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Intuitionistic fuzzy strong hyper K-subalgebras in Hyper K-algebras

Chul Hwan Park

Department of Mathematics,University of Ulsan, Ulsan 680-749, Korea

Abstract

Intuitionistic fuzzifications of (strong) hyper K-subalgebras in hyper K-algebras are discussed, and related properties
are investigated. Relations between intuitionistic fuzzy hyper K-subalgebras and intuitionistic fuzzy strong hyper K-

subalgebras are provided.
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1. Introduction

The study of BCK-algebras was initiated by K. Iséki
in 1966 as a generalization of the concept of set-theoretic
difference and propositional calculus. Since then many
researches worked in this area. The hyperstructure the-
ory (called also multiaigebras) is introduced in 1934 by F.
Marty [12] at the 8th congress of Scandinavian Mathemati-
ciens. Around the 40’s, several authors worked on hyper-
groups, especially in France and in the United States, but
also in Italy, Russia, Japan and Iran. Hyperstructures have
many applications to several sectors of both pure and ap-
plied sciences. Recently in [11] Y. B. Jun et al. introduced
and studied hyper BC K -algebra which is a generalization
of a BCK-algebra. In [1] and [11] R. A. Borzooei et al.
constructed the hyper K-algebras, and studied (weak) im-
plicative hyper K-ideals in hyper K-algebras. In {9] and
{101 Y. B. Jun et al. studied the fuzzy (implicative) hyper
K-ideals in hyper K-algebras. Y. B. Jun et al. [8] introduced
the notion of fuzzy (weak) implicative hyper K-ideals, and
investigated related properties. They gave relations among
fuzzy weak implicative hyper K-ideals, fuzzy implicative
hyper K-ideals, and fuzzy hyper K-ideals. In [4], R. A. Bor-
zooei and Y. B. Jun studied intuitionistic fuzzy hyper BCK-
ideals of hyper BCK-algebras. In [2], R. A. Borzooei and
Y. B. Jun discussed intuitionistic fuzzifications of {weak)
implicative hyper K-ideals in hyper K-algebras. They gave
relations among intuitionistic fuzzy hyper K-ideals, intu-
itionistic fuzzy weak hyper K-ideals, intuitionistic fuzzy
implicative hyper K-ideals and intuitionistic fuzzy weak
implicative hyper K-ideals. They provided conditions for
an intuitionistic fuzzy hyper K-ideal to be an intuitionistic
fuzzy implicative hyper K-ideal, and also discussed condi-
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tions for an intuitionistic fuzzy weak hyper K-ideal to be
an intuitionistic fuzzy weak implicative hyper K-ideal. In
this paper we consider the intuitionistic fuzzifications of
{strong) hyper K-subalgebras in hyper K-algebras. We give
relations between intuitionistic fuzzy hyper K-subalgebras
and intuitionistic fuzzy strong hyper K-subalgebras.

2. Preliminaries

We include some elementary aspects of hyper K-
algebras that are necessary for this paper, and for more de-
tails we refer to [3] and [13]. Let H be a non-empty set
endowed with a hyper operation “o”, that is, o is a function
from H x H to P*(H) = P(H) \ {0}. For two subsets A

and B of H,denoteby Ao Btheset |J aob.
a€AbER
By a hyper I-algebra we mean a non-empty set H en-
dowed with a hyper operation “o” and a constant 0 satisfy-
ing the following axioms:

HD) (5020 (yoz) < woy,
(H2) (zoy)oz—(zo0z)oy,
(H3) z < =,

(H4) z <yandy < zimplyz =y

forall z,y,z € H, where z < yisdefinedby0 € z oy
and forevery A, B C H, A < Bis defined by Ja ¢ A
and Jb € B such that ¢ < b. If a hyper I-algebra {H,0,0)
satisfies an additional condition:

H5) 0 < zforallz € H,
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then (H, o,0) is called a hyper K-algebra (see [3]).
In a hyper I-algebra H, the following hold (see [3,
Proposition 3.4]):

(al) (AoB)oC=(AoC)oB.
@) zolzoy) <y

@3) zoy<zezoz<y.
(d) AoB<(C s Ao(C < B.
@5) (zoz)o(@oy) <yox
(@6) (AoC)o(Bo() < AoB.
(a7) Ao (Ao B) < B.

@8) A< A.

(a9) A C Bimplies A < B.

for all z,y, z € H and for all nonempty subsets 4, B and
Cof H.

Let S be a subset of a hyper K-algebra (H, o, () con-
taining 0. If S is a hyper K-algebra with respect to the hyper
operation “o” on H, we say that S is a hyper K-subalgebra

of (H,o0,0) (see [3]).

Lemma 2.1. {3] Let S be a nonempty subset of H. Then S
is a hyper K-subalgebra of H if and only if x oy C § for
allz,y € S.

3. Intuitionistic fuzzy strong hyper
K-subalgebras

In what follows let H denote a hyper K-algebra un-
less otherwise specified. An intuitionistic fuzzy set (IFS,
for short) in H is an expression « given by

o= (o pa®), volz)) |z e H}

where the functions y, : H — [0,1] and vy, : H — [0,1]
denote the degree of membership (namely 1., () and the
degree of nonmembership (namely v, (z)) of each element
z € H to o, respectively, and

0< eua(x) + 7&('75) <1

for all z € H. For the sake of simplicity, we shall
use the notation o = (H, pu,Y,) instead of o =
{(z, pa(2),va(z)) | z € H}. Let o = (H, iy, Vo) be an
IFS in H and let m,n € [0, 1] with m + n < 1. Then the
IFS Cipm py in H is defined by Cpy ) () = (m,n), ie.,
BC oy (T) = m and vg,,  (x) = nforall z € H. The
representation “af{x) > (i, n)” means that py(z) > m
and v, (z) < n. Then the set ™™ = {z € H | a(z) >
Clmm(@)} = {2 € H | po(2) = m. 7a(e) < n} is
called an intuitionistic level set of v in H.

Definition 3.1. [6] AnIFS o = (H, jia, Vo) in H is called
an intuitionistic fuzzy hyper K-subalgebra of H if it satis-
fies:

inf 1o (a) 2 Hlin{ﬂa (z), /u'a(y)}»

acroy

sup Ya(b) < max{va(z),v(y)}
begoy

ey

forall z,y € H.

Lemma 3.2. [6] An IFS o = {H, jiq, Vo) in H is an in-
tuitionistic fuzzy hyper K-subalgebra of H if and only if
the nonempty intuitionistic level set HS™™ is a hyper K-
subalgebra of H for all m,n € [0,1] withm +n < 1.

Definition 3.3. An IFS o = (H, lia, Ve, in H is called
an intuitionistic fuzzy strong hyper K-subalgebra of H if it
satisfies:

(Va,y € H)( inﬂy pala) = po (),

agx

sup Yo (b) < va ().
bexoy
(2)

Example 3.4. Let H = {0, a, b} be a hyper K-algebra with
the following Cayley table:

o l 0 a b
0|{0}y {0} {0}
al|{a} {0,a} {0,a}

b|{b} {a,b} {0,a,b}
Define an IFS « = (H, po, Vo) in H by

/i ¢} ] b 0 3 b
a={H, (55 5% 53) (505 565 57"
Then o = {H, jto, Yo Is an intuitionistic fuzzy hyper K-
subalgebra of H (see [6]). It can be easily check that

o = (H, pta, Vo) 1s also an intuitionistic fuzzy strong hyper
K-subalgebra of H.

Proposition 3.5. Every intuitionistic fuzzy strong hyper K-
subalgebra o = (H, jiy, v, satisfies the following asser-
tions:

(Vo € H) (1a(0) 2 po(z) & 72(0) < volx)).
Proof. Since v < xforallz € H, wehave 0 € z o z.
Hence o (0) > inf pa(z) 2 po(z) and 7a(0) <

ZEE0X
sup Yalz) < vao(z). This completes the proof. O

zEzox
Theorem 3.6. Every intuitionistic fuzzy strong hyper K-
subalgebra is an intuitionistic fuzzy hyper K-subalgebra.

Proof. Let o = (H. gy, v,) be an intuitionistic fuzzy
strong hyper K-subalgebra of H andlet z,y € H. Then

inf o (2) = pa(z) = min{pa (2), pa(y)},

z€

Zsetgo)g’yu(Z) < Yolz) < max{valz), va(y)}

forall z,y € H. Hence o = {H, 114, Vo) 18 an intuitionistic
fuzzy hyper K-subalgebra of H. |
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The converse of Theorem 3.6 is not true as seen in the
following example.

Example 3.7. Let H = {0, a, b} be a hyper K-algebra with
the following Cayley table:

ol O a b

0 | 07 {0,a,5] (0,00
a|{a} {0,a,b} {O, a,b}
b {6} {a,b} {0,a,b}

Define an IFS o = (H, 1o, 7o) in H by

Then o = (H, {ia, Vo) is an intuitionistic fuzzy hyper K-

subalgebra of H. But it is not an intuitionistic fuzzy strong

hyper K-subalgebra of H since i%f te(z) = 03 <
oa

0.9 = p(0) and/or sup y,(z) = 0.7 > 0.09 = v,(0).

z€00a

Combining Lemma 3.2 and Theorem 3.6, we have

Theorem 3.8. If an IFS o = (H, pio, v, in H is an in-
tuitionistic fuzzy strong hyper K-subalgebra of H, then
the nonempty intuitionistic level set Hy (™) is a hyper K-

subalgebra of H forall m,n € [0,1] withm +n < 1.

Theorem 3.9. Let S be a subset of H and let a{9) =
(H, pa(s): Ya(s)) be an IFS in H defined by

(ZL‘) . ty ifzes,
Ha($)\F) =1 4, otherwise,

(@) = s1 ifzes,
RECAS ) NP otherwise,

(3)

for all z € H, where t1,t2, 81,52 € [0,1] with t; > o,
$1 < 89, t;+8;, < 1fori=1,2. Then

(D) a(S) = (H, ita(s), Tars)) 18 an intuitionistic fuzzy
hyper K-subalgebra of H if and only if S is a hyper
K-subalgebra of H.

(i) Hysy = {o € H | pusl@) =
Ba(s)(0) & Ya(s)(®) = Ya(s)(0)} = 8

Proof. (i) Assume that a(S) = (H, [ta(s); Va(s)) is an in-
tuitionistic fuzzy hyper K-subalgebra of H and let z,y €

S.Then fig(5)() = t1 = pa(s)(y) and vu(sy(2) = 51 =
Ya(s)(y). For any a € z oy, we have

Pa(s)(a) >

ucroy
Ya(s)y(a) < SUD Ya(s) (v) < max{va(s)(2), Yars)(¥)}
vEzoy

Thus pqgy(a) = t1 and v4(5)(a) = s1, and so @ € S.
Therefore z oy C 5, and S is a hyper K-subalgebra of H
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inf /fba(S)( ) > rﬂin{ua(S)(w)v /"’a(S)(y)} =1y,

= 81.

by Lemma 2.1. Conversely, suppose that S is a hyper K-
subalgebra of H andletz,y € H. If x ¢ Sory ¢ S, then
clearly

8L pags)(a) 2 t2 = min{pa(s) (@), taes) (W)}

SUP Ya(s)(b) < 52 = max{va(s)(2); Ya(s)(¥)}-
bezoy

Assume thatz € Sandy € S. Then x oy C 5. Thus

inf posy(a) =ty = min{pa(s)(2), Ba(s) (W)}

acxroy

sup Yacs)(0) = 51 = max{v4(s)(2), Ya(s)(¥) }-

bezoy
Therefore o(S) = (H, fta(s),Va(s)) is an intuitionistic
fuzzy hyper K-subalgebra of H.

(ii) Straightforward. |

Corollary 3.10. Let o(S) = (H, pio(s), Ya(s)) be defined
as in Theorem 3.9. If it is an intuitionistic fuzzy strong hy-
per K-subalgebra of H, then S is a hyper K-subalgebra of
H.

Proof. 1t follows directly from Theorems 3.6 and 3.9. [

Definition 3.11. [5] Let H, and H; be hyper K-algebras.
A mapping f : Hy — Ha is called a weak homomorphism
if it satisfies:

M f(0) =0,
(i) (Vz,y € H1) (f(zoy) C fz) o fy)).

Theorem 3.12. Let f : H; — Hs be a weak homo-
morphism of hyper K-algebras. If 8 = (Ha, pg,v3) is
an intuitionistic fuzzy strong hyper K-subalgebra of Hy,
then 3y = (Hi, ugf,'mf> is an intuitionistic fuzzy hy-
per K-subalgebra of Hy, where yg, and vg, are defined
by 15, (2) = pp(f()) and s, (2) = ya(f () for al
z € Hq.

Proof. Forany ¢,y € H;, we have

LoD 2 o By 1o )
f(z)ef(zf)of(y) ns(f(2)) > pa(f(z))
min{ps(f(x)), us(f(y))}

min{pg, (z), ps, (1)},

sup (f(2)) <

z2€xoy

inf g (z) =

z€xoy

v

Vv

[

sup  va(f(2))
F(z)€ f(xoy)
sup

v(f(2)) < va(f(x))
F(z)ef(zjof(y)

max{a(f(z)), va(f )}
max{vs, (), 5, (¥)}-

Hence 3y = (H1, pg;, ;) is an intuitionistic fuzzy hyper
K-subalgebra of H;. O

sup g, (z)
zETOY

IA

IAIA
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Let (Hy,01,01) and (Hy, 09, 02) be hyper K-algebras.
Define a hyper operation o on the product H; x Ho as fol-
lows:

(a1,a2) 0 (b1,by) =
for all (a1, as), (b1, b2) € Hy x Ho, where for A C H;
and B € H, by (A, B) we mean
(

(A, B) =

(a1 01 b1, az 03 by)

{(a,b) |a € A,be B}, 0= (01,0,)

and (al,ag) = (bl,bz) < a7 < bl, as < by. Then
{H1 x Hg,0,0) is a hyper K-algebra (see [3]).

Theorem 3.13. If oy = (Hi, liayrVa,) and s =
(Hz, fbassYap) are intuitionistic fuzzy hyper K-
subalgebras of hyper K-algebras (Hy,01,0y) and
(Hg2,02,02), respectively, then a1 x as = (H; x
Hy, tho xa s Yoo xa) 18 an intuitionistic fuzzy hyper K-
subalgebra of (H x Hj,0,0).

Proof. Forany (x1,22), (y1,y2) € Hy x Ha, we have

inf Hoy xas(@1,a2)
(01,82)€(@1,@2)0(yn,ya) o

= a1 Gifrigxw min{l“‘&1 (al)'/ Poy (a2>}
ag€xp0gYg

= min{ inf pu,(a1), inf
a3 X101y az&T202y2

> min{min{pa, (1), po, (v1) 7},
rmn{,uaz(m) fos (y2) 1}

= min{min{ g, (1), o, (z2)},
mingfeo, (Y1), Moy (y2) }}

= min{ﬂale@ (x1, Tg), Moy x o (yl,yz)},

Hay (G‘?)}

sup
(a1,a2)€(z1,22)0(y1,y2)
= sup max{a, (a1), Ve, (a2)}

@) €X193Y]
a2€x202v2

= Inax{

'Yal X oy <a1? a?)

SUp Yoy (a1),  SUp  va,(a2)}

a1 €x101Y; ap€agoyys
< max{max{va, (1), Ve, (1)},
nld’x{ﬁyaz(lz) Yoz (92)}}
= max{nlax{’}/al ‘11) Yes (12)}
max{va, (1), Vas (2) }}
= maxX{Ya, xaz (1, 2); Yo xaz (Y1, 92) }-

Hence a1 x g = (H1 X Ha, flog xas» Yoi xa, ) IS an intu-
itionistic fuzzy hyper K-subalgebra of (H; x Hy,0,0). [

Corollary 3.14. If oy = (Hi,ftay Ve,) and g =
(H, lhags Yay) are intuitionistic fuzzy strong hyper
K-subalgebras of hyper K-algebras (Hiy,o0;,0;) and
(Ha2,09,09), respectively, then o x ay = (H; x
Hy, oy xans Yo xas ) 18 ANl intuitionistic fuzzy (strong) hy-
per K-subalgebra of (Hy x Hg,o0,0).

Proof. Straightforward. 1
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