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ON GENERIC SUBMANIFOLDS WITH SASAKIAN
STRUCTURE OF S§"(%) x §"(Z)

YonGg Ho SHIN

ABSTRACT. Let M be a generic submanifold of S™ x S™. If M admits an
Sasakian structure, then M is a Brieskorn manifold.

1. Diferential geometry of S™ x S™

In 1973, K. Yano [1] proved that the (f,g,u,v,A)-structure induced on
S™ x S™. In this paper, we consider the global form of generic submanifolds
with sasakian structure of S™ x S™. Consider an S"(%) X S"(%) in p2n+2
covered by a system of coordinate neighborhoods {U x V;z"}, where here and
in the sequel the indices h, 1, j, k,I,m,n, ... run over the range {1,2,3,...,2n}
and denote by V; the operator of covariant differentiation with respect to the

Christoffel symbols { h z} formed with gj;.

J
Then we have, so called an (f, g, u, v, A)-structure,
Fifl = =00 + ujul 4 vj0h,
wifi = Mg, flut = =Xt vif = <Xuy, o= Al

(1.1)

wiu! = v0° =1 — A2, yvt =0,
S fgmi = gji — ujui — vjv;.
where f;; = fjl gii is skew-symmetric in j and i.
Denoting by hj; and kj; the component with respect to the unit normals,
then we have, hji = Gji,
V]fzh = —gjiuh + (5§Lul — k‘jivh + k;?vi,
Vjui = fji — Akji,
Vv = =kjifi + Agji,
Vj)\ = —21)j.
Y. H. Shin and T. H. Kang [2] researched the condition that a real hypersurface
of S™ x S™ becomes a Brieskorn manifold.

(1.2)
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We introduce the following Theorem A for later use.

Theorem A ([2]). Let M be a hypersurface of S”(%) X S”(%) (n>1)
with (f, g,u, v, w, A\, p, v)-structure, and let M admits an almost contact metric
structure (f, gev, p*), p* being a killing vector. Then M as a submanifold of
codimension 8 of a (2n + 2)-dimensional Euclidean space E*"*2 is an inter-

section of a complex cone with generator C and a (2n + 1)-dimensional unit
sphere S*"*+1(1), that is, a Brieskorn manifold B>"~*.

2. Generic submanifolds of S’”(f) X S"( 5) admitting an almost
contact metric structure

Let M be an m-dimensional Riemannian manifold covered by a system of

coordinate neighborhoods {U;7n*} and isometrically immersed in S”(%) X

S"( =) by the immersion
1 1
—) x S"(—=),
\/5) ( \/5)
where, here and in the sequel, indices a, b, ¢,d and e run the range {1,2,...,n}.
We identify (M) with M itself and represent the immersion locally by

X" =X"(n").
If we put Bl =90, X h(8. = 8/0n°), then B" are m linearly independent vectors

of S"( ) X S"( ) tangent to M which span the tangent space at every point

of M.

Denoting by g., the Riemannian metric tensor of M, we have g., = g;; BB
since the immersion is isometric.

We denote by C" 2n — m mutually orthogonal unit normals of M. (In the
sequel, the indicies z,y, z and w run over the range {m +1,--- ,2n}.)

9;:B]C} =0
and the metric tensor g* induced on the normal bundle of M from the metric
tensor g;; of S”( =) X S"( =) has components g, given by

Goy = gjicgcy = 5zya

dzy being the kronecker delta.
By the denoting V. the operator of covariant differentiation with respect to
gep the equations of Gauss and Weingarten are respectively given by

(2.1) V.By = h5,Ch vV .Cl = —nt, Bl

where h?¥, are components of the second fundamental tensor of M with respect
to the normals C" and

v M — S™(

b
hgy - hngg agrya
® being contravariant components of the metric tensor of M.
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Now, we consider the submanifold M of S”(%) X S”(%) which satisfies

Np(M)Lf(N,(M))

at each point p of M, where N,(M) denotes the normal space of M at p, f
being the structure tensor of S”(%) X S”(%)
Such a submanifold is called generic (or antiholomorphic) submanifold ([3]).
From now on, we consider generic submanifold immersed in S ( %) xS (L),

2
Then we can put in each coordinate neighborhood.

(2.2) fIBL = [fiBy— fics,
(2.3) fici = fiBy,

(2.4) u" = w'BM 4 urCh,
(2.5) o = w'BM4vtCh,

where f2 is a tensor field of type (1,1) defined on M, f¥ a local 1-form for each
fixed index x,v® and v® vector fields, u® and v* functions for fixed index z, and

fe = 129" 9ya-

Applying f to (2.2)-(2.5) succesively and using (1.1), we find respectibely

(2.6) fofy = =60 +ucu’ + v’ + fI,

(2.7) fefe = —(ucu® +vev”),

(2.8) fefe = uluy + vy,

(2.9) fofy = 6Y —uzu¥ —vy0Y,

(2.10) ufd = =X —u"f,

(2.11) ufy = M,

(2.12) vefd = A —u”f2,

(2.13) vefd = =",

(2.14)  wau® +uzu® = vvt 0t =1— A2 ugv® 4 ugpv® = 0.

Putting fe, = f¢'gab, fex = fEGys and foe = [ Gac, We can easily find

(215) fcb = _fbca fc:c = fa:c
By differentiating (2.4) covariantly, we obtain
(2.16) Veu = f& — AkS + higu®

by means of (1.2) and (2.1).

Suppose that the generic submanifold M of S"(%) X S"(%) admits an

almost contact metric structure (f¢, gep, p*). Then, we have
[y 1é = =05 +pup®, fep© =0, pefy =0,
pep® =1, gdeféifbe = Gecb — PcPb,

where p. is a 1-form associated with the vector field p® given by p. = p®gac.-

(2.17)
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On the other hand, comparing (2.6) with the first equation of (2.17), we find

(2.18) ppp® = wpu® + upv® + fi fu.
Transvecting this with p®, we get
(2.19) py = Aup + B, + Co fy

where we have put A = p.u®, B = p.v® and C, = p,f%. Also, transvecting p®
gives

(2.20) 1=A?+DB?+C,C%
because of (2.17) contraction (2.18) with respect to the indices b and a yields
1= ueue + 'Ueve + fbwflmc
or, using (2.9) and (2.14),
1

(2.21) A upu® 4 vt = 5(2n —m+1).

If we transvect (2.18) with u’u, and make use of (2.11) and (2.14), then we
find
(2.22) A% = (1 = A — uu™)? 4 (upv®)? 4+ N2 (v,0").

Similarly, transvecting (2.18) with v’v, and taking account of (2.13) and (2.14),
we get

(2.23) B? = (u,v")? 4+ (1 = A — 0,0%)% + X2 (uu®).
Transvecting (2.18) with fgl/’f}{ and using (2.9), (2.11) and (2.13), we have
C,CY = (A —2)(v0" +uyu®)
(2.24) +2(upu®)? + (upu®)? + (v,v%)? + 2n — m,

where Cy denotes Cy = f}'pa.
Tranvecting the second equation of (2.17) with f¥, we find

Auy + Bu, =0
with the aid of (2.8), from which,
Augu® B(uzv*) =0,
(2.25) (ugu®) + B(uzv™)
A(ugv®) + B(v,v*) = 0.

Substituting (2.22), (2.23) and (2.24) into (2.20) gives
1 = 2+4+2n—m+2(\* —2)\?)
(2.26) +2{2(uzv")? + (uzu®)? + (v,07)?}
+4(A? = 1) (upu® + vev®).
Let’s set (2.21) by

1
(2.27) M+ ugu® + v0" = 5(2n—m+1) =147,
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where 3 is a nonegative constant. Thus (2.26) reduces to
B(1+ B) = 2 [(ugu®) (vyv?) — (ugv®)?] .
If B is positive, then we have
(2.28) (uzu®) (vyvY) — (uzv®)? > 0.
So, it follows from (2.25) that
A=B=0.
Hence we have from (2.22), u, = 0. Therefore, this together with (2.16) gives
f&=0,
which contradict to the fact that f¢ has a maximal rank. And consequently
0 must be zero. Hence we can see from(2.27) that M is a hypersurface of
S”(%) X S”(%) Thus we have
Theorem 2.1. Let M be a generic submanifold ofS"(%) X S"(%) If M ad-
mits an almost contact metric structure, then M is a hypersurface of S”(%) X
§n ().

Finally, let M admits a Sasakian structure, that is, the given structure
admits an almost metric structure (f2, gep, p*) and

(2.29) Vel = =gebp® + 0cpo.
From (2.17) and (2.29), we get

cha = fca7

which shows that p® is a killing vector because f., is skew-symmtric with
respect to a and c¢. Combing Theorem A and Theorem 2.1 with the fact that
p“ is a killing vector, we find

Theorem 2.2. Let M be a generic submanifold of S"(%) X S"(%) (n>1).

If M admits a Sasakian structure (fg, gep, ™), then M as a submanifold of
codimension 8 of a (2n + 2)-dimensional Euclidean space E*"*2 is an inter-

section of a complex cone with generator C and a (2n + 1)-dimensional unit
sphere S*"*+1(1), that is, a Brieskorn manifold B>"~*.
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