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ON SOME CLASSES OF REGULAR ORDER SEMIGROUPS

Zhenlin Gao and Guijie Zhang

Abstract. Here, some classes of regular order semigroups are discussed.
We shall consider that the problems of the existences of (multiplicative)
inverse δpo-transversals for such classes of po-semigroups and obtain the
following main results: (1) Giving the equivalent conditions of the exis-
tence of inverse δpo-transversals for regular order semigroups (2) showing
the order orthodox semigroups with biggest inverses have necessarily a
weakly multiplicative inverse δpo-transversal. (3) If the Green’s relation
R and L are strongly regular (see. sec.1), then any principally ordered
regular semigroup (resp. ordered regular semigroup with biggest inverses)
has necessarily a multiplicative inverse δpo-transversal. (4) Giving the
structure theorem of principally ordered semigroups (resp. ordered reg-
ular semigroups with biggest inverses) on which R and L are strongly
regular.

In T. S. Blyth and G. A. Pinto ([1]-[3]), the following concepts have been
introduced and discussed.

A negative (resp. positive) ordered regular semigroup S means that S is an
order semigroup (i.e. po-semigroup) in which for any x ∈ S there is s ∈ S such
that xsx ≤ x (resp. x ≤ xsx). A (negative) order regular semigroup S is said
to be principally ordered, for short POR-semigroup S, if for any x ∈ S there
exists

x∗ = max{y ∈ S | xyx ≤ x}.
We refer the reader to [1, 2], if S is a POR-semigroup, then every x ∈ S has a
biggest inverse, namely the element x0 = x∗xx∗ ∈ V (x) (which is the inverses
set of x). Thus S becomes an ordered regular semigroup with biggest inverses
(for short ORB-semigroup S) (see [3]). In this case we always denote the set
of all biggest inverse of S by S0, i.e., S0={x0 | ∀x ∈ S}.

Conversely, an ORB-semigroup S is necessarily not a POR-semigroup. For
example, we can prove that a naturally ordered ORB-semigroup (S,≤) on
which R and L are regular (see [7]) can not become a POR-semigroup. It need
only to notice mapping o : S −→ So denoted by x −→ xo is always antitone
on a naturally ordered POR-semigroup (S,≤) (see [2, Theorem 3.3] and [1]).
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This is in contradiction with the mapping o being isotone on E(S) (which is
the set of all idempotents of S).

Let S be a po-semigroup. If S is also regular (resp. orthodox, inverse and
so on) then we call that S is a regular (resp. orthodox,inverse and so on) po-
semigroup. Clearly, the POR- and ORB-semigroups are regular po-semigroups.

Let T be a po-subsemigroup of the regular po-semigroup S. If there is a
surjective mapping δ from S to T denoted by x −→ xδ such that

(R1) (∀x ∈ S) xδ ∈ VT (x)(where VT (x) = V (x) ∩ T )
(O1) (∀x ∈ S) |VT (x)| = 1 then T is called an inverse δpo-transversal of S.

If T satisfies (R1),(O1) and
(O2) (∀x, y ∈ S) xδxyyδ ∈ E(T ) (resp.(xδxyyδ)δ ∈ E(T ))

then S is said to be multiplicative (resp.weakly multiplicative). If T satisfies
(R1), (O1) and

(O3) the maximum idempotent-separating congruence on S is the identity
congruence on T ,

then T is called a fundamental inverse δpo-transversal of S.
Clearly, any inverse δpo-transversal is an inverse transversal.
Let S be a ORB-semigroup. Green’s relation R and L are called strongly

regular if (S1) and (S2) hold :

(S1) R and L are regular on S (i.e. x ≤ y =⇒ xxo ≤ yyo, xox ≤ yoy)
(S2) (∀e, f ∈ E(S)) e ≤n f =⇒ eeo ≤ ffo and eoe ≤ fof

where the order “≤n” is the natural order on E(S).

Example 1. Using the method in [1, Example 1], let k > 1 be a fixed integer
and for every positive integer n let nk denote the biggest multiple of k that is
less than or equal to n. Then integer set Z becomes a regular semigroup under
the operation +k defined by m+k n = m+nk ; Let (L,∧) be a semilattice and
L[2] = {(x, y) ∈ L × L | y ≤ x}. With the Cartesian order, let M = L[2] × Z.
A typical element ((x, y), p) of M will be denoted by [x, y, p]. Define a binary
operation on M by

[x, y, p][a, b, q] = [x ∧ a, y ∧ b, p + qk].

Then M becomes a POR-semigroup and we have

[x, y, p]∗ = [x, x,−pk + k − 1]

[x, y, p]0 = [x, y, (−pk + k − 1)k + k − 1];

E(M) = {[x, y, p] ∈ M | ∀(x, y) ∈ L[2], p ∈ Z such that pk = 0}.
Computing we know that E(M) is a left zero subband of M (i.e. E(M) is
a subsemigroup of all idempotents of S). So M is orthodox. On M, Green’s
relation R and L are strongly regular. In fact, since the mapping k :p −→ pk
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is surjective on Z and has the property : if p ≤ q then p + pk ≤ q + qk. So we
have that if [x, y, p] ≤ [a, b, q] then

[x, y, p][x, y, p]0 = [x, y, p + ((−pk + k − 1)k + k − 1)k]
≤ [a, b, q + ((−qk + k − 1)k + k − 1)k]
= [a, b, q][a, b, q]0.

Similarly [x, y, p]0[x, y, p] ≤ [a, b, q]0[a, b, q], that is, R and L are regular. Let
[x, y, p], [a, b, q] ∈ E(M), and [x, y, p] ≤n [a, b, q], notice pk = qk = 0 and

[x, y, p] = [x, y, p][a, b, q] = [a, b, q][x, y, p] = [x, y, q]

so p = q. Thus we have

[x, y, p][x, y, p]0 = [x, y, p][x, y, k − 1] = [x, y, p] ≤ [a, b, p] = [a, b, p][a, b, p]0.

Similarly [x, y, p]0[x, y, p] ≤ [a, b, p]0[a, b, p], that is, (S2) holds, which shows
that R and L are strongly regular.

The inverse transversal of regular semigroups was first introduced by Blyth
and McFadden in [4]. In structure description of regular semigroup S, the
inverse transversal Sδ play very important roles. Thus we think that the ex-
istence of an inverse δtransversal for a regular semigroup is of course very
important problem. In this note, we study first the existence condition of
inverse δpo-transversals. In Section 1, we obtain necessary and sufficient con-
ditions for a po-subsemigroup T of the regular po-semigroup S to be an inverse
δpo-transversal. Then in Section 2, we show that any order orthodox semi-
group with biggest inverses S has necessarily a weakly multiplicative inverse
δpo-transversal Sδ with the mapping δ is an anti-homomorphism. For an ORB-
semigroup S on which R and L are strongly regular then we show that S has
necessarily a multiplicative inverse δpo-transversal. Hence, in Section 3, we
give immediately the structure theorem of the POR-(resp. ORB-)semigroup S
on which R and L are strongly regular.

1. The existence conditions of inverse δpo-transversals

Since regular po-semigroups (resp. POR- and ORB-) are also the class of
regular semigroups, so we list here some basic facts on a regular semigroup
with inverse transversal used in this note, the reader can consult [4]-[7] for
more details.

Lemma 1.1. Let S be a regular semigroup with inverse transversal S0. Then
we have

(1) (∀x, y ∈ S)(xyo)o = yooxo and (yox)o = xoyoo;
(2) (∀x, y ∈ S)(xy)o = (xoxy)oxo = yo(xyyo)o = yo(xoxyyo)oxo;
(3) (∀x, y ∈ S) x L y if and only if xox = yoy; xRy if and only if xxo = yyo;
(4) I = {xxo | x ∈ S} and ∧ = {xox | x ∈ S} are subbands of S;
(5) (∀x ∈ S) xo = xooo;
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(6) So is multiplicative if and only if So is a quasi-ideal of S (i.e, SoSSo ⊆
So) and eo ∈ E(So) for every e ∈ E(S);

(7) If S is orthodox then e0 ∈ E(S) for any e ∈ E(S) and S0 is weakly
multiplicative.

We shall give the existence conditions of inverse δpo-transversals for the class
of regular po-semigroups.

Theorem 1.2. Let Sδ be a po-subsemigroup of the regular po-semigroup S with
the mapping δ is an anti-homomorphism from S to Sδ denoted by x 7−→ xδ such
that xδ ∈ VSδ(x). The following conditions are equivalent:

(1) Sδ is an inverse δpo-transversal of S;
(2) The equivalent relation

ν = {(x, y) ∈ S × S | VSδ (x) = VSδ(y)}
is the smallest inverse semigroup congruence on S and the mapping δδ is a
morphism on Sδ.

Proof. (1) =⇒(2) Let Sδ be an inverse δpo-transversal of S then Sδ is an inverse
transversal of S as a regular semigroup. By Lemma 1.1 (5) xδ = xδδδ for any
x ∈ S. Notice that |VSδ (x)| = 1 and xδ ∈ VSδ(x) for any x ∈ S. So we have
that (x, y) ∈ ν if and only if VSδ(x) = VSδ (y) if and only if VSδ(xδδ) = VSδ(yδδ)
if and only if xδ = yδ if and only if xδδ = yδδ. We denote the ν-class of
containing x by (x)ν .

If (x, y) ∈ ν and z ∈ S then xδ = yδ and zδ ∈ VSδ(z). It follows from δ
being an anti-homomorphism from S to Sδ then (zx)δ = xδzδ = yδzδ = (zy)δ,
that is, (zx, zy) ∈ ν. Similarly (xz, yz) ∈ ν and thus ν is a congruence on S.

To show that S/ν is inverse, notice first that it is certainly regular, since
any homomorphic image of a regular semigroup is regular. Now, by Lallement’s
Lemma in [6, II.4.6] any idempotent of S/ν is of the form eν denoted by eν =
(e)ν for e ∈ E(S). For any e, f ∈ E(S), eδ ∈ VSδ(e), fδ ∈ VSδ (f), by Sδ being
inverse and δ being antihomomorphic we have (ef)δ = fδeδ = eδfδ = (fe)δ,
that is, (ef)ν = (fe)ν and (e)ν(f)ν = (ef)ν = (fe)ν = (f)ν(e)ν . Thus that
S/ν is inverse.

Nextly, suppose that ξ is an inverse semigroup congruence on S. Let (x, y) ∈
ν for xδ ∈ VSδ(x) = VSδ (y) and (xδ)ξ ∈ S/ξ. Then it is clear that (xδ)−1

ξ = (x)ξ

and (xδ)−1
ξ = (y)ξ by xδ = yδ. Thus we obtain that (x)ξ = (y)ξ, that is,

(x, y) ∈ ξ. Therefore ν ⊆ ξ and so ν is as stated in (2), the smallest inverse
semigroup congruence on S.

Finally, let xδ, yδ ∈ Sδ since Sδ is an inverse δpo-transversal of S so that
xδ = yδ if and only if (xδ)δδ = (yδ)δδ by Lemma 1.1 (5), that is, the mapping
δδ|Sδ is a morphism.

(2)=⇒(1) It need only to show that |VSδ(x)| = 1 for any x ∈ S, because
this means Sδ is an inverse δpo-transversal of S by Definition in Sec 1. Let the
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equivalence relation

τ = {(x, y) ∈ S × S | xδ = yδ}.
Then τ is a congruence on S by δ being anti-homomorphic and so ξ = τ ∩ ν
is also. Clearly (x)ξ ⊆ (x)ν and (x)ν =

⋃
y∈(x)ν

(y)ξ for any (x)ν ∈ S/ν. Since
S/ν is inverse so there is (y)−1

ξ ∈ S/ξ such that (y)−1
ξ is the unique inverse of

(x)ξ for any (x)ξ ∈ S/ξ and y ∈ (x)ν . Thus we show that S/ξ is also inverse.
By the smallest property of ν we have ξ = ν, that is, ν = τ ∩ ν.

Now, suppose that yδ ∈ VSδ(x) then (xδ)ν and (yδ)ν are both inverses in
S/ν of (x)ν . By uniqueness of inverse in S/ν we conclude that (xδ)ν = (yδ)ν

and so (xδ)δ = (yδ)δ by ν = τ ∩ ν. Thus we imply that xδ = (xδ)δδ = (xδδ)δ =
(yδδ)δ = (yδ)δδ = yδ by δδ|Sδ being a morphism, which shows that |VSδ (x)| = 1
for any x ∈ S. ¤

Corollary 1.3. Let Sδ be a po-subsemigroup of the ORB-(resp.POR-) semi-
group S with the mapping δ is an anti-homomorphism from S to Sδ such that
xδ ∈ VSδ(x) for any x ∈ S. The following conditions are equivalent;

(1) Sδ is an inverse δpo-transversal of S;
(2) The equivalence relation

ν = {(x, y) ∈ S × S | VSδ (x) = VSδ(y)}
is the smallest inverse semigroup congruence on S and the mapping δδ is a
morphism on Sδ.

Theorem 1.4. Let Sδ be a po-subsemigroup of the regular po-semigroup S
with mapping δ is surjective from S to Sδ such that xδ ∈ VSδ(x) for any x ∈ S.
Then the following statements are equivalent:

(1) Sδ is a fundamental inverse δpo-transversal of S;
(2) The equivalent relation

µ = {(x, y) ∈ H | xδexδδ = yδeyδδ for any e ∈ E(Sδ)}
has the following properties :

(µ1) µδ = µ ∩ (Sδ × Sδ) is the maximum idempotent separating congruence
on Sδ and µδ is the identity congruence on Sδ;

(µ2) µ is the smallest inverse semigroup congruence on S.

Proof. (1)=⇒(2) Let Sδ be as stated in (1) and (x, y) ∈ µ, by (x, y) ∈ H then
xxδ = yyδ and xδx = yδy by Lemma 1.1 (3). Now, for any z ∈ S, e ∈ E(Sδ),
we compute that

(zx)δe(zx)δδ = xδ(zxxδ)δe(xδ(zxxδ)δ)δ (by Lemma 1.1 (2))
= xδ(zxxδ)δe(zxxδ)δδxδδ (by Lemma 1.1 (1))
= xδ(zyyδ)δe(zyyδ)δδxδδ (by xxδ = yyδ)
= yδ(zyyδ)δe(zyyδ)δδyδδ (by (zyyδ)δe(zyyδ)δδ ∈ E(Sδ))
= (zy)δe(zy)δδ



34 ZHENLIN GAO AND GUIJIE ZHANG

that is, (zx, zy) ∈ µ. Similarly (xz, yz) ∈ µ. Thus we obtain that µ is a
congruence on S and S/µ is a regular (po-)semigroup as the proof of Theorem
1.2. By [6, V.Theorem 3.2], µδ = µ ∩ (Sδ × Sδ) is the maximum idempotent-
separating congruence on Sδ. If Sδ is fundamental then µδ is the identity on
Sδ. This is the statement (µ1).

To show the statement (µ2) we notice that for any (x)µ ∈ S/µ, (x)µ contains
the idempotent xδδ(xδ)2xδδ ∈ E(Sδ). In fact, by x L xδx and x R xxδ we
have xxδ = xδδxδ = xδδ(xδδ)δ and xδx = (xδδ)δxδδ so x H xδδ. Clearly,
xδexδδ = (xδδ)δe(xδδ)δδ by Lemma 1.1 (5), so that x µ xδδ and x µ xδδ µ
(xδδ)2= (xδδ)2(xδ)2(xδδ)2 µ xδδ(xδ)2xδδ, that is, the idempotent xδδ(xδ)2xδδ ∈
(x)µ. If (x)µ and (y)µ are idempotents of S/µ then (x)µ = (e)µ and (y)µ = (f)µ

for some e, f ∈ E(Sδ). Thus we have

(x)µ(y)µ = (e)µ(f)µ = (ef)µ = (fe)µ = (f)µ(e)µ = (y)µ(x)µ

which shows that S/µ is inverse and clearly (x)−1
µ = (xδ)µ for any x ∈ S. Now,

suppose that ξ is an inverse semigroup congruence on S. Let (x, y) ∈ µ then
(x)δ

µ = (x)−1
µ = (y)−1

µ = (yδ)µ and clearly (xδ)µδ = (yδ)µδ . Thus by (µ1) we
have that xδ = yδ. We consider that (x)ξ ∈ S/ξ since xδ = yδ so that (xδ)ξ

and (yδ)ξ are both inverse in S/µ of (x)ξ and so (xδ)ξ = (x)−1
ξ = (y)−1

ξ = (yδ)ξ

by the uniqueness of inverse in S/ξ. Thus we obtain (x, y) ∈ ξ, that is, µ ⊆ ξ
which shows that µ is the smallest inverse semigroup congruence on S.

(2)=⇒(1) Suppose that the congruence µ has the properties (µ1) and (µ2)
we shall prove that |VSδ (x)| = 1 for any x ∈ S. Let yδ ∈ VSδ (x) then by (µ2) we
know that (xδ)µ and (yδ)µ are both inverse in S/µ of (x)µ. By the uniqueness
of inverse in S/µ we obtain that (xδ)µ = (yδ)µ and (xδ)µδ

= (xδ)µδ
. Since µδ

is the identity on Sδ by (µ1), so xδ = yδ, that is, |VSδ(x)| = 1 for any x ∈ S
which shows Sδ is an inverse δtransversal of S. Since Sδ is a po-semigroup, so
Sδ is also an inverse δpo-transversal of S and it is fundamental by (µ1). ¤

Corollary 1.5. Let Sδ be a po-subsemigroup of the ORB-(resp.POR-) semi-
group S with the mapping δ is surjective from S to Sδ such that xδ ∈ VSδ(x)
for x ∈ S, then the following statements are equivalent:

(1) Sδ is a fundamental inverse δpo-transversal of S;
(2) The equivalence relation

µ = {(x, y) ∈ H | xδexδδ = yδeyδδ for any e ∈ E(Sδ)}

has the following properties:
(µ1) µδ = µ ∩ (Sδ × Sδ) is the maximum idempotent-separating congruence

on Sδ and µδ is the identity congruence on Sδ;
(µ2) µ is the smallest inverse semigroup congruence on S.
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2. The existence of inverse δpo-transversals for some classes of
po-semigroups

In the proof of Theorem 1.2, we may see that the anti-homomorphism δ is
very important. We think thus that if there exists an anti-homomorphism δ
from some regular po-semigroup S to some po-subsemigroup Sδ of S then it is
possible that S has an inverse δpo-transversal. In fact, we may show that it is
true for some po-semigroup.

Theorem 2.1. Let S be an order orthodox semigroup with the biggest inverses
(for short, OOB-semigroup). Then S has the weakly multiplicative inverse δpo-
transversal as following:

Sδ = {xδ ∈ V (x) | xδ=̂xo ∈ (x)−1
ν for any x ∈ S}

with the mapping δ is an anti-homomorphism from S to Sδ and the mapping
δδ denoted by xδδ = (xδ)δ ∈ (x)ν for any x ∈ S is a homomorphism from S to
Sδ. Here,

ν = {(x, y) ∈ S × S | V (x) = V (y) and xo = yo}
is the smallest inverse semigroup congruence on S where ao ∈ V (a) for any a ∈
S and ao is the biggest inverse of a.

Proof. Let S be an OOB-semigroup. We know that equivalence relation

ν = {(x, y) ∈ S × S | V (x) = V (y)}
is the smallest inverse semigroup congruence on S by [6, VI.1 Theorem 1.12].
We denote the biggest inverse of x by xo for x ∈ S. Let the equivalence relation

τ = {(x, y) ∈ S × S | xo = yo},
then we have the following results. (α) ν = τ ∩ ν.

Let (x, y) ∈ τ and z ∈ S then by S being orthodox we have (zx)o = xozo =
yozo = (zy)o so (zx, zy) ∈ τ . Similarly (xz, yz) ∈ τ , that is, τ is a congruence
on S. Let ξ = τ ∩ ν then ξ is also a congruence on S. We denote the ξ−class
(resp. ν−class) of containing x by (x)ξ (resp. (x)ν). Similar to Theorem 1.2,
we may show that ξ is also an inverse semigroup congruence on S and ξ ⊆ ν.
By the smallest property of ν we have ξ = τ ∩ ν = ν.

(β) (∀x ∈ S) (x)−1
ν =(xo)ν , (x)ν = (xoo)ν .

Since (x)−1
ν is the unique of (x)ν and clearly (x)−1

ν = (xo)ν by xo ∈ V (x).
If (x)−1

ν = (xo)ν = (yo)ν then xo = yo by (α). By (x)−1
ν = (xo)ν imply

(x)ν = ((x)−1
ν )−1 = ((xo)ν)−1 = (xoo)ν is also unique.

(γ) (∀x ∈ S) If y ∈ (x)ν then yo = xo and yoo = xoo.
By (β) for x ∈ S, xoo ∈ (x)ν , if y ∈ (x)ν then (x)ν = (y)ν , by (α) ν = τ ∩ ν

so xo = yo and imply xoo = yoo.
(δ) Sδ = {xδ | xδ=̂xo ∈ (x)−1

ν , for any x ∈ S} is a po-semigroup with δ is
an anti-homomorphism from S to Sδ and δδ is a homomorphism.

By (β) and (γ) for any x ∈ S there is the inverse xo ∈ (x)−1
ν . For the inverse

xo ∈ (x)−1
ν we denote by xδ=̂xo ∈ (x)−1

ν then δ is a mapping from S onto Sδ
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and xδyδ = (yx)δ ∈ (yx)−1
ν , xδδyδδ = (xy)δδ ∈ (xy)ν by (β). So we have that

Sδ is a po-semigroup and statement (δ) holds.
(ε) Sδ is an inverse δpo-transversal of S.
Let the mapping φ : Sδ −→ S/ν denoted by xδ 7−→ (x)ν , that is, xδφ = (x)ν .

If (x)ν = (y)ν then xδ = yδ and for any (x)ν ∈ S/ν there is xδ ∈ (x)ν such that
xδφ = (x)ν . Let xδ, yδ ∈ Sδ then (xδyδ)φ = (yx)δφ = (yx)ν = (y)ν · (x)ν =
yδφ · xδφ. Thus we know that φ is an anti-isomorphism from Sδ to S/ν. So Sδ

is also an inverse po-semigroup by S/ν being inverse. Clearly, xδ is the unique
element in VSδ(x), so Sδ is an inverse δpo-transversal of S. By lemma 1.1(7),
Sδ is weakly multiplicative. ¤

Since the principally ordered orthodox semigroups (for short, POO-semi-
groups) are OOB-semigroups, we have

Corollary 2.2. Let S be an POO-semigroup. Then S has the weakly multi-
plicative inverse δpo-transversal

Sδ = {xδ ∈ V (x) | xδ=̂xo ∈ (x)−1
ν for any x ∈ S}

with the mapping δ is an anti-homomorphism from S to Sδ and the mapping
δδ denoted by xδδ = (xδ)δ ∈ (x)ν for x ∈ S is a homomorphism from S to Sδ.
Here,

ν = {(x, y) ∈ S × S | V (x) = V (y) and xo = yo}
is the smallest inverse semigroup congruence on S where xo as above for x ∈ S.

It is well known that for OOB-semigroup S. So isn’t necessarily an inverse
otransversal of S. Theorem 2.1 and Corollary 2.2 solved the existence problems
of inverse δpo-transversals of OOB-semigroups and POO-semigroups.

Here we list the following basic facts on ORB-semigroups, which will be used
in following theorems, the reader can consult [1]-[3] for more details.

Lemma 2.3. Let S be a ORB-semigroup and So = {xo | ∀x ∈ S} then we
have

(1) (∀e ∈ E(S)) e ≤ eo ≤ (eo)2, e = eeoeooe = eeooeoe, eoo ∈ V (e) ∩ E(S)
and eo ∈ E(S) ⇔ eo = eoo;

(2) (∀x ∈ S) x ≤ xoo, xo = xooo and (xxo)o = xooxo, (xox)o = xoxoo;
(3) (∀x, y ∈ S) x R y if and only if xxo = yyo; x L y if and only if xox = yoy

and xox (resp. xxo) is the biggest idempotent in (x)L (resp. (x)R)
(4) if R and L are weakly regular (see [1]) then
(α) (∀e ∈ E(S)) eo = eoo ∈ E(S);
(β) (∀x ∈ S) V (x) ∩ So = {xo};
(ν) if So is a po-subsemigroup of S then S0 is an inverse opo-transversal of

S.

Lemma 2.4. Let S be ORB-semigroup on which R and L are strongly regular
then

(∀x, y ∈ S)(xy)o = (xoxy)oxo = yo(xyyo)o.
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Proof. Let x, y ∈ S then xy L xoxy so that (xy)oxy = (xoxy)o ·xoxy by Lemma
2.3 (3). Since (xy)(xy)o R xy(xoxy)oxo. Similarly,

xy(xy)o = xy(xy)o(xy(xy)o)o = xy(xoxy)oxo(xy · (xoxy)oxo)o.

Since xxo, xy(xoxy)oxo ∈ E(S) and

xy(xoxy)oxo = xxoxy(xoxy)oxo = xy(xoxy)oxoxxo

so that xy(xoxy)o · xo ≤n xxo. By R and L being strongly regular we have
xy(xy)o = xy(xoxy) oxo(xy(xoxy)oxo)o ≤ xxo(xxo)o = xxo. Thus xoxy(xy)o

≤ xo. Since (xoxy)oxo ∈ V (xy), so (xoxy)oxo≤ (xy)o. Then we have

xy(xy)o = xy(xoxy)oxoxy(xy)o ≤ xy(xoxy)0x0 ≤ xy(xy)o.

Consequently,
xy(xy)o = xy(xoxy)oxo

so that
(xy)o = (xy)oxy(xy)o = (xy)oxy(xoxy)oxo = (xoxy)oxoxy · (xoxy)oxo

= (xoxy)oxo.

Similarly, we have (xy)o = yo(xyyo)o. ¤

Now we may prove the following theorem. This theorem will solve the
existence of multiplicative inverse δpo-transversals for the ORB- and POR-
semigroups on which R and L are strongly regular.

Theorem 2.5. Let S be an ORB-semigroup on which R and L are strongly
regular then So is necessarily a multiplicative inverse opo-transversal of S.

Proof. We show first that So is a quasi-ideal of S and so that So is a po-
subsemigroup of S since S is regular. Let a, b ∈ S0, x ∈ S and y = axb
then a = aoo and b = boo by Lemma 2.3 (2). By Lemma 2.4 we have yyo =
yyoaao = aaoyyo so that yyo ≤n aao. Similarly, yoy ≤n bob. By R and L
being strongly regular and Lemma 2.3 (2) we obtain (yyo)oyyo = yooyoyyo =
yooyo ≤ (aao)oaao = aao. Therefore we have yooyoy ≤ aaoy = aaoaxb = axb =
y = yyoy ≤ yooyoy by Lemma 2.3 (2). Consequently, y = yooyoy and similarly
y = yyoyoo. Thus we obtain y = yyoy = yooyoyyoy = yooyoy = yooyoyyoyoo =
yooyoyoo = yoo ∈ So, which shows that So is a quasi-ideal of S.

Now we know immediately that So is an inverse opo-transversal of S with the
mapping o is surjective from S to So by lemma 2.3(4)(ν). We may prove that
So is multiplicative. In fact, by lemma 2.3 (4)(α) eo ∈ E(S) for any e ∈ E(S),
then by lemma 1.1(6) and upper result we have that So is multiplicative. ¤

Corollary 2.6. Let S be a POR-semigroup on which R and L are strongly
regular then So = {xo ∈ V (x) | xo = x∗xx∗ for any x ∈ S} is necessarily a
multiplicative inverse opo-transversal of S.
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3. The structures of ORB- and POR-semigroups

By the results in Section 2, on the understanding that R and L are strongly
regular, the following structure theorem is may obtained by Blyth and McFad-
den in [4].

Theorem 3.1. Let S be a ORB-semigroup on which R and L are strongly
regular. Let So = {xo| ∀x ∈ S}, I = {xxo| ∀x ∈ S} and ∧ = {xox| ∀x ∈ S},
then S is ordering o-isomorphic to W (i.e. xoφ = (xφ)o for x ∈ S and the
ordering isomorphism φ) as following.

W = {(e, a, f) ∈ I × S0 × Λ | e0 = aa−1, f0 = a−1a}
with the Cartesian order

(e, a, f) ¹ (g, b, h) ⇐⇒ e ≤ g, a ≤ b, f ≤ h

where multiplicative in W is defined by

(e, a, f)(g, b, h) = (eafga−1, afgb, b−1fgbh).

Proof. We need only to prove that S is ordering 0-isomorphic to W . The rests
are obtained by Blyth and McFadden in [4]. Let the mapping

φ : S −→ W, xφ = (xx0, x00, x0x) = (ex, x00, fx)

where ex = xx0 and fx = x0x for any x ∈ S, then φ is an algebraic isomorphism
by [4]. It’s inverse φ−1 is given by (e, a, f)φ−1 = eaf for each (e, a, f) ∈ W. To
show that φ is isotone, suppose that x ≤ y in S then

x ≤ y =⇒ x0x ≤ y0y (by L is regular)
=⇒ (x0x)(x0x)0 ≤ (y0y)(y0y)0 (by R is regular)
=⇒ x0x00 ≤ y0y00 (by lemma 1.1(1) and (2)).

Similarly, xx0 ≤ yy0 and x00x0 ≤ y00y0, therefore x00 = x00x0xx0x00 ≤
y00y0yy0y00 = y00. We conclude that (ex, x00, fx) = xφ ¹ yφ = (ey, y00, fy),
that is, φ is isotone and is therefore an isomorphism of po-semigroups.

By [4] we know (xφ)0 = (ex, x00, fx)0 = (ex0 , x0, fx0). By Lemma 1.1 (1)
and (2) we compute that x0φ = (ex0 , x0, fx0) so imply x0φ = (xφ)0.

The following result is a generalization of Theorem 2.6 in [7]. ¤

Corollary 3.2. Let S be a ORB-semigroup on which the order ≤ is natural.
If R and L are regular then So = {xo ∈ V (x) | ∀x ∈ S} is a multiplicative
inverse opo-transversal of S and S is ordering o-isomorphic to W as above.

Proof. We need only to notice that when the order ≤ is natural then R and L
are regular if and only if R and L are strongly regular. Thus we immediately
obtain that the result holds by Theorem 3.1. ¤

For the POR-semigroups we have the following results.
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Theorem 3.3. Let S be a POR-semigroup on which R and L are strongly
regular then

(1) S has the multiplicative inverse 0po-transversal S0 = {x0 ∈ V (x) | ∀
x ∈ S} with the mapping o is surjective from S to S0;

(2) As an ORB-semigroup then S is ordering o-isomorphic to W as above;
(3) Let φ is an ordering o-isomorphism from S to W , then W can be princi-

pally ordered such that W becomes a POR-semigroup and φ becomes an ordering
∗-isomorphism from S to POR-semigroup W .

Proof. By Theorem 3.1 the statement (1) and (2) hold. We need only to show
the statement (3). Since φ is an ordering isomorphism, then φ−1 is also and

xyx ≤ x ⇐⇒ (xyx)φ ¹ xφ(∀x, y ∈ S).

Since for each x ∈ S there exists x∗ = max{y ∈ S|xyx ≤ x}. So for each
(ex, xoo, fx) ∈ W there also exists

(ex, xoo, fx)∗ = max{(ey, yoo, fy) ∈ W |(ex, xoo, fx)(ey, yoo, fy)(ex, x00, fx)
= (exyx, (xyx)00, fxyx) ¹ (ex, x00, fx)}.

In fact, by Lemma in [2] we compute that (ex, x00, fx)∗ = (ex∗ , (x∗)00, fx∗)
and (ex, x00, fx)0 = (ex0 , (x0)00, fxo). Therefore we know that W can be
principally ordered by the ordering isomorphism φ. In such a way, if x ∈
S, xφ = (ex, x00, fx) then clearly (xφ)∗ = (ex, x00, fx)∗ = (ex∗ , (x∗)00, fx∗) and
x∗φ = (ex∗ , (x∗)00, fx∗), that is, x∗φ = (xφ)∗.

In closing this note, we point that the POR-semigroup M in Example 1 has
multiplicative inverse 0po-transversal

M0 = {[x, y, pk + k − 1] ∈ M | (x, y) ∈ L[2], p ∈ Z}.
In fact, E(M0) = {[x, y, k − 1] | (x, y) ∈ L[2]} is a semilattice and M0 is an
quasi-ideal of M . The proof here is omitted. ¤
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