(s=Ep)flls.., where a =1;
(3) 1f(2)] £ aeppe=rlflls., where o > 1.
Theorem 2.1. Let 0 < p,s <00, ~2<qg<00,g+s> -1, ue€ H(D) and ¢

be an analytic self-map of D.
(i) If 24 ¢ > p, then uC,, is a bounded operator from F(p,q,s) to By if and

only if

(1~ 22 log 2

(1} Sgg (1~ Jp(2)]2)e [u(z)e'(z)] < +o0
and
(2) sup (1—|2]?)log = o) < 40

:ep (1= lp())>1
where o = 42,
(i) If 2+ ¢ < p, then uC, is a bounded operator from F(p,q,s) to Sz, if and
only if u € B and (1) holds.

(i) If 2+ ¢ = p, s > 1, then uC,, is a bounded operator from F(p,q,s) to
Br if and only if (1) holds and

, ) 2 2
@) sup I (e log () s (7o) <

{(iv) Let24+qg =p, 0 < 8 < 1. Then uC, is a bounded operator from F(p,q,s)
to B provided that (1) and (3) hold.
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Conversely, if uC,, is a bounded operator from F(p,q,s) to B, then u € B
and (1) holds.

Proof. Suppose that uC,, is bounded from F(p, g, s) to Br. Then we can easily
obtain u € f, by taking f(z) = 1. Let a = i’;—2. Fixed w € D, we consider the
function

(z = p(){ ~ Jpw)*)
(1= p(w)z)aH

(4) fu(2) =

Then || fullp(p,q,s) < C by [9], where C is not depended on w. Since that
Fw(o{w)) =0 and f] (p(w)) = 1—(%(1w)l y» it follows that

(-pPlogdy
- Tepye )

2
= (1-|wl*) log(l_—m)IU(w)f;(w(w))so’(w)l
< NuCpfullr < uCollllfull p(p,a,s) < ClluCll < +o0,

which showing that (1) is necessary for all case.
(i) Let a = 9:—2 > 1. Fix w € D, we take again the test function

(a+ (1 —Jp@)P)  a(l - |p(w)P)?
5 w = — — — .
®) A = oS PR sy P

Then we can easily prove that ||gw||Fep,e,s) < C by using the same methods
in [9], where C is not depended on w. Since g (¢(w)) = 0 and gu(p(w)) =
Wul))lz)aj, it fOHOWS that

(1= |w[*) log(

o W ptw))

= (1= fuf") g = (uC,g) ()

< uCogullt < [uCyllgullrimas < ClluCyll < +oo.
So,
1 -|w)log =5,
sup u' (w)| < +o0.
S A et @)

This proves that (2) is also necessary.
Conversely, suppose that u and ¢ satisfy the condition in (i). For arbitrary
f€ F(p,q,s), by Lemma 2.1 and 2.2 we have

sup(1 — [2]*)%F'(2)| < CUFllF@pras)
z€D
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and sup,cp(1 — |2|2)*7Hf(2)] < CllfllF(p,q.5)- It follows that

uCi s,
< sup(1 ~ o) log(— o' (2)f (0(2)]
zeD |Z|
+sup(1 = [2f) log( =) u()IIf (0(2))' (2)
z€D izl
. 1— 2va—1 (1 - |z|2) log 1_2|Z| ,
= sup(1 = [p(5) ")~ (e T 1 )

el o1 (1-lzP)log 7,
+§lelg(1 = e (2)")* | (0(2))] A= o) o' (2)u(2)]

S CHf”F(p,q,s)
and by Lemma 2.4

Clu(0)]
(a = 1)(1 = |e(0)])
Hence uC,, is bounded from F(p,q,s) to Br.
Next we will prove (ii). Let a = 92;—2 < 1. Suppose u € B and that (1)

holds. Assume that f € F(p,q,s). Then we have sup,cp [f(2)] < Clifllr(p,q.5)
by Lemma 2.1 and 2.4. It follows that

[uCy flls.

< sup(1 - |2f*) log(
z2€D

[u(0)£(£(0))] < Tl llse S CllFllF,a.5)-

2
1-14

)u'(2)f (0 (2))]

+ sup (1~ |2 log = ()1 (92 )
2€D Zl

(- =) log 25 |,
S C“u”ﬁL”fHF(p,q,s) =+ CHf”F(p,q,s) sgg (1 — |LP(Z)|2)O‘ |90 (z)u(z)|

S C”f”F(p,q,s)

and [u(0) f(¢(0)] < Clu(O)l|fllF(p.q,s)- Hence uC, is bounded from F(p,q, s)

to Br.
Conversely, we have proved that (1) holds and u € 3, above.

Finally let o = 3—'}*;—2 =1and s > 1, we set

1 2
1 7 (log ——)*
1-p(w)z o8 T mype 1—p(w)z

(6) hy(z) = 2log

for z,w € D. Then

1 —p(w)z 1- o)z’ (1 - p(w)z) log =meE
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By a direct calculation we get sup,,cp ||hwlls, < C < +00. Noting s > 1, thus
we have h,, € F(p,q,s) and sup,cp ||hwllp(pq,5 < C < +00 by introduction.

Since h!,(p(w)) = 0 and hy, (p(w)) = log ijlj(—w)lg, it follows that

sup [u'(w)|(1 — |w|?) log( ) log(

weD 1- |’LU1

2
T To(@)P
= sup (1~ fof?) log(g—)lu' () ()

[uCohullr < N[uCollllhwllF(p,g,5) < ClluCy|l < +o0,

IN

which showing that (3) is necessary.
Conversely, suppose (1) and (3) hold. Assume that f € F(p,q,s). Then
f € p1 by Lemma 2.1. From Lemma, 2.4, it follows that

[luCo flls,

sup(1 — |2|*) log(
z€D

IN

2
T R )

+ sup (1 = |2f) log( =Dl (0(:)) )
zeD z

AN

2 2
Cllfllep.a,s) Sgg lu'(2)|(1 = |2|?) lOg(1 — |z|)10g(1 — |90(Z)|2)

(1= |sP)log 57
00 500 s (2ule)] < Cllf

and

[u(0)£((0)] < ChulO)1og(— )|l <

Hence uC,, is bounded from F(p,q,s) to fr.
(iv) The results have been proved in case (ii) and (iii). O

Corollary 2.1. Let 0 < p,s < 00, -2 < g < 00,g+ s > —1 and ¢ be an
analytic self-map of D. Then C, is a bounded operator from F(p,q,s) into B,
if and only if

(1= [21*) log 75
sup s ! |o'(2)| < +o0.

D (1~ [p(a)2)

In the formulation of the corollary, we will use the notation M(X,Y) to
denote the set of all multipliers of X intoY: M(X,Y) ={u: fue Y forall f ¢
X}. By M, we denote the operator of multiplication by u: M, f = uf, f € X.

Corollary 2.2. Let0 < p,s <00, 2<g<oc,g+s>—1.
(1) If 2+ q > p, then M(F(p,q,s), B1) = {0}.
(2) If2+ q <p7 then M(F(p,q,s), IBL) = BL-
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Proof. If 24 g < p, then M, is bounded from F(p,q,s) to 8. if and only if
u € 81, and

(7) sup(1 — [2[)'~ % log ju(2)] < 00
zeD

2
1-|z|
by Theorem 2.1. However, if u € S, by [6, Lemma 2.1}, we get

(2] < (2 + logllog 7=l

Hence (7) holds, since -‘1:—2 <1 0O

Theorem 2.2. Let 0 < p,s < 00, —2< ¢ < 00,q+s> -1, ue H(D) and ¢
be an analytic self-map of D.

(i) If 24 g > p, then uC, is a compact operator from F(p,q,s) to Br if and
only if u, up € B,

(1 -1z log 2

i [=] , _
® MBEH_ (1 - Jo(2)]2) lu(z)p'(z)| = 0
and
=P log iy
©) |<P(zlﬁgl— (1= |p(2)2)a—1 lu'(2)] =0,

where o = —‘IJ;TZ.

(ii) If 2+ q < p, then uC,, is a compact operator from F(p,q,s) to B, if and
only if u, up € B, and (8) holds.

(i) If 2+ q=p, s > 1, then uC, is a compact operator from F(p,q,s) to
B if and only if u, up € B, (8) holds and

(10) tim o (2)|(1 ~ [#f?) log(—

le(z)|—

) log( )= 0.

2
1— Jo(2)]?
Proof. Suppose that uC, is compact from F(p, g, s) to fr. It is easily obtained
that u, up € B, by taking f(z) = 1 and f(z) = z respectively. Let a = 9’;—2
and {z,} be a sequence in D such that |p(z,)| = 17 as n — co. We take the

test functions

|2

(2 = o)) (1~ (zn)l2)
(1 —¢(zn)z)>t!
Then f, € F(p,q,s) and sup,, || fallF(p,q,s) < C < 00 by using the same methods

in [9]. Then {f.} is a bounded sequence in F(p,q,s) which converges to 0
uniformly on compact subsets of D. Note that f,(p(2,)) =0 and f (p(zn)) =

fn(z) =
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W, it follows that
[[uCo fallr > [[uCy falls,

> (1= |zn|") log(3 _2|Zn| ' (zn) . (£(2n)) +u(20) fa(9(20)) ' (20)]

(1 = |za|*) log ﬁ ]
= ~ |u(zy, Zn)|-
A= Telempre %)
Then, by Lemma 2.3, (8) holds for all case.
(i) Case a = 3—153 > 1. We consider the functions g, defined by

@+ DA = loza)?) e —p(z)?)?

(1 —(zn)2)* (1 = p(zn)z)ot?
Then g, € F(p,q,s) and sup,, ||gnllF(p,q,s) < C < 00, 50 {gn} is a bounded
sequence in F(p, g, s) which converges to 0 uniformly on compact subsets of D.
Since g/,((2n)) = 0 and ga(p(zn)) = [=ppreyeye=r it follows that

(11) gn(z) =

[luCopgnllL > ”ucsogn”ﬂzz

> (1 - |zn|2) log(

| N (2n)gn ((2n)) +u(20) 9r (9(20)) " (2n)]

1
(1= lgp(zn)®)>t

2
1— |z,

2
— _ 2 s
= (1~ Jzal*) log(-—

|2n]

' (zn)|

Then (9) holds by Lemma 2.3.
(ii) Case a = % < 1. The necessity in condition (ii) has been proved
above.
(iii) Case o = q;%z =1 and s > 1. We take the other test functions
2 2 2
L—plzm)z @ 1 -g(zn)z

3
hn(2) = o (log

where a,, = log W. Clearly h,(z) — 0 uniformly on compact subsets
of D. By a direct calculation we get sup, ||hnllg, < C < +oco0. Noting s > 1,
thus we have h, € F(p,q,s) and sup,, ||ha||p(p,q,s) < 00 by introduction. Then
{hn} is a bounded sequence in F(p,q,s) which converges to 0 uniformly on
compact subsets of D. Note that A/, (¢(2,)) = 0 and h,(©(2,)) = an, it follows
that

[uCohnllL 2 |luCohnl|s,

2 (1= 202 08 (o)) 4 B ()¢ )

= (1= |zn[*) log( 1 ~2|zn|)log 1- |802(zn)|2 ' )l

Then (10) holds by Lemma 2.3.
Now we prove the sufficient conditions.
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Case a = 2—';—‘1 > 1. Assume that (8) and (9) hold and u, up € 8r. Then
it is not difficult to obtain that (1), (2) and

2‘ ) (2)] < o0

hold. Let {f.} be a bounded sequence in F(p,q,s) which converges to 0 uni-
formly on compact subsets of D. Let M = sup, || fallp(p,q,s) < +00. We only
prove limg, o0 [[uCy(fr)|lL = 0 by Lemma 2.3. This amounts to showing that
both

(12) Sup(1 — |2[*) log(

sup (1~ 1) log( =) u(w) £ ()¢ (w)] — 0

weD
and 5
sup (1 — |w|*) log( ' (w) fu(p(w))] — 0
weD 1- "U)l
as n — oQ.

If [p(w)] < < 1, by (12), then
) (el )] < Cmax| £1(2)
If [p(w)] > 7, then by Lemma 2.1 we get

(1= o) o o) ) f () ()

(1 — jw]?) log( - |w|)|
(1 = lp(w)[?)=

(1 = fwf?) log(

SC’M

¢’ (w)u(w)|.
Thus
Mu(w) £, (o(w))e' (w)]

(1~ wP) log(=257)
< C max |fl(w)|+CM sup d
ma () +CM sup R

First letting n tend to infinity and subsequently r increase to 1, one obtains
that

sup {1 = |w]?) log(——
sup (1 fuf?)log( ;=

¢ (w)u(w)].

sup (1 — Juf?) log( ) u(w) £4 () )¢ (w)] — 0
weD 1 !’U)[

as n — 00. The other statement is proved similarly.

If |p(w)| <r <1, by u € S, then
(1 = [0l log( =l (w) o )] <l x| (o).

If [p(w)| > r, by Lemma 2.1 and 2.2, then

(1~ w]?) log(1-24)
(1 - p(w)P)aT

(1 = fw]?) log(;——lu'(w) fa(p(w))| < C |’ (w)].
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Thus

sup (1 = ") log(; I’ (w) (20|

weD 1_| l
(1 = w]?) log(1=257)
< ||u|lp max | fn(w)| + CM  sup
lllz max [fn ()| +CM S =7 p)et

|’ (w)],

which also implies that

sup (1 — [w]?) log( w'(w) fn(p(w))] — 0

weD 1- |’UJ|
as n — 0o.
Case a = % < 1. Similarly, let { £, } be a bounded sequence in F(p, g, s)
which converges to 0 uniformly on compact subsets of D. By Lemma 2.1 and
[10, Lemma 3.2] we have sup,cp | fn(2)] — 0 as n = oo. Then

sup (1 — [10]?) log(——) ' (w) fa (0(w))] < lfullz 5up | ()] — O
weD 1 |w] zeD

as n — co. As the same proof as in case a = 2% > 1, we get

sup (1 — |w]?) log( )|u(w) fr (@(w))e' (w)| — 0.

weD 1- |'lU|
Hence uC, is a compact operator from F(p,q,s) to 8r.
Case o = % = 1 and s > 1. Let {f,} be a bounded sequence
in F(p,q,s) which converges to 0 uniformly on compact subsets of D. Let
M = sup,, || fall F(p,q,5) < +00. By Lemma 2.1 and 2.4, we get

(13) sup ()| < CM log 1—_—%
If lp(w)] <r <1, by u € fr, then
(1= ) 0BT ) )] < [l ma £ (2

If |o(w)| > r, by (13), we have

(1~ Jw]*) log(

o () (o)

< CM(1 - |w]*)log(

2 ,
) B )

Thus

sup (1= fuf?) log( =) () o)

< Nl ma £ ()] + OM (1 = ") log( ;) Lo

= )l

2
1 —Jo(w)
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which also implies that

sup (1 = wf*) g () ()] — 0

weD

as n — 00. We also similarly prove that

)u(w) fr(pw))e' (w)] — 0

sup (1 — |w|?)lo
we%( |wl®) g(l—lwl

as n — oo. Hence lim, ;o ||[uCy(fn)ll = 0. This completes the proof of
Theorem 2.2. O

3. Boundedness and compactness of uC, : Fo(p, g, s) — B

In this section we characterize the boundedness and compactness of the
weighted composition operator uC,, : Fy(p,q,58) — f;. For this purpose we
need another lemmas.

Lemma 3.1. Let0<s< 00,1 <p<o0,-2<¢g< o0 andq+s>—1. For
0<t<l,ze€D,let fi(z) = f(tz). If f € F(p,q,s), then f; € F(p,q,s) and
||ft||F(p,q,s) < “f“F(p,q,S)'

Proof. For f € F(p,q,s) and 0 < ¢t < 1, by the Poisson formula, we have

filz) = 2ﬂf(zew)i_—t?—d—g, z € D.

0 le? —t|% 2x

Then by Holder’s inequality we get,
/ FL (2P = 21121 = pa(2)*)* dm(2)

2mr _ 42
< [ [ e g - 0~ )Py dm(e)

I Ve i1 . s 1-¢2 df
-/ /D 17(e%2) (1—|z|2> (1= ln &))" dm(z) = 5
2w 1 - 2
<o [ G g2 = 1

where || f|IB ., = supaep [p I/ (2)[P(1 = |2[*)7(1 = |pa(2)[?)° dm(z). That is,

”ft”F(p,q,S) < Hf“F(p,q,s)-

O

Lemma 3.2. Let u be an analytic function on the unit disk D and ¢ an analytic
self-map of D. Let0 < s <o00,1 <p<o0,-2<g<ooandqg+s>—-1. If
uC,, is a bounded operator from Fo(p,q,s) into 37, then uC, is bounded from
F(pa q, 3) to ,BL-
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Proof. Suppose uC,, is bounded from Fy(p, g, s) into 8% and for f € F(p,q,s),
we have f; € Fo(p,q,s) for all 0 < ¢t < 1. Then, according to Lemma 3.1,

luCo (flP(p.0,5) S NUColllfell ppa,8) S NuCollll fllp(pg,5) < +o0.

Hence ||uCy(f)l|F(p,q,5) < NuCollll fllp(p,q,s) < +00, which shows uC, is bound-
ed from F(p,q,s) to Br. O

Theorem 3.1. Let u be an analytic function on the unit disc D and ¢ an
analytic self-map of D. Let 0 < p,s < 00, -2 < g < 00 and g+ s > —1.
Then uCy, : Fy(p,q,8) — B2 is a bounded operator provided that u € 9,
uC, : F(p,q,s) — B is bounded and

14 lim (1 - |z[*)1
(14) |z|5ri—( IZI)ogl_lzI

lu(2)¢'(2)] = 0.

Conversely, if uCy, : Fo(p,q,8) — B2 is a bounded operator, then u € B
and (14) holds; moreover, if 1 < p < oo, then uC, : F(p,q,8) — fr is
bounded.

Proof. Assume that u € 82 and limy,|_,;- (1 — [2]?)log 1%‘4|u(z)cp’(z)| = 0.
Then, for each polynomial p(z), we have that

(1- |2 log 7= |(uC,) ()

< (1-[2]*) log [/ (2)llp((2))]+(1 — |2]*) log u(2)¢"(2)p' (p(2))];

2 2
1—|z| 1—|z|
from which it follows that uC,p € B%. Since the set of all polynomials is
dense in Fy(p,q, s), we have that for every f € Fy(p,q,s) there is a sequence
of polynomials {p,} such that ||f — pnllp(pq,s — 0 as n — co. Note that
uC, : F(p,q,s) — B is bounded, then

[uCo f = uCopalle < |[uCollllf = PnllF(p,q,s — 0

as n — oo. Since BY is closed in subset of 81, we obtain

So uCy : Fo(p,q,s) — BY is bounded.

Conversely, assume that uC, : Fy(p,q,5) — B2 is bounded. Taking the
functions f(z) = 1 and f(z) = z respectively, we obtain that v € 8% and
limy, 1~ (1 = |2[%) log 1_2|z| lu(2)¢'(2)| = 0. If p > 1, then uC,, : F(p,q,5) —
B, is bounded by Lemma 3.2. O

Lemma 3.3. Let U C BY. Then U is compact if and only if it is closed,
bounded and satisfies

lim sup (1~ |2/2) log(+——)lf' ()] = 0.

|zl >1- feU 1— |z

The proof is similar to [3, Lemma 1], so we omitted it.
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Theorem 3.2. Let 0 < p,s < 00, —2< qg< 00,q+s>—1,u € H(D) and ¢
be an analytic self-map of D.

(i) If2+q > p, then uC, is a compact operator from Fy(p,q,s) to B9 if and
only if

. (1—[2| )logl H , _
19 B Y S DA
" (1= 1)
] 1—-|z log1H 3
2 T Tt =0

where o = %3.

(ii) If 2+ q < p, then uC, is a compact operator from Fo(p,q,s) to BY if
and only if u € B¢ and (15) holds.

(iii) If 2+ ¢ = p, s > 1, then uC, is a compact operator from Fy(p,q,s) to
BY if and only if (15) holds and

lim _u'(2)|(1 = |2]*) log(

2
o ) S TP’ =

Proof. First we consider the case that a = %2 > 1. Suppose that v and ¢
satisfy the condition in (i). By Theorem 2.1 and Theorem 3.1, we know that
uC, is bounded from Fy(p,q,s) to 8. Suppose that f € Fy(p,q,s) is such
that ||f||F(p.qsy < 1. By Lemma 2.1, we know that f € 83 and ||f||s, <
CllfllF(p,q,5)- Then from Lemma 2.2 it follows that

(1= |2*) log 7——(uCl, )’ (2)]

(1—|Zl log 1—|z| ’
—C(waAMMIW“”+C

2
| |

(1= 12*)log 13

T Lome P e,

thus
sup{(1 = [22)og 77| (uC, £) ()] : £ € Fo,0,9). [l rirq < 1}

(- fog (0=l oE i
- fp@Pt 0~ o))

and it follows that
. 2
|Z}E;I}_ Sup{(l‘lzp) IOg 1 — |Z| |(’U‘C‘P‘f),(z)| : f € Fo(paqas)? ”f”F(p,q,s) S 1}:0,

LI (2)u(z)],

<C

so that uC,, is compact from 9 to A2 by Lemma 3.3.
Conversely, suppose that uC, is compact from Fy(p,q,s) to 9. By Lem-
ma 3.3, we have

2 !hH% Sup{(l—lzl )IOg 1 l ll(uc f) ( | f € FO(pans)a”f”F(p,q,s) S M}:O
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for some M > 0. Note that the proof of Theorem 2.1 and the fact that the
functions given in (4) are in Fy(p, q,s) and have norms bounded uniformly in
w, we get

. (1~ [wl?) log =15

im

lwi=1= (1= Jp(w)]?)*

Similarly, note that the functions given in (5) are in Fy(p, ¢, s) and have norms
bounded uniformly in w, we get

|u(w)e’ (w)| = 0.

I (1- |w| ) log . |w|
im
lwi=1= (1= [p(w)?)>*
This completes the proof of (i).

Next, we consider the case a = %—2- < 1. Assume that u € 8% and (14)

holds. Suppose that f € Fy(p, g, s) is such that || f||p(p,¢,s) < 1. By Lemma 2.1
and 2.4, we get

(1~ [2[2) log 27 (uC,o ) (2)]

(1—|z|H) 1o =
< C(1 - 1oP)log 2l ()] + O B s )

u'(w)] = 0.

thus

Iz }lm Sup{(].—lZI )log |(U‘C f) ( )| : f € FO(p7QaS)’”f||F(p,q,s) S 1}:0

2

-z
So that uC,, is compact from Fy(p, g, s) to 82 by Lemma 3.3. The fact that the
conditions in (ii) are necessary for compactness of operator uC,, as an operator
from Fy(p,q,s) to B9 is proved in Theorem 3.1 and the case that a > 1.

Finally, we will prove (iii). Similarly, suppose that u and ¢ satisfy the condi-

tion in (iii). By Theorem 2.2, we know that uC,, is bounded from Fy(p, g, s) to
B2. Suppose that f € Fy(p,q,s) is such that ||f]|g(p,es < 1. By Lemma 2.1
and 2.4, we get

(1= 12 log 7= |(uCo ) 2)

2 2 ,
< C(l - |Z|2) lOg 1 — |2| log 1— |(,D(Z)I2 |u (Z)|

(1 |2[?) log 25

e

thus

Jim_sup{(1 - |21%) log 7= 1(uCe )’ (2)] : f € Fo(p,4,9), 1 mo(ng) < 1} =0,

so that uC,, is compact from Fy(p,q,s) to 89 by Lemma 3.3.
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Conversely, noting that the functions given in (6) are in Fy(p, ¢, s) and have
norms bounded uniformly in w, we get

lim |u'(w)|(1 = |w*)lo lo =0.
Jim ()l (1 = ) loB( =) (= )
The another necessity in condition (iii) is similarly proved in (i). This completes
the proof of Theorem 3.2 O
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