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APPROXIMATE ANALYSIS OF AN N-DESIGN
CALL CENTER WITH TWO TYPES OF AGENTS

CHUL GEUN PARK*, DONG HWAN HAN AND KWANG HYUN BAIK

ABSTRACT. In this paper, we analyze an N-design call center with skill-
based routing, in which one pool of agents handles two types of calls and
another pool of agents handles only one type of calls. The approximate
analysis is motivated by a computational complexity that has been ob-
served in the direct stochastic approach and numerical method for finding
performance measures. The workforce staffing policy is very important to
the successful management of call centers. So the allocation scheduling of
the agents can be considered as the optimization problem of the correspond-
ing queueing system to the call center. We use a decomposition algorithm
which divides the state space of the queueing system into the subspaces
for the approximate analysis of the N-design call center with two different
types of agents. We also represent some numerical examples and show the
impact of the system parameters on the performance measures.
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1. Introduction

An important type of customer’s contact center is the call center, which serves
phone calls. The number and size of call centers as well as the number of
customers and agents grow dramatically[1]. For example, in Europe, the number
of call center employees in 2000 was estimated by 600,000 in the UK and 200,000
in Netherlands and 280,000 in Germany|2,3].

In the most simple design of call centers, one type of customers is served by
one type of agents. The prevalent model for performance analysis of these call
centers is the M/M/N queue, frequently called as Erlang-C. Though Erlang-C
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model has non-realistic assumption of infinite lines and customer’s infinite pa-
tient times, the performance measures are calculated simply via this model. This
basic queueing model can be extended to the M/M/N+M queue with customer’s
patient time, which is called Erlang-A model[1]. Moreover, the effect of retrials
on the call center performance has already been studied[4].

The customer’s requests can be routed to two different agent types and the
agents can serve customers of different types, which is commonly referred to
as skill based routing[3]. As examples of the call center model having skill
based routing, we have the so-called N-design, X-design, W-design and M-design
models[5].

In the N-design model, one of two agent types serves both types of customers
and other agents are specialists for a particular customer type. An approximate
analysis of the N-design model with infinite waiting queue and priority service
discipline has been done[6]. In order to analyze the performance of the call
center with skill based routing, if we use the stochastic approach and numeri-
cal procedure for finding performance measures, we need heavily computational
burdens.

In this paper, we use an approximate analysis method of the so-called decom-
position algorithm. Qur N-design model with finite waiting queues is different
to the previously studied model[6]. As we know well, the approximation pro-
vides sufficient accuracy reducing the necessary completion time. The paper
is organized as follows. In Section 2, we describe the system model of our N-
design call center. In Section 3, we explain state spaces of the corresponding
queueing model and present the approximate analysis procedure by using the
decomposition algorithm. In Section 4, we give some numerical results on the
system performance. Finally, in Section 5, we present some conclusions and
some further studies.

2. System model and subsystems

In this section, we describe the system configuration and routing procedure
of our N-design model. As we show Figure 1, we have an N-design model with
two types of A and B customers and two different types of agents, the specialists
and generalists. Both A and B customers arrive at the respective waiting queues
A and B according to Poisson processes with respective rates A; and As;.

Both types of agents are assume to have different skills. The first type of Ny
agents serves only type A customers(the specialist). The other type of N, agents
serves both types of A and B customers(the generalist). Service time is expo-
nentially distributed with mean u7'(u; ") for specialists(generalists), regardless
of the customer type. We assume that the number K; of A customers waiting
or being served in the system is finite. The number K3 of B customers in the
system is finite as well. These limitations of two waiting rooms reflect the given
numbers of telephone lines for two types of customers. Therefore, the number
of customers in the system does not exceed the respective limitation.



Approximate Analysis of an N-design Call Center with two types of agents 1023

1 Blocking
Specialists

Type A
priuns Queue A

Type B
pPRlad Queue B

Generalists

, Blocking

FIGURE 1. N-design model with two groups of agents

If possible, an arriving A customer will be served immediately by the spe-
cialist. Otherwise, if all specialists are busy, when a generalist is available, the
generalist serves the arriving A customer. If all specialists and generalists are
busy, the arriving customers join their corresponding waiting queues. The cus-
tomer selection rule of generalists depends on the type of the customer. The
specialists serve A customers according to FCFS(First Come First Service) rule
within its own customer type. The generalist looks at B queue first and serves a
waiting B customer, if possible. Otherwise, the generalist looks at A queue and
serves an A customer. If there is no customer in the two queues, the generalist
becomes idle.

The system can be represented by a two-dimensional Markov process. Since
K, and Ko are finite, the state space of the process is finite. So we have the
stationary probabilities of the Markov process. Let X; be the number of A
customers in the subsystem A (customers in A queue and in service with spe-
cialists) in steady state. Let X be the number of B customers in the subsystem
B (customers in B queue and customers of either type in service with general-
ists). After all, we have to obtain the probabilities P(X; = i) and P(Xz = j) in
order to calculate the performance measures of the N-design call center.

3. The steady state probabilities of the subsystems
3.1. The probability ¢; = P(X2 =)

When all specialists are busy (X1 > N;) and there is an available generalist
(X3 < Ni), A customers are routed to a generalist. That is, A customers
overflow to the generalist from the M/M/Ny/N; queue. We can easily model
this overflow traffic as an IPP(Interrupted Poisson Process)[7]. Let 'yzl and ’ygl
be the mean durations of the Active and Silent periods, respectively and let
) be the customer’s arrival rate during Active period[8]. Note that the traffic
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intensity offered to the M/M/Ny/Ny queue is p1 = A1/p1. Then the overflow
traffic is modeled as the IPP with the following parameters|7|

52(81 — o) — 60(62 — 61)
(61— do) — (62 — 01)
S0 A—pid _ s A-mh 1)

)\=p1

s T N =0 AT o %

where 6,(Ny) = 0,(N1)/0n+1(N1), n =0,1,2,--- and 0,(N1),n = 0,1,2,.--
is given by

Ny Ny Ni—k
p n+k—1\ p
oo(N1) = J\}ll’ on(N1) =) ( k ) (Nll— P
! P !

Now consider the MM PP/M/N2/Kj model in order to find the probability
gj, where K3 is a random variable, which varies from the minimum K3 to the
maximum K5+ N;. In numerical examples, we will take the mean FE[K3]. Thus,
for simplicity, we think of the random variable as the number. Given that the
overflow process is modeled as an IPP process, we have two independent input
processes of customer’s arrivals that want to receive their service by the gen-
eralist. One of these process is the overflow IPP process of A customers and
the other is a Poisson process of B customers with service priority against A
customers. It is well known that the superposition of IPP and Poisson processes
makes an MMPP(Markov Modulated Poisson Process)[9]. Let @ be the infini-
tesimal generator of the MMPP process and let A be the arrival rate matrix of
the MMPP. Then the superposed process MMPP is completely represented by
Q and A as follows

Q= (‘1’; _7;;) A= (“(;*2 AOQ) , @

where 7v,, 7, and A are given in (1) and A; is the Poisson arrival rate of B
customers.

To find the steady state probability g;, let {(X2,Z2)} = {(4,k)lj < K3,k =
1,2} be the Markov chain which represents the state of the MM PP/M/Na/K;
queue, where Z indicates the state of the underlying Markov process of the
MMPP and X indicates the number of both A and B customers in the subsystem
B. Let Q* be the infinitesimal generator of the chain {(X3, Z)}, then we have

- (% &) ®
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where
Q1(1) A 0 0 0 0
pal  Q1(2) A 0 0 0
0 2ul  Q1(3) A 0 0
le ,
0 0 0 (Ma—Duad Qu(Nz) A
0 0 0 0 Nopal  Qa(1)
0 0 0 0 0 Nz/.LQI
( 0 0 0 6 0 0
0 0 0 0 0 0
0 0 0 0 0 0
o 0 0 -~ 0 0 0
A o o0 --- 0 0 0
Q1) A, 0O -~ 0 0 0
Q) A 0O - 0 0 0
NQ/J;QI Qg(l) AQ ves 0 0 0
Q3 — 0 ces cee e v 0 0 ,
0 0 0 ce N2,U,21 Qg(l) Ag
0 0 0 ce 0 N2M2I Q - NQ/},QI

where Q1(i) = Q — A — (1 — Dpal, Q3(1) = Q — Ay — Nopol, and @ and A are
given in (2) and Ap = diag(\g, A2) and O is (K} — N3 —1) x (N3 +1)~dimensional
zero matrix.

Let m = (mo, 71, M, ++ ,7TK5) with m; = (m;1,mj2) be the stationary distribu-
tion of Q* satisfying 7Q* = 0 with me = 1(3]. Then the stationary probability
of the number of customers in the subsystem B is given by

QjEP(XQZj):WjI“{“Wj?aj:071’27'“7K5' (4)

By the Little’s law, the mean number N4 of A customers overflowed from A
queue and served by the generalists is as follows
Np-1
Ny = Z mj1A/ w2 (5)
§=0
3.2. The probability p; = P(X; = 1)

We introduce a decomposition algorithm for approximate analysis[6]. We
first divide the state space of the random variable Xs into two disjoint regions
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Sy = {Xy < N} and S, = {N; < X5 < K3}. The core of the approximation
algorithm is to find the following probabilities.

P(X1 I’i'XQ :]) ~ P(X1 :i|X2 < NQ) = D1y

P(X1 —':ile Zj) NP(Xl —"—"ilNz S Xz S K;) = P2,is

Then the stationary probability of the number of customers in the subsystem
A is given by, for i =0,1,2,---, KT,

Np—1
pi = P(X1=14) =pig Z g5 + P24 Z %» (6)
J=Ns
where g;, 5 =0,1,2,- -+, K5 are given in (4) and K7 is a random variable, which

varies from the minimum K7 — N3 to the maximum K;.

In the region S, A queue is empty and all arriving A customers are served by
specialist until {X; < N;}. Thus we can model this case as the M/M/N; /N,
(Erlang-B) queue, a multi-server queue with no waiting room. The number of
busy servers forms a Markov Birth-and-Death process[10]. The steady state
probabilities are given by

pri = (i / S st/ 0i< M, )

where p; = A1 /p1 is the traffic intensity of the M/M/Ni/N; queue.

In the region Ss, all generalists are busy, the generalists are either serving B
customers or are serving A customers only when B queue is empty. A customers
are served by the N; specialists with each service rate p;. When all specialists
are busy, A customers only see a generalist if there is no B customer in B
queue(Xs = Np). In this case, a service completion by a generalist diverts a
customer from A queue to the generalist.

On the other hand, An arriving B customer is first served by the Ny generalists
with each service rate uo. When all generalists are busy B customers are waiting
in B queue. In addition, when A customers are waiting in A queue, a single server
is sometimes available with service rate Nopuo. This server experiences random
periods of unavailability and these breakdowns correspond to the busy periods
of the M/M/1/K} queue. Here K3 is a random variable, which depends on
the number of generalists occupied by A customers. The busy periods of the
M/M/1/K} queue are approximated by a hyperexponential distribution with
parameters that match the first three moments of the busy periods[6].

To find the busy period of the M/M/1/K3 queue, we have the arrival rate
A2, the service rate Nopo. Let L(t) be the number of customers at time ¢ and let
7 be the length of the busy period. Then we have to find the following Laplace
transform

¢n(s)=E[e'st|L(0)=n  n=1,2--,K, |z]<1, s>0, (8)
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where the boundary conditions are ¢x;+1(s) = ¢k;(s) and ¢o(s) = 1. Thus,
#1(s) is the required Laplace transform. We can refer to Appendix A for finding

(151 (S)
Now to match the busy period with a hyperexponential distribution, define
h(r) as follows

ho(T) = agy1e™ M7 + (1 — ) yee™ 27, 9)

where T, 9,71 and o are non-negative. The following parameters match the
first three moments of the hyperexponential distribution with the three moments
mq, mg and m3 of ¢1(s)[6].

_u+t N o = 01 — /0] — 4dvy g = N1~ y2ma)
2 ’ 2 ’

Y72 ’ (10)

M

where v; and vy are given by

Gm% — 3mg 1 mMovy

= 3/2ym2 — mims’ L

V2

Let’s return to finding p2;. 1) First, when there are A customers in A
queue(X; > Ny), only if Xo = Na, the corresponding queueing system is gov-
erned by both M/M/1/(K3 — Ny +1) queue and M/G1/1/(K} — N1 +1) queue
with the arrival rate A; and the hyperexponential service time given in (9). 2)
Secondly, given that {X; < N1}, A customers are served by the N; specialists.
The corresponding queueing system is modeled as the M/M/N;/N; queue with
rates A1 and p.

At first, we consider the case 1). Given that X; = 7 > Nj, the specialist serves
A customers with exponential service time with mean (Nipu1)~t. Hence we can
conceive that the resulting service time distribution is By ~ Exp(Nyu;). Fur-
thermore, the generalist serves A customers with the hyperexponential service
time distribution(Hz ~ hg(z)) given in (9). Consequently, A customers com-
plete their service with the minimum time of By and Hs. So the corresponding
queueing system is modeled as the M/G2/1/(K3 — Ny + 1) queue.

Note that by PASTA, the number of customers in the system at an arbitrary
time is equal to the number of customers at an arrival epoch[11]. Then we have,
for0<i<Kj; - Ny —1,

D _ Mit+1
P o+ A/ (y + Nip)
1
Pyxs = 1- s
K3 mo + A1/ (v + Nip)

where v = aoy1 + (1 — a2)y2 and 41, y2 and ay are given in (10).
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For the case 2), the corresponding queueing system is the M/M/Ny/N; queue.
By the normalization condition including the above equations, we have

o & A

i

pai= "y {1- Z P2, /Z ]—} (11)
i=N1+1 i=0

Finally, by substituting (7) and (11) into (6), we can easily get the stationary
probability of the number of customers in the subsystem A, p; = P(X; = i),
i=0,1,---, K%,

3.3. Performance measures

By the equation (5), we have the mean queue capacities of queues A and B
as follows

K, =K —Ny— Ny, K, =Ky, — No+ Ny.

The blocking probabilities for the mean queue capacities K4 and Kp are given
by

P, =P(X1=K,+ M), P, =P(Xs=K, + Ny). (12)
Given that the mean queue capacities are K4 and Kpg, the mean waiting times
are given by
1 K%Nl
W=7 (i — Ny )P(Xy =), (13)
! )‘1(1 - ) i=Ny+1
K +N2

Wos = /\2(1_ Z (5 — N2)P(X3 = j). (14)

]N+1

4, Numerical results

In this section, we present some numerical results to show the effect of the
system parameters in our N-design call center on the performance measures
such as the mean waiting time and the blocking probability. We let K; = 40
and Ky = 30 be two fixed numbers of telephone lines for two types of customers
respectively. We choose Ny = 20 agents and No = 20 agents as the fixed numbers
of the specialists and generalists, respectively. We vary customers’ arrival rates
per minute \; and )z in order to derive the proper utilizations(traffic intensities).

We assume that the generalist needs more time to serve a particular customer
than the specialist. In general, customer’s mean service time varies between 60
and 180 seconds[1,3]. Hence agents’s service rates y; and pg vary between 1 and
1/3. We take the fixed values u7* = 2 and p;! = 3 minutes as some system
parameters from Figure 2 to Figure 5.

Figure 2 shows the mean number of A customer’s calls holding generalists
when A customer’s arrival rate varies from 2 to 20 per minute. The legend
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FIGURE 2. Mean number of A calls holding Generalists vs. ar-
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FIGURE 3. A customer’s P4 vs. A customer’s arrival rate

“lam?’ means B customer’s arrival rate to B queue and each arrival rate gives
its own corresponding curve. For example, the curve of ‘lam2=>5" shows that
A customer’s arrival rate 15 calls/mimute(horizontal axis) corresponds to the
mean number 5 of A customer’s calls holding the generalists. Since the number
of the generalists is No = 20, we can conceive that the second agent group of
the generalists serves 5 A customers and 15 B customers in average. Therefore,
since the number of telephone lines for A customers is Ky = 40 and the number
of the specialists is Ny = 20, the mean capacity of A queue becomes K4 = 15(=
40 — 20 — 5). Similarly, since the number of telephone lines for B customers is
K3 = 30, the mean capacity of B queue becomes Kp = 15(= 30 — 20+ 5). In
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FIGURE 4. Wy4 in A queue vs. A customer’s arrival rate

Figure 2, we see that when A customer’s arrival rate increases, then the mean
number of A customer’s calls holding the generalists.

Figure 3 shows the blocking probability(P4) of A customer’s calls when A
customer’s arrival rate varies from 2 to 20 per minutes. The blocking probability
is well calculated in (12). We can see that when A customer’s arrival rate
increases, the blocking probability of A customer’s calls increases exponentially
in case that B customer’s arriving rate is fixed. When B customer’s arrival
rate is high(lam2=7, 10), the blocking probabilities of A customer’s calls are
almost same. The reason is as follows. While B customer’s arrival rates are
high, the numbers of A customers holding the generalists are small and so the
corresponding mean lengthes of A queue are almost same.

Figure 4 shows the mean waiting time(W,4) in A queue when A customer’s
arrival rate varies. The waiting time is well derived in (13). We can see that
when A customer’s arrival rate increases, the mean waiting time of B customer
continues to increase until it hits a particular value(eg. the corresponding point
to A customer’s arrival rate 16 in case of ‘lam2=10’) and then it decreases. The
reason is as follows. For the fixed arrival rate of B customers, when A customer’s
arrival rate increases, the number of A customers holding the generalists also
increases, so the mean capacity of A queue decreases.

Figure 5 shows the mean waiting time(Wyp) of B customer in B queue when
A customer’s arrival rate varies. The waiting time is well derived in (14). We
can see that when A customer’s arrival rate is high, the mean waiting time of B
customer is almost static.

From now on, we investigate the performance measures when B customer’s
arrival rate Ay varies but A customer’s arrival rate A1 is fixed. The 5 cases of A
customer’s arrival rates are considered. We take the fixed values u; ' = 2 and
py* = 3 minutes as some system parameters from Figure 6 to Figure 9.
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FIGURE 6. A customer’s P4 vs. B customer’s arrival rate

Figure 6 shows the blocking probability of A customer’s calls when B cus-
tomer’s arrival rate varies from 2 to 15 per minute. When A customer’s arrival
rate is low(lam1= 7, 11), it does not almost have an effect on the blocking prob-
ability of A customer’s calls. When A customer’s arrival rate is high(lam1= 15,
18), the blocking probability of A customer continues to increase until it hits a
particular value(eg. the corresponding point to B customer’s arrival rate 7) and
then it shows almost no change. The reason is as follows. While B customer’s
arrival rate is high, the number of A customers holding the generalists decreases
and so the mean capacity of A queue increases. Thus the blocking probability
of A customer’s calls shows almost no change.
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FIGURE 8. B customer’s Pg vs. B customer’s arrival rate

Figure 7 shows A customer’s mean waiting time in A queue when B customer’s
arrival rate varies. We can see that when B customer’s arrival rate increases, A
customer’s mean waiting time increases. Especially, A customer’s mean waiting
time continues to increase rapidly until it hits a particular value(eg. the corre-
sponding point to B customer’s arrival rate 9) and then it shows slow increase.
The reason is the same as the case of Figure 6.

Figure 8 shows the blocking probability of B customer’s calls when B cus-
tomer’s arrival rate varies. We can see that when B customer’s arrival rate
increases, the blocking probability of B customer’s calls increases exponentially
in case that A customer’s arriving rate is fixed. The figure shows the similar
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behavior of the blocking probability as in the ordinary queueing systems. Es-
pecially, we show that A customer’s arrival rate does not effect on the blocking
probability of B customer’s calls.

Figure 9 shows B customer’s mean waiting time in B queue when B customer’s
arrival rate varies. We can see that when B customer’s arrival rate increases,
the mean waiting time of B customer continues to increase exponentially. The
figure shows the similar behavior of the mean waiting time as in the ordinary
queueing systems

5. Conclusion

In this paper, we dealt with an approximate queueing analysis of the so-called
N-design call center by using the decomposition method, which divided the state
space of the queueing system into small regions. Our N-design model with fi-
nite waiting queues and exponentially patent times is different to the previously
studied model with infinite waiting queues. We presented some numerical ex-
amples and showed the impact of the system parameters on the performance
measures of the call center. We described the behavior of the mean number
of customers holding the specialists, the blocking probabilities and mean wait-
ing times when customer’s arrival rates varied. It is for further studies that we
investigate the optimal workforce staffing of different agent groups under consid-
eration for agent’s different level of skills and the behavior of customer’s waiting
times in the queues corresponding to the customer’s patient times.

Appendix A. Derivation of Laplace transform ¢:(s)

Conditioning on the epoch of customer’s first arrival, departure or reneg-
ing(whichever occurs first), the recursive relation of the definition (8) with given
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boundary condition gives

p1(s) = Nopig A22(s)
! A+ Nopo+s A+ Nopig+s°
bn(s) = Napopn-1(s) A2Pn1(s) 9<n<K

X+ Nopot+s Ao+ Noppg 48

To find {¢n(s)} from the above equations, define ®(z, s) as the z-transform of
{#n(s)} by

K
0z 8) = 3 duls)2" L.
n=1

By multiplying the both sides of the above iteration equations by 2", n =
1,2,.+-, K and summing up all terms, we have

I:NQ'UQZK+1 - )\zzK] B, (8) + A2h1(8) — Nopoz
Nopaz? — (Ag + Nopig + 8)z + Az

Let 2, and 23 be the roots of the above denominator, we have

(A2 + Nopg + 8) £ /(A2 + Nopo + 8)2 — dda Nopio
2No 2 '

By the property of the analytic function, the roots z; and z» also satisfy the
numerator of ®(z, s). Thus we have the following linear equations

[Napazf = Doaf | 6, (s) + Aada(s) = Napiaza,
[NopazEth = X028 | ¢, () + Ao (s) = Napaza.
By solving the above linear equations, we have

A
(- o8) - (4 )

Ao !
(7)o )

which is the required Laplace transform.

O(z,8) =

21,22 =

$1(s) =
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