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ON PARAHOLOMORPHICALLY PSEUDOSYMMETRIC
PARA-KAHLERIAN MANIFOLDS

DoroTA LUCczZYSZYN AND ZBIGNIEW OLSZAK

AnstrACT. We find necessary and sufficient conditions for a para-Kéhler-
ian manifold to be paraholomorphically pseudosymmetric in terms of the
paraholomorphic projective and Bochner curvatures. New examples of
such spaces are proposed.

1. Introduction

The semisymmetry and pseudosymmetry curvature conditions form an inter-
esting object of investigations in geometry of Riemannian and pseudo-Riemann-
ian manifolds, see [2, 5, 10, 12, 13, 19, 20, 25], etc.

However, in the class of para-K&hlerian manifolds, the usual pseudosymme-
try conditions are not essential in dimensions greater than 4. One of the author
proved that in this case, they reduce to the semisymmetry conditions; see [16].
Therefore, the paraholomorphic versions of pseudosymmetry conditions was
proposed in {17]. We recall the necessary definitions in the next sections.

In the presented paper, we find necessary and sufficient conditions for a para-
Kahlerian manifold to be paraholomorphically (in short, PH) pseudosymmetric
in terms of the paraholomorphic projective and Bochner curvatures. More
precise, we prove that a para-Kahlerian manifold is PH pseudosymmetric if
and only if its paraholomorphic projective curvature is PH pseudosymmetric.
Moreover, when the paraholomorphic Bochner curvature does not vanish on an
open dense subset of the manifold, then the manifold is PH pseudosymmetric
if and only if its paraholomorphic Bochner curvature is PH pseudosymmetric.

2. Para-Kahlerian manifolds

A connected differentiable manifold of even dimension n = 2m is said to be
para-Kéhlerian ([4, 6, 11], etc.) if it is endowed with a (1, 1)-tensor field J and
a pseudo-Riemannian metric g satisfying the conditions

J=1Id, g(JX,JY) = —g(X,Y), VJ =0,
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V being the Levi-Civita connection of g and Id the identity tensor field. Such
a manifold occurs to be symplectic since the fundamental form 2, 2(X,Y) =
g9{X,JY), is a skew-symmetric, non-degenerate and closed.

Let M be a para-Kéhlerian manifold. For M, the curvature operators
R{X,Y), the Riemann curvature tensor R, the Ricci curvature tensor S, the
Ricci operator @) and the scalar curvature r are defined

R(X,Y) = [VX7VY] - v[X,Y]a R(X7Y> Za W) = g(R(X,Y)Z,W),
S(X,Y)=g(QX,Y) = Trace{Z —» R(Z,X)Y}, r="TraceQ.

For these tensor fields, the following identities hold

R(JX,JY)=-R(X,Y), R(JX,Y)=-R(X,JY),
S(JX,JY)=-5(X,Y), S(JX,Y)=-8(X,JY),
Trace{Z = R(JZ,X)Y } = S(X,JY).

Moreover, for any pair U,V € X(M) and a symmetric (0,2)-tensor field 4, we
consider the operator U Ay V: X(M) — X(M) defined by

(UnaV)Z = AV, 2)U - AU, Z)V.

In the case when A = g, we shall write A instead of A,.

Throughout this paper, U,V,W X X;,...,Y,Z,... indicate arbitrary smooth
vector fields on a differentiable manifold M if it is not otherwise stated. X(M)
denotes the Lie algebra of smooth vector fields and F(M) is the class of smooth
functions on M.

3. Paraholomorphic pseudosymmetry

Let M be a para-Kéhlerian manifold. For U,V € X(M) and f € F(M),
define the curvature type operator Rf (U, V): X(M) — X(M) by

(1) RI(U, V) =RU,V) - f(UAV = JUAJV —29(U, JV)J).

Algebraic properties of R (U, V) are analogous to those holding for R(U, V)(=
RO(U,V)), that is,
RIV,U) = -RI(U,V), RI(JU,JV)=-RI(U,V),
g(RI(U, V)W, X) = g(RY (W, X)U, V),
RI(U, VYW + RI(V,W)U + R (W,U)V =0.

It is obvious that M is of constant paraholomorphic sectional curvature (a
para-Kéhlerian space form) if and only if R = 0 with ¢ = const. (see [7]).

We extend the operators RY (U, V) to derivations of the tensor algebra on

M by assuming that they commute with contractions and R/ (U, V)h = 0 for
any h € §(M). Thus, for a (0, k)-tensor field K, Rf (U, V)K is a (0, k)-tensor
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field,
(RIUV)K)(Xq, .. .5 X¢)

k
= =Y K(X1,..., Xet, R”I(U, V)Xo, Xt -, Xi),
a=1

and for a (1, k)-tensor field K, Rf (U,V)K is a (1, k)-tensor field such that
(R (U V)E) (X1, ..., Xi) = RI(X, V) (K (X1, ., X))

k
=Y KXy, X1, RO (U, V) Xy Xatts - Xi)-
a=1

It is important that R (U,V)g =0, Rf(U,V)J = 0.
For a (0, k)-tensor field K and f € §F(M), define the (0,% + 2)-tensor field
R - K by

R -K)U,V, Xy,...,Xx) = (RIUV)K)(Xy,...,X¢).

We will say that a (0, k)-tensor field K is paraholomorphically (PH in short)
pseudosymmetric if there exists f € F(M) such that

(2) Rf K =0.

A para-Kihlerian manifold will be said to be ([17]): (a) PH pseudosym-
metric if its Riemann curvature tensor R is PH pseudosymmetric, that is, for
a certain f € (M),

(3) R -R=0;

(b) PH Ricci pseudosymmetric if its Ricci curvature tensor S is PH pseudosym-
metric, that is, for a certain f € (M),

(4) RI-S§=0.

The notion of PH pseudosymmetric para-Kihlerian manifolds was intro-
duced by one of the author in [17], where certain examples were constructed.
Below, we extend the class of examples of PH pseudosymmetric para-Kéhlerian
structures.

By the commuting of the operators Rf (U, V) with contractions, it follows
that (3) always implies (4) with the same structure function f, which means
that the PH pseudosymmetry implies the PH Ricci pseudosymmetry. The
converse statement does not hold in general.

Note that for a para-Kéhlerian manifold, the semisymmetry R - R = 0 and
the Ricci semisymmetry R - S = 0 are respectively the PH pseudosymmetry
and the PH Ricci pseudosymmetry with f = 0.

Remark. Tensor fields having the shape (1) as well as those realizing the
condition (2), were independently studied by another authors in the class
of Kahlerian and para-Kéhlerian (hyperbolically Kihlerian) spaces; see [18],
where different denotations are used. With regard to a geometric meaning
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of these tensor fields, it is important that they are invariant with respect to
certain special paraholomorphically projective transformations.

Finally, we mention the following useful formula [18, p. 1339], which is a
generalization of the famous Walker’s identity [26],

(5) S (RY-R)(U,V,X,Y,Z,W) =0,
(UV),(X,Y),(Z,W)

where S denotes the cyclic sum with respect to the indicated pairs of arguments.

4. Paraholomorphic projective pseudosymmetry

The paraholomorphic projective curvature operator P of a para-Kahlerian
manifold are defined by the formula (see [14, 21, 24])

(6) P(X,Y)=R(X,Y) - nL—%Z(X AsY —(JX)As (JY) —258(X,JY)J),
and the (0,4)-tensor P by
P(X,Y,Z,W)=g(P(X,Y)Z,W).
As it is already known, the tensors P, P have the following algebraic properties
PX,)Y)=-P,X), PUX,JY)=-PX,Y),
Trace { X —» P(X,Y)Z } =0,

(7) Trace, { (Y, Z) = P(X,Y,Z,W)} = —
n+2
where Sj is the traceless Ricci tensor, that is, S = 5 — (r/n)g.
A para-Kéhlerian manifold M will be called PH projectively pseudosym-
metric if its paraholomorphic projective curvature tensor P is PH pseudosym-
metric, i.e., for a certain function f € F(M),

(8) RS -P=0.

So(X, W),

Theorem 1. A para-Kdihlerian manifold is PH pseudosymmetric if and only
if it is PH projectively pseudosymmetric (with the same structure function f).

Proof. Let M be a para-Kahlerian manifold. Using (6), we can find
9) (RT-P)U,V,X,Y,Z,W)
= (R"-R)(U,V,X,Y,2,W)
1

_m((Rf ' S)(U7 Va Y; Z)g(X’ W) - (Rf ’ S)(Ua V, X7 Z)g(Y, W)

— (R -S)(U,V,JY, Z)g(JX, W)+ (RF - S)(U,V,JX, Z)g(JY,W)
+2(R-S)(U,V, X, JY)S(Z,JW) + 25(X, JY)(R! - S)(U,V, Z, JW)).

Let M be PH pseudosymmetric. Then the relations (3) and (4) applied to
(9) imply (8). Thus, M is PH projectively pseudosymmetric.
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Conversely, assume that M is PH projectively pseudosymmetric. Using (7)
and knowing that Rf (U, V) commutes with contractions, we claim that

Trace,{(Y, Z) = (Rf - P)(U,V, X,Y, Z,W)}
= (RS- V, X
n+2(R SO)(U7 ) 7W)
Hence, by (8), it follows that RY - Sy = 0. Furthermore, R/ - S = 0 since
RS -r =0and Rf - g = 0. This together with (8) applied into (9) leads to
(3). 0

5. Paraholomorphic Bochner pseudosymmetry

On a para-Kéhlerian manifold, the paraholomorphic Bochner curvature op-
erator B is defined by (cf. [1, 8, 18, 22])
B(X,Y)=R(X,Y)
1
= (XA Q)+ (@QX)AY - (JX) A (QIY)
—(QIX)AN(JY) +29(JX,Y)QJ +29(QJ X, Y)J)

(XAY = (JX)A(JY) +2¢(JX,Y)J),

(10)

7
HCEDICES)

and the (0,4)-tensor field B by
B(X,Y,Z,W) = g(B(X,Y)Z,W).

The tensors B, B have the same algebraic properties as the Riemann curvature
tensor,

B(Y,X)=-B(X,Y), B(JX,JY)=-B(X,Y),
B(X,Y,Z,W)=B(Z,W,X,Y),
B(X,Y)Z + B(Y, Z)X + B(Z,X)Y = 0.

Moreover, B is traceless, precisely,
Trace{Z — B(Z,X)Y} =0, Trace{Z— B(JZ,X)Y}=0.

Bochner flat (B = 0) para-Kahlerian manifolds are studied in [1, 17, 23].
Isotropic para-Kihlerian manifolds considered in [3, 9] are also of this type, i.e.,
Bochner flat. Bochner semisymmetric (R - B = 0) para-Kéhlerian manifolds
are studied in [15], where it is shown that such manifolds are semisymmetric
on the set on which the Bochner curvature tensor does not vanish.

In the presented section, we are interested in para-Kihlerian manifolds,
which are PH Bochner pseudosymmetric, i.e., for which there is a function
f € (M) such that

(11) R -B=0.
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Let M be a para-Kahlerian manifold. To simplify denotations, let us suppose
T =RS -8, so that we have
12 T(X,Y,Z,W) = (R)-8)(X,Y,Z,W)
~-S(RI(X,Y)Z,W) - S(Z,RI(X,Y)W).

One simply finds the following algebraic properties of T
T(X,Y,Z,W)=-T(Y,X,Z,W)=T(X,Y,W, Z),
TJX,JY,Z,W)=T(X,Y,JZ, JW)=-T(X,Y,Z,W),
Trace,{(Z,W) » T(X,Y,Z,W)} = 0.

For the further use, using (10), we express Rf - B with the help of R - R
and T,
(13) (Rf-B)(U,V,X,Y,Z,W)

= (Rf-R)(U,V,X,Y,Z,W)

1
——— (U V.Y, 2)g(X, W) = T(U,V, X, Z)g(Y, W)

+T(U,V,X,W)g(Y, Z) - T(U,V,Y,W)g(X, Z)
~T(U,V,Y,JZ2)g(X,JW)+ T(U,V, X, JZ)g(Y, JW)
~T(U,V, X, JW)g(Y, JZ) + T(U,V,Y,JW)g(X, J Z)
+2T(U,V, 2, JW)g(X, JY) + 2T (U, V, X, JY)g(Z, JW)).

In the sequel, by (e1, es,...,e,) we denote a (local) frame which is adapted
to the structure (J, g). This means that it is a frame for which

g(ea,ep) = g(ear,e5) = dap, glea,es) = glea,ep) =0,
Jeqg = —eq, Jey = ey,

where the Greek indices run from 1 to m = n/2 and o’ = m+ a for any . Let
gi; and g, 1 < i,5 < n, be the components of g and the inverse metric g=*
with respect to the adapted frame, that is, g;; = g{e;,€;), [g"] = [g9:5] 7"

Regarding the algebraic properties of the geometric objects already intro-
duced, we claim that the non-zero components of the tensor fields R, S, B, T,
RS- R, RS - B, with respect to an adapted frame, are related to the following

Raﬁ"y&’: Saﬁ’; BaB"y&’a Taﬁ’wé’a (Rf : R))\p’aﬁ"yﬁ’a (Rf . B))\;L’ozﬁ"y&’-
For the Bochner tensor, we additionally have

Baﬁ"yé’ = Byﬂ’a&’ = Ba&"yB’y 5>\uBAu’76’ = 07 5/\HB)\ﬁ”yu’ - Oa
and for the tensor T,
5>\MTa,B’)\u’ =0.

[We always apply the Einstein summation rule with respect to the repeated
indices.]
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Theorem 2. Let M be a para-Kdhlerian manifold.

(a) If M is PH pseudosymmetric, then it is PH Bochner pseudosymmetric
(with the same structure function f).

(b) If M is PH Bochner pseudosymmetric and its paraholomorphic Bochner
curvature tensor does not vanish on an open dense subset of M, then
M is PH pseudosymmetric (with the same structure function f).

Proof. (a) Assume (3). Then (4) also holds, which by (12) gives T = 0. Now,
by applying (3) and T = 0 into (13), we get (11).

(b) Assume that Rf - B = 0 on M. Let M; be the open dense subset of M
on which B # 0. In what follows, we restrict our considerations to the subset
M.

By Rf - B =0, from (13), we obtain

(R'-R)(U,V,X,Y,Z,W)
1

= 5= (TU.V.Y. 2)g(X. W) = T(U,V, X, 2)q(¥, W)

+T(U,V,X,W)g(Y, Z) - T({U,V,Y,W)g(X, Z)
—TU,V,Y,JZ)g(X,JW) + T(U,V, X, JZ)g(Y,JW)
—TWU,V,X,JW)g(Y,JZ)+ TU,V,Y,JW)g(X, JZ)
+2T(U,V, Z, JW)g(X, JY) + 2T(U,V, X, JY)g(Z, JW)).

In the above formula, we suppose U = e, V =€y, X = €4, Y =5, Z = e,
W = ez, with (e, es,...,e,) being a (local) adapted frame. Then we get
(R - R)aprapivys:
(14) 2
=T (Taurv6' 006 + Thp a5 0py + Thpirst0ap + Thurap 04s)-
But by the generalized Walker’s identity (5), for the components of RS - R, it
holds
(Rf 'R)A,u’aﬁ"rz?’ + (Rf " R)aprysaw + (Rf “R)ysaprap = 0.
The relation (14) used in the above, gives the following
(15)  Tawyprdas + TawasOpy + Tapys0ap + Topwap Oys
+ Taﬁ’Aé’ 5w + Taﬁ’w’55>\ + Taﬁ’hu’ 676 + Taﬁ’vé"sz\u
+ T‘yﬁ’au’d)\ﬁ + T’y&’)\ﬁ’(sp,a + T'y&’aﬁ’(sx\y, + T'yé’ku’(saﬂ =0.
Contracting the last relation with §**, we find
(16) (m+ 2) (Taguy(s/ + T—yalagl) = — D.Yg/éms — Dy (5137 — Dwéaﬁ - Daﬂldwg,

where D, = 6* Ty, ap. Next contracting (16) with 6% and using 6*? Dogr =
0, we get Dy, = 0. Therefore, the equation (16) gives the antisymmetry of
Twp~s in pairs of indices, precisely, Togiyst + Tys'apr = 0. On the other hand,
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contracting (15) with 6 and applying the just obtained antisymmetry, we
obtain

(17) ML ysrap = —Guybas — Gurabys — Fas 6qp — Fopr 0ys,

where Gorg = M Taaigus Fap = 0™ Torpup . Next, transvecting (17) with
6% and applying Dag = 0, we get Fu, = —G 4, which substituted into (17)
yields

(18) MIysiap = Gorabyy — Guybas.

Hence, by transvection with §7#, we find additionally

(19) 0"Gy = 0.

On the other hand, by the assumption Rf - B = 0, we have
BRI (U,V)X,Y,Z,W) + B(X,R (U, V)Y, Z,W)
+ B(X,Y, R/ (U,V)Z,W) + B(X,Y, Z, R' (U,V)W) = 0.

The substitution QU instead of U in the last equality leads to

(20)  B(RY(QU,V)X,Y,Z,W)+ B(X,R/(QU,V)Y, Z,W)

+ B(X,Y,RI(QU,V)Z,W) + B(X,Y, Z,RT(QU, V)W) = 0.

Hence, interchanging U with V, we also have

(21) BRI (QV,U)X,Y,Z,W) + B(X,R/ (QV,U)Y, Z,W)

+ B(X,Y, R (QV,U)Z,W) + B(X,Y, Z, R (QV,U)W) = 0.

Note that using (12), it can be derived

gRIQZW)X + RI(QW,2)X,Y) = T(X,Y, Z, W),

and consequently,

(22) RIQZ, W)X + RI(QW,2)X = —g"*T(er, X, Z, W )es.

Adding the equalities (20) and (21) and taking into account (22), we obtain
9" (T(er, X,U,V)B(es,Y,Z,W)+T(e,,Y, U V)B(X,es, Z,W)
+T(er, Z,U,V)B(X,Y,e,, W) + T(e,, W,U,V)B(X,Y, Z,¢,)) = 0.

ForU=¢e€\, V=¢y, X =€, Y =eg, Z =ey, and W = eg, the above

equality gives

‘5w"(—Tan’>\#’ Buprysr + Tuwpaw Bayyvsr = Tyniaw Baprws' + Twsiap Bapryy ) = 0.

By applying (18) into the last equation, we obtain

(23) ‘5wanﬁ"v§’Gn’>\5w - Gu’aBAB"wS’ + ‘SwnBaB’wé’Gn’/\‘sw

— GuyBapias: + 0“" Bay s Gwdag — GpraBayys
+ 6“"Bogryy Guiwdas — GoaBagryp = 0.
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Contracting (23) with 6%*, we get
(24) (m + 1)6wan/3'75’G77’)\ - 5wanﬁ')\6’ Gn’*y
+ (SaﬂfswnBQn/,nyulwé)\g + (Sa”(swnBaﬁx,yn/ G#IwéA‘s =(.
Furthermore, contracting (24) with §*?, we find §%#8“" By s G = 0, which
substituted into (24), gives
(m -+ 1)(5“”73“,5!75:(;7]/}\ -~ 6wan§1A61Gn/7 =0.
Therefore, 8“7 B, g5 Gy x = 0, which enables us to rewrite (23) in the following
form
(25) - GF"’O‘BAB"Y&/ — G”/.YBQBI)‘(SI — Gﬁ'}\BQ}LI"f{S’ — G&l}\Baﬁ/ﬁlﬁz
+ 5wnBan17§/G”1w5Ag + 5w’?Baﬂ;anG#rw5>\5 =0.
Transvection of (25) with 6*, gives 6“7 By as G = 0, which turns (25) into
(26) GM’CCBA,B"}*W + Gu"yBaﬁ'}\é' + GB’ABau’yé' + G(S’)\Baﬁ"yp’ = 0.
Next, alternating (26) in pairs of indices (A, 8), (v, #), we find

G“/QB)\ﬁry&/ — GEI(YBWL//\& - Gﬁ’)‘Baﬂ’”yu’ — GCSI,YBQ‘BI}\'U( = 0.
Replacing the pair of indices «, & with A, 4§ in the last relation, we obtain

GJ’ABaﬁ’f‘m’ - Gﬁ’,\Bau”yd’ + Gp/an\ﬁ’*yé" - Gu”yBaB’)\d’ =0,
which compared to (26) yields GoBxg'ysr + GoraBagiyw = 0. Summing up
the last equality cyclically in pairs of indices {(a, 1), (7, 3), and (A, d), we get

GuaBagiys + GaryBasiay + GsiaBapgryyw = 0.

Comparing the last two equalities, we find Gy Basr,y = 0. Since by our
assumptions, B is non-zero everywhere on Mj, it must be that Gg, = 0. This
used in (18), leads to Tysq, = 0. Therefore, from (14) it now follows that
(RY - R)xprapysr = 0. Consequently, R - R = 0 on M. Since M; is open and

dense, the condition R - R = 0 holds on the whole of the manifold M, which
completes the proof. 0

6. A class of examples

Below, we give a generalization of the class of PH pseudosymmetric para-
Kéihlerian spaces stated in [17].

Let (z2,2% = y*,z™t! = z,2°™*2 = t) be the Cartesian coordinates in
the Cartesian space R*™t? with 1 < o < m and o/ = a + m. Let (a,b) be an
open interval and M = R*"*+1 x (q,b) C R2™+%, Let A, B,C be three positive
functions on (a, b) such that A’ = 2BC. Define a pseudo-Riemannian metric g
of signature {m +1,m+ 1) on M by

g=A) dz*®ds® ~ Ay dy* @ dy* + B’nen— C*df’,

a=1 a=1
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where the 1-form 7 is given by

m
p=-2 Z 2%dy® + dz.

a=1
Moreover, define the (1, 1)-tensor field J on M by

Jdz% = dy®, Jdy* =dz%, Jnp= -—g—dt, Jdt = —gn.

By making certain hard but standard calculations, one can show that the struc-
ture (J,g) is para-K&hlerian, and moreover
AB' — B%C

AC
which shows that the structure is PH pseudosymmetric and not semisymmetric
in general.

R-R#0 and Rf -R=0 with f=

References

[1] C. L. Bejan, The Bochner curvature tensor on o hyperbolic Kahler manifold, Differential
geometry and its applications (Eger, 1989), 93-99, Colloq. Math. Soc. Janos Bolyai, 56,
North-Holland, Amsterdam, 1992.

[2] E. Boeckx, O. Kowalski, and L. Vanhecke, Riemannian Manifolds of Conullity Two,
World Scientific Publishing Co., Inc., River Edge, NJ, 1996.

{3] A. Bonome, R. Castro, E. Garcia-Rio, L. Hervella, and R. Vézquez-Lorenzo, On the
paraholomorphic sectional curvature of almost para-Hermitian manifolds, Houston J.
Math. 24 {1998}, no. 2, 277-300.

[4] V. Cruceanu, P. Fortuny, and P. M. Gadea, A survey on paracomplez geomeiry, Rocky
Mountain J. Math. 26 (1996}, no. 1, 83-115.

[5] R. Deszcz, On pseudosymmetric spaces, Bull. Soc. Math. Belg. Ser. A 44 (1992), no. 1,
1-34.

[6] P. M. Gadea, V. Cruceanu, and J. Mundz Masqué, Para-Hermitian and para-Kéhler
manifolds, Quaderni Inst. Mat., Fac. Economia, Univ. Messina, 1 (1995), 72 pp.

{7} P. M. Gadea and A. Montesinos Amilibia, Spaces of constant para-holomorphic sectional
curvature, Pacific J. Math. 136 (1989), no. 1, 85-101.

[8] G. Ganchev and A. Borisov, Isotropic sections and curvature properties of hyperbolic
Kaehlerian manifolds, Publ. Inst. Math. {(Beograd) (N.S.) 38(52) (1985), 183-192.

[8] E. Garcia-Rio, L. Hervella, and R. Vézquez-Lorenzo, Curvature properties of pora-
Kahler manifolds, New developments in differential geometry (Debrecen, 1994}, 193-200,
Math. Appl., 350, Kluwer Acad. Publ., Dordrecht, 1996.

[10] S. Hessen and L. Verstraelen, Properties of a scalar curveture invariant depending on
two planes, Manuscripta Math. 122 (2007), no. 1, 59-72.

{11} S.Ivanov and S. Zamkovoy, Parahermitian and paraquaternionic manifolds, Differential
Geom. Appl. 23 (2005), no. 2, 205-234.

[12] B. Jahanara, S. Haesen, Z. Sentiirk, and L. Verstraelen, On the parallel transport of the
Ricci curvatures, J. Geom. Phys. 57 (2007), no. 9, 1771-1777.

[13] U. G. Lumiste, Semisymmetric submanifolds, J. Math. Sci. 70 (1994), 1609-1623.

[14] D. Luczyszyn, On para-Kdhlerian manifolds with recurrent pareholomorphic projective
curvature, Math. Balkanica (N.S.) 14 (2000), no. 1-2, 167-176.

, On Bochner semisymmetric pare-Kdihlerian manifolds, Demonstratio Math. 34

(2001), no. 4, 933-942.

(15]



ON PARA-KAHLERIAN MANIFOLDS 963

{16] , On pseudosymmetric para-Kdéhlerian manifolds, Beitrage Algebra Geom. 44

(2003), no. 2, 551-558.

, On Bochner flat para-Kédhierian manifolds, Cent. Eur. J. Math. 3 (2005), na.
2, 331-341.

(18] J. Mikes, Holomorphically projective mappings and their generalizations, Geometry, 3.
J. Math. Sci. (New York) 89 (1998}, no. 3, 1334-1353.

{18] V. A. Mirzoyan, Ric-semisymmetric submanifolds, Transtated in J. Math. Sci. 70 (1994),
no. 2, 1624-1646. Itogi Nauki i Tekhniki, Problems in geometry, Vol. 23 (Russian), 29—
66, 187, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn, Inform., Moscow, 1991.

[20] R. Niebergall and P. J. Ryan, Real hypersurfaces in complex space forms, Tight and taut
submanifolds (Berkeley, CA, 1994), 233-305, Math. Sci. Res. Inst. Publ., 32, Cambridge
Univ. Press, Cambridge, 1997.

[21] M. Prvanovié, Holomorphically projective transformations in a locally product spece,
Math. Balkanica 1 (1971), 195-213.

[22] N. Pusié, On an invarisnt tensor of a conformal transformation of a hyperbolic Kaehle-
rian manifold, Zb. Rad. No. 4 (1990), 55-64.

, On HB-flat hyperbolic Kuehlerian spaces, 11th Yugoslav Geometrical Seminar
(Divcibare, 1996). Mat. Vesnik 49 (1997}, no. 1, 35-44.

[24] E. Reyes, A. Montesinos, and P. M. Gadea, Projective torsion and curvature, aziom of
planes and free mobility for almost-product manifolds, Ann. Polon. Math. 48 (1988),
no. 3, 307-330.

[25] Z. 1. Szabé, Structure theorems on Riemannian manifolds satisfying R(X,Y)R =0, 1,
Local version, J. Diff. Geom. 17 (1982), 531-582; Il, Global versions, Geom. Dedicata
19 (1985), 65-108.

[26] A. G. Walker, On Ruse’s spaces of recurrent curvature, Proc. London Math. Soc. (2)
52 (1950), 36-64.

(17)

(23]

DoroTa LuczyszyN

INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCE
WROCLAW UNIVERSITY OF TECHNOLOGY

WYBRZEZE WYSPIANSKIEGO 27

50-370 WrocLAW, POLAND

E-mail address: dorota.luczyszyn@pur.wroc.pl

ZBIGNIEW QOLSZAK

INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCE
WROCLAW UNIVERSITY OF TECHNOLOGY

WYBRZEZE WYSPIANSKIEGO 27

50-370 WRoCLAW, POLAND

E-mail address: zbigniew.olszak@puwr.wroc.pl



