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Mandelbrot(1971)¢] A+ZFH Al#tste], 571 &< 47] 7194 (ong memory
or long range dependence)dll tlgh AlEh2 3l g3 slE A (stylized fact)Z Bro}

SR QU olakEe] A7]7194d 9] A= Bakus and Zin(1993)¢] A7F A &0
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Ao B4 A7) 7194 (long memory)S HFG S ojx &R | oA uF
of ot} o]AL9] 7|9 AS B Wrdsly] e = fBm(Fractional Brownian Mo-
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aglow ARRS A, AE 7HE AA o] EollA 7HE Aol H= v A P(no-arbi-
trage)®] 7Wds AHEE F7F flvkar 4% vt dth = Bme Bebeud 2o
u, HH 2 (Levy motion) = &2 A7 wkE Al Y (semimartingale)©] o} 7] wiZ-ell,

745 % (pricing measure) S 2= 527F itk Zolth 53], 549 Hurst 2 (para-

%(spot vield) & 2& 35 degdE e drloja& 9 37 w1, o] AH
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meter)7} 49 3+ A9t quadratic variation®] AAto] fo]dtA| 7] wji-o
fBme] o]E32(Ito formula)S |A €& 5 floH, v} steete B3 o = <3|
Aol &ell Agah=u HAZE AATE

aeu Htoll AF ot obd &g FEHEokl A, Itod e e MRS AR
HE o] &g o2 Bme AEA ZH3HA H At Bender(2003), Duncan et al.(2000)
59 Wick 2ie] mQle] m17lolth o] Wick A2 o|EX i o] nfg AU &
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ALEEETE o] A o|EFA S ARESt=d Akl Y] wiEel] 1 Al Wt bl
5 AlgHA 01915}. ofo] & A= Wick A&E o]&3ate], 7]E8] olats o8& AA
Hotar 1 9 E stz gk
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Square Gaussian 28 thete] Awsla, A VAolE=E HM B3-S g A VI%
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2. fBme] A F-o] A a3} Wick Integration
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oo wEbA ol & wEAY R wtEolFr] fleide A2 A k(intensity) 2 2Htoko]
ol& HEAL R wtEol FHh S N E Fold AAolg} stal AE Azl ek A=
gefstH, N, —at= mtEAIde] " o] A9 el Anntg Aol tig Doob F&
(decomposition) S AH&-3} T}
o] /S Bmol A&zl @ Bm Alv|wtgAldo] olslam® Doob F&&
s

A A8d i glod e masl Bk bee 492 du 4% v

X

t t
Fol thate], Wick 425 stdei 7 o] &} L /FS(SWSH% 712 9] o] E A Ko
0 0

2 aw, F ARel theel Bzt 4YeT

t t t
[ mowi= [ maw~ ["prr.as,
0 0 0

o]7]X DYF, = Malliavin calculus® 0.2 ths FolA AWstes dhrh Bepeud
t

A= P E/F(;WH];éoo] Ysta 939 E[/ Fdw!/]=09 84A& 2t
0

=
7 5 gou, / DYF,ds H8-& Bmol t@ ol R o] A e Tols B4 com-

pensator®} 22 A4S strfal A AFA AT 4 3tk EE Doob FE& AREgH
Aol of]7] wjiZell compensatorgtil 2= A2 A RTEO) 9lo] HAZFE, *A

Awstadel, Wick S ol&ste] LQEZYQ 9 /MdS Ao, mebA 7]E9]
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nE ztx] B3}l o)A wjEo] Oksendal(2003)& Definition 4.6°14 “strong arbi-

6) 919 TAE w$ A Holet & £ vk dA, ¢ FAZEE quadratic variation AAFeHE 99
BAA R Al S2lo] AR ki o]EFAe] M thEA o Hrh F A%y o 8%
<eo> # <o >olt}h wgh o]Z 1% martingale©] o} quasi-martingale©] g -2t}
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Aol Ak ey T 8T AR ol & AMREHA s AF Y] 7198 S Ze AR
7HAoIu, FHATE Aol 2ol A&t o8& AU st AV des
a7} g

A HTE Folds Ay 2o HE AL wE ZH$ EMM(Equivalent Martin-
gale Measure)©] o1& 7§7} EA)sto], vlAA A o] 7]E o] dEdod e &8t
o9l 7}ASZ(pricing measure)E o]8-35to], FAGES Hrleta = HE Akt
th, fBmoll 3k Wick ZE9 AL dHoe &
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F ¢9] g€ L? directional derivative+= U532 o] Fo]H]
D? F=lim

N Aol B

s [raw Wick 482 eu@ch @) o4
(short rate) r,7} th9] CIRS wWETh

drt:n(’y—rt)dt-i-a\/EdVT/tH,
A7k, v B

spulsel, (W) ,.,& EE
fBmeoltt. 9] Aol o]&

|
>,
x

, WA TR tA A (t< 1) 9] Folxx AA7E
Aol 22 ) (dynamics) & thS¥ 7o)
2
dP(t, z,) = (Z—f(b z,)+ o

opP
W(t’ x,)F,DP x |dt+ E(t, x,) Fd W,

) t t
7] A, Ds“’xt:/ DfFuquHJr/ F,¢(s,u)du,
0 0

F=oyr, a8 = [ayramy
0

fBme] Fundamental PDE

5 =&a7] fleel T 4w,
2t) = Pg&f)’)

8) fBmoll g o]EF42 integrande] FEle} ol uwbet w9 theksled, ofo] disAE= Bender(2003),
Duncan et al.(2000)5& #=3}7] v
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14 Q= WA= 989 A7 (market price of risk)E A2 718,

=1
= 4=

oP

Z
Ot )+ 2t ) FDY =~ N (1 )
oxr

ot
—r, =0,

P(t,a:,/)

w}2}A Fundamental PDEx t}&3} 2t}

2
2P e+ 22 2 F Do~ AE 2L (1) Pt 2,) = 0, (1)
, - ,

ot
Dol 5 #A &e] Malliavin

0% WEsfelo Bk A
2oz 7% %

7] wjFo] o] PDE:= Affine A&
S & & o =3 CIR dEje] SDEE 78l (strong solution) FE3F EA]81#] %47
Axtel E74s38HAl Ht

83 AT, T)=B(T, T) =
2

O
I~

2. Hull and White
e

dlo

Hull and White ©7]o|z& 282 t}

dr, = (a(t) = B(t)r,)dt + o (t) AW,

A7NA alt), B(t), 1BAL o(t) &

sJstel ol% ARWAHNOR HASA the L.

t

:f Fawl a2la @ =alu)—p(u)r,. 2121H CIR
0

FoF WRRHA R vhg-o] Aol A gt

2

O 1w + 2 ) G+ S b)) Fy DY = A (1,
T ox

—r = 0.

P(t, bLt)
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A7|M Dz, = t/‘F’¢ s,u) du.
0

Fundamental PDE+ th&3} 72t}

2
(ty2) + 22 (4, 2,) (G, = AE) + 2L (1,2, F, Dfx—r, Plt,2,) = 0. ©)
ox 912 ' :

or
ot

aEal AT, 7) =B(T,T) =05 WEstojof gtk 4 (2)& 4 (D= 2e Malli-
avin o] &g Hol7] i & F3l= Aol 7Fesiel Y22 Proposition®l A fBm
Hull and White &AHA7M4 S FRES v P, 7)E Pl z) 2 FASHAL 7=

Tt Aol g,

o
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257 28-S 2 54 (flexible) o2 THEIL S

IV. Quadratic 23 : Square Gaussian

8= 274 == AEAS(state variable)d] 234
Fo] M7} vlg- FAaH, ojxE RPoR

du=(6(t) *au)dt-i-OdWZH,

A7IM a, o= olw, ARtelRt oEd= F 0

version)E Hull and Whitex] &, 4% 3
At} r=w?0] 79 Fundamental PDE= th2-3 24

P,+P,(0(t)*—au) + P, F,D’u—u;P=0,

A71A, o(t)* = QFERA e 3

il

nitial term structure)

Pty+a(t)® A3, PDEw o 2o] ¥

o] A% AzE ANNA hty) =

a7
h, —ayhy-i-hnytDj’a:— (y+a(t)’h=0, dy=—aydt+od W,

=(y+a()’Z v A @} 89 Propositionel A =4

9) Brigo and Mecurio(2001)& =,
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Proposition 2 (Quadratic Model) : = th2] 4& ma i,
du= (0(t)— au)dt+ od VVtH

Brjel A r=u’ 2, 283 g M hgehd

y=u—alt), alt)=e "(Jr+ f e™0(s)*ds), W) TAHel 1§ F& Fol%

AAVAL Thet o] mAHT.

P(r)=exp(4(r)— B(r)y— C(1)y*)

AL T)= A(r) = / (F.D2wB(s, TV — 2P, D2 Cls, T)— a(s)2)ds

'ys 2v(7— s _
B(t, T)= 2/ ¢ (“7)62 — t)+(7 @) (s)ds
o e(atqy)e” +(y—a))
(t.7)= () S
Ccit, T)=C(r)= —
(a+7)e? "+ (y—a)
‘x, —/D¢FdWH /F¢su
= \/a2—|—4FtDt¢x
F, =0
t
1% /Fude
0
Proof : < 2>3k 2%
SHEAE Bmo 4 Quadratic o2& B2 7]E Behgyde] A9-9f 2ol

a2 AEshe & 4 Aok 28y A() el Malliavindo] 533kA ®T. affine

g zAo| 871535ttt Malliavindo] @] o]zx-&-2] 54
3 =}, ;7] o)Ag e WEAT-Z(volatility structure)”’} fBm A2
AAo)E dvh AA FFE MA= 7HE & F AT o ®E o|AE A YETHA
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HIMe] A 8714 et o] gejgny
P, T) :exp(—/Tf(t,s)ds)

714, f(mT):f(o7T)+/‘a(s,T)ds+/Ta(s,T)dWSH. FubiniZ =-&8k9, p(t,7) =
0 0

exp( /fOsds—/f sududs—/f (s,u)dud WH| o] Het}h S A

Az _

o] 7] A,
T T t
o (t,T)=ft ot u)du, o (t,T)=ft oltuw)du, ¢ (t,T)=/U¢(t,u)a (u, T)du,

9 Ao B 4 9ol ¢ AA7FA ] MEAde] SAMall the history of vol-

atility of bond price)& Hi JoS & F Atk FEZFE QoA

—
s+
3

dzZ(t,T) _
Z(t,T)

70-, (t7 T)dW;H(Q)

g wEsolor FO2, P9 NPIHAL et Lopok k.

v, =0 (t,T) o (t, )= ¢ (t, 1), dW}=~,+dW (Q). (4)
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P(fvT)=P(OaT)exp(fotrsdﬁfota’(s,T)qzb’(s,T)ds—f;a'(s,T)de(Q) )

Hebpudd Aol e S @RRE 29 WA ©]8¥= Radon-Nikodym

Derivative™ T2 #Zt}.

_PT)
P(0,7)B(t)

€ =
o] 2% fBmell #4834,

€ =

Pt,T) . t, , - to.’ , .
W—exp(/ﬁa (s, )¢ (s,T)d /0 (s, AW (Q) ®)
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A= 9 A 6)2 vtgALe] A Gevhs Aotk wekA SEMAS 93 R
don-Nikodym DerivativeZ+ AFHEE 4 §luh wetx F2 Q29 Ad9 23714 S
7|EY} o] AArtAR ] HsAdo] HY| AN E(Ee AESE 548 V&Y 1

11w O

e FAet] fstel M) vk 2ol Agojstolof dt

5':%Xexp(—/OfU/(S,T)(ﬁ/(S,T)dS—%‘U’|3,)
:exp(—fta/(s,T)deH(Q)—%\(f’\?,) ()
0

9l A (7)< Duncan et al.(2000)ZFH F% QoA 7Itigte] 19S & 4 v} o
ZtA € 2 quasi-martingaleo] 2} F-27]% Fht} A 2 (7)8 74 2% (pricing meas-—

woR £ JAL AFmE glovt, nehsU mAa sk gol Ao HErhA

2 PP wHEo] FEAE doluolol & Aolth o ZE QelA AW AL
Aol sgAde] W Qow, o]F AuZEe 2E 0|47} §l7] WFelth o2 1

O

Hal WEZ @ AN AwAde] A p T = L0 o oEgAe o ssu

O

AP w0 4

alSs
rlo

23} 2},

dF , , ,
== (o' (T (t.7) =o' (£, )¢ (t,T)

+ (o' (t,7)— o (¢, T))/t(a/ (u,7) =o' (u, 7)) (t, u)du|dt

+ (o' (t,7) =0’ (¢, T))dVVtH(Q)- ®

o (tr)—o (t,T) = f;a(t,u)du =¢"(t, T, 1)

d),/ (ta ﬂ T) = U, (ta T)(ZS’ (tv T) 70-, (t7 T)¢, (ta T)

4 ®)e v 2o,

dF(t, T,7)

Ft, T,7) =l¢" (t.T7)+o" (t, T, 7) /Uta" (u, T, 1) (£, ) du|dt
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+o" (t, T,7)dWH Q).

He 25 Qs @0 AlE e .

m-lu:

9 4 @t 4 (NF MY, AR TE Ak waskenl AaHAel
M PR B O R AES LHH: At B, sl BF Q) 5

o

T AEY AertAS wtEAY R whEo] 4] 7] Wi AEFEe & ol
s & F Atk wEba] B Al aeke @ SEE B o|xE FAE
NAARE golatA sk ZER F|Astejol 3 Aolt) the HeAE o]FA wsh

o A& Al M 2249 Hull and White 28-S 7FA8ta, A VA Aog Ax=
EE o]&3te] tha9] Ao AAFATEF S AA T}

Theorem 4 (AAFA) : @7] o4& =% @, &S Hull and White =82 u}
= o,

dr, = (a(t) =B (t)r)dt+o(t)dW(Q,)
W] wdl AL v A AL the 2 (u> 7).
w(P(t,7))=P(t,T) eXp(A(T,u)+B(T,U)/lJr%BQ(T,u)UAZ)N(B(T,u)&—Z)—KN(—z) ,

o1 71A,
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R T
M:€7H<t>,.0+f (M0~ H0 o, (1)) s,
0

o :‘g][o.T ‘zy

g(u) =M1 05 (y),
AW, T)= /BST —\F, ds+/B (s, T)F,Dlxds,
1*6_‘3(”7
BLT)=B(r)=—S+,
( ) (7’) ﬂ(t)
InK—A(T,u) -
B(Tu) "

ada N(Oe EEATE

Proof : <F& 3>3x.

23]
5!
1o,
—r
2
N
il

iz}
!
o
4

e

9] AelolA Bio] fBmk 7H¢-AI10l7] wiiol AAFAZA ]l A ALE &
gom AMASAdd WAEEA (implied vo)oll 31H == o9 Fe7F vl AS
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(3) 3= 3: Theorem 4 <4
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(4) B2 4 : Hurst Parameter Holl W& fBmol tj3dt
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No-Arbitrage Interest Rate
Models Under the Fractional
Brownian Motion

Joonhee Rhee”

abstract

In this paper, the fBm interest rate theory is investigated by using Wick integral. The
well-known Affine, Quadratic and HJM are derived from fBm framework, respectively. We
obtain new theoretical results, and zero coupon bond pricing formula from newly obtained

probability measure.
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