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Abstract

Park et.al.[10] defined the intuitionistic fuzzy metric space in which it is a little revised in Park[4], and Park
et.al.[7] proved a fixed point theorem of Banach for the contractive mapping of a complete intuitionistic fuzzy

metric space.

In this paper, we will establish common fixed point theorem for four self maps in intuitionistic fuzzy metric
space. These results have been used to obtain translation and generalization of Grabiec’s contraction principle.
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1. Introduction

Kramosil and Michalek[3] introduced the concept
of fuzzy metric space. George and Veeramani[2] stud-
ied this concept of fuzzy metric space and defined
Hausdorff topology on fuzzy metric space. Grabiec[1]
obtained the Banach contraction principle in setting
of fuzzy metric spaces introduced by Kramosil and
Michalek[3].

Recently, Park et.al[10] defined the intuitionistic
fuzzy metric space in which it is a little revised in
Park[4], and Park et.al.[ 7] proved a fixed point theorem
of Banach for the contractive mapping of a complete
intuitionistic fuzzy metric space.

In this paper, we will establish common fixed point
theorem for four self maps in intuitionistic fuzzy metric
space. These results have been used to obtain transla-
tion and generalization of Grabiec’s contraction princi-
ple.

2. Preliminaries

We give some definitions, properties of the intu-
itionistic fuzzy metric space as following :
Definition 2.1. ([5]) A operation * : [0,1] x [0,1] —
[0, 1] is continuous ¢ —norm if = is satisfying the follow-
ing conditions:
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(a) * is commutative and associative,

(b) * is continuous,

(¢) ax1=aforalla € [0,1],

(d) axb < cxd whenevera < cand b < d
(a,b,c,d € [0,1]).

Definition 2.2. ([5])A operation ¢ : [0,1] x [0,1] —
[0, 1] is continuous t—conorm if ¢ is satisfying the fol-
lowing conditions:

(a) ¢ is commutative and associative,

(b) ¢ is continuous,

() av0=aforalla € [0,1],

(d) aob > codwhenevera < cand b < d
(a,b,c,d € [0,1]).

Definition 2.3. ([5])The 5—tuple (X,M,N,*,0) is
said to be an intuitionistic fuzzy metric space if X is an
arbitrary set, * is a continuous {—norm, ¢ is a continu-
ous t—conorm and M, N are fuzzy sets on X2 x (0, co)
satisfying the following conditions; for all z,y, 2 € X,
such that

@M(z,y,t) >0,

(b)M(J),yﬂf) =le=z=y,

(C)M($, Y, t) = M(ya €T, t),

©)M(z,y,-) : (0,00) — (0, 1] is continuous,

(ON(z,y,t) >0,
(g)N(m,y,t) =0=z=y,



(DN (z,y,t) = N(y,:cg t),

ON(z,y,t) o N(y, z,5) > N(z,2,t+ s),

(ON(z,y,-) : (0,00) — (0, 1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy
metric on X. The functions M (x,y,t) and N(z,y,t)
denote the degree of nearness and the degree of non-
nearness between x and y with respect to ¢, respectively.

Example 2.4. Let (X, d) be a metric space. Denote
axb=aband aob = min{l,a+b} foralla,b € |0, 1]
and let My, Ny be fuzzy sets on X? x (0,0c) defined
as follows :
_ kt"
Ma(,y,t) = g ray
d(z,
Nd<$7 Y, t) — kt”+(m3{)ac,y)
for k,m,n € R*(m > 1). Then (X, My, Ny, *,0)
is an intuitionistic fuzzy metric space. It is called the

intuitionistic fuzzy metric space induced by the metric
d.

Lemma 2.5. ([8]D)In an intuitionistic fuzzy metric space
(X,M,N,x,0) =X, M(x, y, -) is nondecreasing and
N(z, y, -) is nonincreasing for all z, y € X.

Definition 2.6. ([9]) Let X be an intuitionistic fuzzy
metric space.

(a) A sequence {x,,} in X is convergent to z in X
ifflimy, oo M (2, 2,t) = 1, limy, oo N(2p,2,8) =0
for each t = 0.

(b) A sequence {z,} in X is called Cauchy
sequence iff limg, oo M(Znip, zn,t) = 1,
limy, o0 N(Zntp, Tpnyt) =0forallz > 0and p > 0.

(¢) X is called complete if every Cauchy sequence
is convergent in it.

Remark 2.7. Since * and ¢ are continuous, it follows
from (d), (i) of Definition 2.3 that the limit of a se-
quence in an intuitionistic fuzzy metric space is unique,
if it exists.

Definition 2.8. Functions A and N are continuous in
intuitionistic fuzzy metric space iff whenever {x,} —
z and {y,,} — v then

im M(Zn,yn,t) = M(z,y,t),

n—r0oC

nlingc N(Zn,yn,t) = N(z,y,t) forall t> 0.

Lemma 2.9. ([8])Let X be an intuitionistic fuzzy met-
ric space. If there exists a pumber & € (0, 1) such that
forallz,y € X and ¢t > 0,

M(z,y,kt) > M(z,y,t), N(z,y,kt) < N(z,y,t),

then z = y.
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3. Compatible mapping

In this section, we introduce compatible mapping
and properties for our main result.

Definition 3.1. Let A, B be mappings from intuitionis-
tic fuzzy metric space X info itself. The mappings are
said to be compatible if

lim M(ABx,, BAr,,t) =1,

lim N{ABz,,BAz,,t)=0
for all ¢ > 0, whenever {z,} C X such that
My, oo Az, = lim,, o Bx, = x for some 2 € X.

Definition 3.2. Let A, B be mappings from intuition-
istic fuzzy metric space X into itself. The mappings
are said to be weak-compatible if they commute at
their coincidence points. that is, Ax = DBua implies
ABr = BAzx.

Remark 3.3. Let (4, 5) be pair of self mappings of in-
tuitionistic fuzzy metric space X. Then (A, S) is com-
muting implies (A, S) is compatible. Also, (4,5} is
compatible implies (4, S) is weak-compatible but the
converse is not true.

Definition 3.4. Let A, B be mappings from intuitionis-
tic fuzzy metric space X into itself. The mappings are
said to be semi-compatible if

lim M(ABux,, Bx,t) =1,

n—od

lim N(ABz,, Bx,t) =0

n—oo

for all ¢ > 0, whenever {z,} C X such that
m,, oo Axy, = lim, oo Bz, =z € X.

Lemma 3.5. Let A, B be self mappings on intuition-
istic fuzzy metric space X. If B is continuous, then
(A, B) is semi-compatible iff (4, B) is compatible.

Proof. Let (A, S) be semi-compatible. Then
lim M(ASz,,Sz,t) =1, lim N(ASz,, Sz, t} =0
o0 n—0o0

N

for all £ > 0, whenever {z,} C X such that
my, o Az, = lim,, . Sz, = x for some x € X.
Therefore, since S is continuous,

lim M(ASz,,Sz,t)
= lim M(ASxz,,SAx,.t)=1,

2wy O

lim N(ASz,, Sz, t)

Tl K

= lim N(ASz,,SAz,.t) = 0.

n—0o0

Hence (A,S) is compatible. Also, the converse is
true. |
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4. Main Results

Theorem 4.1. Let A, B, S and T be self mappings of
a complete intuitionistic fuzzy metric space satisfying

@A(X) c T(X), B(X) C 8(X),

(b)A or S is continuous,

(c)Pair (A,S) is semi-compatible and (B,T') is
weak-compatible,

(d)There exists k € (0,1) such that forall z,y € X
andt > 0,

M{Az, By, kt)

> min{M(By, Ty,t), M(Sz,Ty,t), M(Az, Sz, t)},

N{Az, By, kt)
< max{N(By,Ty,t), N(Sz,Ty,t), N(Az, Sz, 1)},

(©limyoo M{z,y,t) = 1, lmyoo N(x,y,1) =
Oforallz,y € X andt > 0.

Then A, B,S and T have unique common fixed
point in X.

Proof. Let o € X be any arbitrary point as A(X) C
T(X) and B(X) C S(X), there exist z1,z2 € X
such that Axg = Tz, Bxy = Szy. Inductively
construct sequences {Z,}, {yn} such that yan41 =
Azxon = TZont1, Yonye = BIony1 = Sxzopgo for
n = 0,1,2,---. Now using (d) with x = x9,,y =
T2p 415

. t t
> min{ M (yan+2, Y2n+1, F)’ M (y2n, Yon+1, }C—Q)a
M(an—!—la YTon, t)}

> mln{ w(y2’n+la Yon-+2y 77 ) M(y?rh Yon+1, t)})

k?’n
N'(yZn—rla Yon+2s kt)
t t
< max{N (Yan+2:Yon+1, E>’ N(yzn, ¥2n+1, E>’
N(y2n+17 YZon, t}}
t
= max{N (Yan+1, Yon+2, —) N(yan, Yan+1,t)}

< max{N (Yan+2:Y2n+1, AQ) N{(y2n, Yon+1 g2>
N(an 1Y T2n, )}

< max{N(Yont1, Yant2: 757 ) N(y2n, Yont1, 1) }-

km

Taking limit as m — oo, we get

M (Yan+1, Yan+2, kt) > M(Yon, Yont1,t)
N(Yan+1, Yon+2, kt) < N(Yan, Yon+1,t)

forallt > 0.

M{ Az, Bropt, kt)
= M(yan+t1,Yont2, kt)
> min{ M (Bzapt1,TT2n+1,1),
M(Sxon, Txonri,t), M(Aza,, Sxon, t)}
= min{ M (Y2n+2, Y2n 11, ), M (Y2n, Y2n+1,t),
M (y2n+1,Y2n, ) }
= min{ M(yzni1, Yon+2, ), M (Y20, Y2n+1, 1) },
N(Axgy, Broni1, kt)
= N(Y2n+1, Yon+2, kt)

Similarly, we get

M(y2n41, Yont2, t)
N{y2n+1, Y2n+2,t)-

M (yon+2, Yan+3, kt)
N(Y2n+2, Yon+3, kt)

NV

Thus forallnand ¢ > 0,

Aé[(?/m Yn+1, kt) z A’[(ﬁyn—la Yns t)
1V(y,.“ Yn+-1s kt) < N(Q?‘!r—] s Yns -5)_

< max{N{Bzap+1, T@ont1,1), Therefore

N(Szapn, Txant1,t), N(Azon, Stopn, 1)}
= max{N(y2n+2, Y2nt1,t)s N(Y2n, Y2n+1, 1),
N (Yont1,Y2n, 1)}
= max{N(Y2n+1,Y2n+2,t), N(Y2n, Y2n+1,1)}-

Therefore

M (yana1, Yonta, kt)

> min{M (y2n+2, Y2n+1, %)) M (yan, Yons1, %)7
M(Y2ni1, yZon, t)}

t
=), M (Y2n, Yons1, 1)}

= min{M (Y2n+1, Y2n+2, T
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t
M(y'ﬂ’ yn+17t) 2 M(yn—lyy’nn E)
t
2 ...... > M(yojyl’ kn)
t

N(ymyn-}-lyt) < N(yn_lyyn, E)

t
S §N(’yo,y1» '[;77:)

Hence

limy, 0o Ai[(yru Yn+1, t) =1,
im, oo N(ym yn+1>t) =0



forallt > 0.
Now, for any integer p,

M(yn) yn+p7 t)

t t
> M(Yn, Ynt1, }—7) * M (Y1, Yn+2, 1—7)

t
Ceek M(yn Fp—1s Yntps 5)7

N(yna yn+p7 t)

i t
S N(ynv Yn+1, _) < N(yn—i—la Yn+2; _>
P p
4
c e O N(yn—!—p—la Yn+ps ;)
Therefore

limn_*og M(?jn, Ynt-ps f) Zlklsxeeenn. 1 =1,
iy oo N (Yn, Ynap, t) <0000 -0 o0 =0,

Hence {y, } is a Cauchy sequence in X which is com-
plete. Therefore {y,} converges to z € X. s sub-
sequences {Azo,}, {Bzan+1}, {Szon}, {Tzani1}

also converges to 2. i.e.,
{Azn} — 2z, {Bzonii} — 2 €]
{Szan} — 2z, {Txoni1} — 2.

Let A be continuous function. Then
AArxo, — Az, ASxzy, — Az
Since pair (A, 9) is semi-compatibility,

m ASxzy, = Sz.

n-—00
As limit of a sequence in intuitionistic fuzzy metric
space is unique, we have
Az = Sz (2)
First, putting z = z, y == Zap.41 in (d), we get
M(Az, Bzgy 1, kt)
> min{ M (Bxan 11, T %2041, 1),
M(Sz,Txonsq,t), M(Az, Sz, 1)},
N(Az, Bxopy1, kt)
< max{N(Bzgni1, TTont1l),
N(SZ, T$2n+1;t>, N(AZ, SZ, t)}
Taking limit as n — oo,
M(Az, z, kt)
> min{M(z,z,t), M(Az, z,t), M(Az, Az, t)}
== J\/f(AZ, Z, t),
N(Az, z, kt)
<max{N(z,z,t), N(Az, z,t), N(Az, Az, t)}
= N(Az, z,t).
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By Lemma 2.9, Az = z. Thus Az = Sz = z.

Second, since A(X) ¢ T(X), there exist u € X
such that z = Az = Tu. Putting z = z9,, ¥y = uin
(d), we get

M{Azy,, Bu, kt)

> min{ M (Bu, Tu, t), M(Sze,, Tu,t),
M(Azopn, Szan, t)},

N{(Axo,, Bu, kt)

< max{N(Bu,Tu,t), N(Sxa,, Tu,t)
N(Azzn, Ston,t)}.

b

Taking limit as n — oo, we get

Mz, Bu, kt)

> min{ M (Bu, z,t), M(z,z,t), M(z, z,t)}
= M(Bu, z,t),

N{z, Bu, kt)

< max{N(Bu,z,t), N{z,2,t), N(z, z,t)}
= N(Bu, z,t).

forallt > 0. By Lemma 2.9, 2 = Bu = Tu and
weak compatibility of (B, T'} gives T'Bu == BTu. i.e.,

z = Bz.

Third, putting z = 2z, y = z in (d), we have

M(z, Bz, kt) > min{M{Bz,Tz,1),
M(Sz,Tz,t), M{Az, Sz, t}},
max{N{Bz,Tz,1t),
N(Sz,Tzt),N(Az, Sz,1)}.

N(z,Bz,kt) <

Using the results from Second, we get

M{z, Bz, kt)

> min{M{(Bz, Bz,t), M(z, Bz,t}, M (z, 2, t)}
— M(z, Bz,1),

N(z, Bz, kt)

< max{N(Bz,Bz,t),N(z,Bz,t), N(z, z,t)}
= N{z, Bz,1).

for all ¢ > 0, which gives Bz = z. Hence we get
2= Az = Bz = 8z =Tz thatis, z is common fixed
pointof A, B, Sand T

Now, let S be continuous function. Then S Azo,, —
Sz, S?z3, — Sz. Since pair (A4,5) is semi-
compatibility, lim, .., ASz3, = Sz.
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Fourth, putting z = Sz, y = 2,41 in (d), we
get

M(ASzsy,, Bxoni1, kt)
> min{M (Bzon+1, T22n+1,1),

M(SSx2,, Txon1,t), M(ASTopn, SSxon, t)},
N(ASzoy, Bxani1, kt)
<max{N(Bzan+1,TTont1,t),

N(SSzon, Txont1,t), N(ASzop, SSz2s, 1)}

Taking limit as n — oo,

M(Sz, z, kt)

> min{M(z, z,t), M(Sz,z,t), M(Sz,Sz,t)}
= M(Sz, z,t)

N(Sz, z kt)

< max{N(z,z,t), N(Sz,z,t), N(Sz, Sz t)}
= N(Sz, z,t).

for all t > 0. By above Lemma 2.9, Sz = z.
Fifth, putting x = 2, y = z2,+1 in (d),

M(Az,Bxopiy, kt)

> min{ M (Bzan+1, TZ2n41,1),
M(Sz,Tzons1,t), M(Az, Sz, 1)},

N(Az, Bxopy1, kt)

< max{N(Bzant1, TTon+t1,1),
N(Sz,Txont1,t), N(Az, Sz, 1)},

Taking limit as n — oo,

M(Az, z, kt)

> min{M(z, z,t), M(Sz, 2,t), M(Az, 2,t)},
= M(Az, z,t)

N(Az, z, kt)

<max{N(z,z,1), N(z,2,t), N(Az, z,t)},
= N(Az, 2,1).

By Lemma 2.9, Az = z. Therefore Az = Sz = 2.
Applying Second and Third, 7z = Bz = 2. Thus
z = Az = Bz = Sz = Tz. That is, z is unique
common fixed point of A, B, S and T

Finally, we show the uniqueness of common fixed
point. Let w be another common fixed point of 4, B, S
and 7. Then w = Aw = Bw = Sw = Tw. Putting
z = zand y = w in (d),

M(Az, Bw, kt)
> min{M (Bw, Tw,t), M(Sz,Tw,t), M(Az, Sz,t)},
N(Az, Bw, kt)
< max{N(Bw,Tw,t), N(Sz,Tw,t), N(Az, Sz,t)}.
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Therefore
M(z,w, kt) > M(z,w,t), N(z,w, kt) < N(z,w,t).

Thus z = w. Hence z is common fixed point of the four
self maps A, B, S and T O

Corollary 4.2. Let A be a self mappings of a com-
plete intuitionistic fuzzy metric space X satisfying
lim; oo M(z,y,t) =1, limy_o N(z,y,t) = 0such
that, forall z,y € X, k € (0,1) and ¢t >0

M(Azx, Ay, kt) > M(z,y,t),
N(Az, Ay, kt) < N(z,y,t).

Then A has a unique fixed point in X.

Example 4.3. Let (X, d) be the metric space with X =
[0,1]. Denote a*xb = ab and aob = min{1, a+b} for all
a,b € [0,1] and let M, N be fuzzy sets on X2 x (0, 00)
defined as follows :

d(z,y)

M(z,y,t) = it dy)

=—— N t
t+d(.’1}',y)’ (l‘,y, )

Then (M, N) is an intuitionistic fuzzy metric on X and
(X, M, N,*, o) is an intuitionistic fuzzy metric space.
Define self mappings A, B, S and T by

0ifo<z<
3 otherwise

N

2¢ f0<x <

n
s
I
[ R

1 otherwise

0ifo<x<

|

1
— otherwise
3 W

0ifxz=0
1 1

1
1if1<x§1.

Then S is continuous, the pair (A,S) is semi-
compatible and (B,T) is weak-compatible. Also,
A(X) = B(X) = {0, 3}, S(X) = [0,1] and T(X) =
{0, 3,1} satisfy the containment conditions of Theo-
rem 4.1. For k = %, (d) of Theorem 4.1 is satisfied and
we obtain that 0 is the unique common fixed point of
four mappings.



References

{1] M. Grabiec, Fixed point in fuzzy metric spaces,
Fuzzy Sets and Systerns 27 (1988), 385-389.

[2] A. George, P. Veeramani, On some results in fuzzy
metric spaces, Fuzzy Sets and Systems 64 (1994),
395-399.

{3] J. Kramosil, J. Michalek, Fuzzy metric and statis-
tical metric spaces, Kybernetica 11 (1975), 326—
334,

[4] JLH. Park, Intuitionistic fuzzy metric spaces,
Chaos Solitons & Fractals 22(5) (2004), 1039—
1046.

[5] J.H. Park, J.S. Park, Y.C. Kwun, A common fixed
point theorem in the intuitionistic fuzzy metric
space, Advances in Natural Comput. Data Min-
ing(Proc. 2nd ICNC and 3rd FSKD) (2006}, 293
300.

{6] 1.S. Park, HJ. Kang, Common fixed point theorem
for a sequence of mappings in intuitionistic fuzzy
metric space, Internat. J. Fuzzy Logic Intelligent
Systems 7(1) (2007), 30-33.

[7] 1.S. Park, J.H. Park, Y.C. Kwun, Fixed point the-
orems in intuitionistic fuzzy metric space(l), JP J.
fixed point Theory & Appl. 2(1) (2007), 79-89.

AN HA| HElsolM SERSE del ® oA

e

[8] 1.S. Park, S.Y. Kim, A fixed point Theorem in
a fuzzy metric space, FE1.M.S. 1(6) (1999), 927~
934,

[9] J.S. Park, Y.C. Kwun, Some fixed point theorems
in the intuitionistic fuzzy metric spaces, FJ.M.S.
24(2) (2007), 227-239.

[10] 1.S. Park, Y.C. Kwun, J.H. Park, A fixed point
theorem in the intuitionistic fuzzy metric spaces,
FJM.S. 16(2) (2005), 137-149.

[11] L.A. Zadeh, Fuzzy sets. Inform. and Control 8
(1965), 338-353.

B

Jong Seo Park

Professor of Chinju National University of Education
Research Area: Fuzzy mathematics, Fuzzy fixed point
theory, Fuzzy differential equation

E-mail : parkjs@cue.ac kr

Fax : +82-55-740-1230

Phone : +82-55-740-1238

Seon Yu Kim

Professor of Chinju National University of Education
Research Area: Fuzzy mathematics, Fuzzy differential
equation

E-mail : sykim@cue.ac.kr

529



