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FINITE DIFFERENCE SCHEMES FOR A GENERALIZED
CALCIUM DIFFUSION EQUATION

SANGMOK CHOO® AND NAMYONG LEE

ABSTRACT. Finite difference schemes are considered for a Ca?t diffu-
sion equations with damping and convection terms, which describe Ca2t
buffering by using stationary and mobile buffers. Stability and L er-
ror estimates of approximate solutions for the corresponding schemes are
obtained using the extended Lax-Richtmyer equivalence theorem.

1. Introduction

Consider the Ca?* diffusion equation in cells

9[Ca**] _ 0*[Ca®t] + 1,2+ - + 1,2+
A = Doy — KO B 4k [CaB,) — K [Ca* B,
2+
+ k;L[OCLBm} - OZCa[CCLZJr} - 60@%7
O[Bm] _ P[Bim] 1 2t _
ot Dg,, or2 km[ca HBm] + ko, [CCLB»,”]
0[Bum]
(1) —ag,, [Bm] - ﬁBm Oz )
0[CaB,,] 9?[CaB,,] o4 _
A5 — Do, P 4 K [Ca* ) B] — K [CaBy]
0|CaBy,
— QCaB,, [CaBm} - ﬁCaBm %a
HCUB — krfcw*)B) - ks CaBl),

[Bs] = [Bsliot — [CaBs], €Q=(0,0),0<t<T
with initial conditions
@) (z,0) = [Ca*To(x), [Bm](,0) = [Bm]o(),
[CaBp](x,0) = [CaBmlo(x),  [CaB](z,0) = [CaBslo(x)
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and boundary conditions

(3) %(m,t) =0, z€{0,¢}, te(0,T]

where «;, 3;(i = Ca, By, CaB,,, CaBy), [Ca?t], [Bs], [Bm], [CaB;] are damp-
ing term, convection term, concentrations of free Calcium ion, stationary and
mobile buffers, and Ca?* bounded to a buffer site ([1], [11]), respectively, and
wis [Ca®*],[Bn], [CaB,y,] or [CaBs]. The total concentration of the stationary
buffer [Bg]iot is constant, and D, k™, k_ are diffusion, association, and dissoci-
ation constants, respectively and all constants are positive.

Studies on Calcium dynamics belong to the area of electrophysiology, in
which almost all systems are described by ordinary differential equations ([2],
[6]-[8]]) but recently some systems are modeled by partial differential equations
having temporal and spatial terms ([5], [10], [12]). In the case of a; = §; =
0, Wagner and Keizer [13] have described the Ca?* buffering as the partial
differential equations (1)—(3) without explicit initial and boundary conditions.
There is no numerical analysis of the equations with damping and convection
terms. Following the finite difference approaches in [3]-[4], we can analysis
numerical schemes for the generalized Ca?* buffering model.

In this paper, we consider estimates of approximate solutions for finite dif-
ference methods. In Section 2, we introduce the finite difference schemes for
(1)—(3) and some lemmas necessary to obtain error estimates. In Section 3, we
briefly recall the Lax-Richtmyer equivalence theorem [9] and obtain stability
and error estimates for the equation by following the approaches in [3]-[4].

2. Finite difference schemes

Let h = ¢/M be the uniform step size in the spatial direction for a positive
integer M and Qp, = {z; = ihli = —1,0,--- ,M, M+ 1}. Let k = T/N denote
the uniform step size in the temporal direction for a positive integer N. Denote
V" =V(xi,t,) for t, =nk,n=0,1,--- ,N. For a function V" defined on 2,
define the difference operators as for 0 <7 < M,

ViV = (Vi = V) /b, VoV =YV, VAV = VL(VoV).
Further, define operators Vntz and 9,V as

Vn+% _ (Vin-s-l + Vln)/Q and O,V = (VinH - V;n)/k

(2
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Then the approximate solutions [C]?+, M7 [CM]PT, [CS]FTH0 < i <
M,0<n<N —1) for (1)—(3) are defined as solutions of

QO] = DIVR[CTE — kF [T RS kT [os)
—EROI M oMl - (o mivle
M)} = DoV M ]"*2 RO MR koM
@ — oM E g
Q[CM]! = D3V [CM]"*z kRO E M E koM
—as[CM]™E — gy VoM E,
OS] = kHIONT S — k(oS

[S]i" = [Bsltot — [CS]
with the initial conditions

[C); = [Ca*Jo(w:), [M]? = [Bi]o(:),

(5) 0 0
[CM]; = [CaBplo(z:),  [CS]; = [CaBs]o(x;)

and the Neumann boundary conditions
Vi+V_

(6) %

where V = (V_ + V.)/2, D1 = D¢qa, D2 = Dg,,, D3 = Dcap,,, 01 = Gca,

B1 = Bca; a2 = a,,, B2 = Bs,,, and a3 = acas,,, 3 = BcaB,,-
Note that the discretized Neumann boundary conditions (6) are equal to

Uty =U and Uy, = UR, ;.
In order to consider the error estimates, we now introduce the discrete L2-
inner product and the corresponding discrete L2-norm on

Ur =0, Ue/{[C],[M],[CM],[CS]}, ie{0,M}, 1<n<N

M-1
(VthhZ ViW; = h{(VoWo + VW) /2 + Y Vi,
1=0 =1

Vin = (V, V)2

for functions V and W satisfying the boundary condition (6). For the maximum
norm, we define

IVlleo = max |Vil.

Hereafter, whenever there is no confusion, (-,-) and || - || will denote (-,-); and
I| - ||, respectively.

It follows from summation by parts and the definition of difference operators
that Lemma 1 holds.

Lemma 1. For functions V and W defined on Qy and satisfying the boundary
condition (6), the following identity and inequality hold.
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(1) (V2V,W) = —=h M (V_Vi)(V_W)).
(2) max{||[V4 V|2 [[V_V]]?} < =2(V?V, V).

Using Lemma 2.5 in [4] and Lemma 1, we obtain the following lemma.
Lemma 2. For V defined on Qy, the following inequalities hold.

IVIZ <3|V +8|VI[IVV].

3. Convergence of approximate solution

We recall the extension of Lax-Richtmyer equivalence theorem in Lopez-
Marcos and Sanz-Serna [9] which makes us avoid the difficulty of direct proof
for convergence arising specially in nonlinear problems. Let u be a solution of
a problem ®(u) = 0 and u;, be a discrete evaluation of u on Q. Let Uy, be an
approximate solution of w, which is obtained by solving the discrete equation

(7) @5, (Un) =0,

where @, : X — Yy, is a continuous mapping and Xj,, Y}, are normed spaces
having the same dimension. The scheme (7) is said to be convergent if (7) has
a solution Uy, such that limy_.q |Up, —up|lx, = 0. The discretization (7) is said
to be consistent if limp_,q || ®p, (up )|y, = 0. The scheme (7) is said to be stable
in the threshold Ry, if there exists a positive constant © such that for an open
ball B(uh, Rh) C Xy,

Vi = Whix, <O[Pn(Va) — 2n(Wi)lly,, Y Vi, Wh € B(un, Rp).

The following theorem is the extended Lax-Richtmyer equivalence theorem
which gives existence and convergence of approximate solutions. For the proof,
see [9].

Theorem 1. Assume that the discrete equation (7) is consistent and stable in
the threshold Ry. If ®p, is continuous in B(up, Ry) and ||®p(un)||y, = o(Rp)
as h — 0, then (7) has a unique solution Uy in B(up, Rp) and there ezists a
constant © such that

1Un = unlixn < Ol®n(un)lly,-

According to Theorem 1, we have only to show that (7) is consistent and
stable in the threshold in order to show the unique existence and convergence
of approximate solutions.

Let Z; be the set of all functions defined on €, satisfying the discretized
Neumann boundary condition (6) at time level n (0 < n < N). We take

X,=Y, = (Hi:;o Z,’LL)4 and define a mapping ®;, : X;, — Y}, by ®,(U) = U,
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where forn =0,--- ,N — 1
O = 0V} — DR[O * + kU * ([Bulior — (U]} )
o A KA a1 Kl | /7 I e [ K
+ U] 4+ BV
. O] = 0[]} — DoV2 (Ul + AU A U] E — ke U
+ ao[Ua); 4, V[U2]n+2,
U3 = B, [Us]} — DV U]l — KA 2 [0 F + e [U5])
+as[Us]"2 + BV U2,
AP = QU7 — K [0 2 (Buleor — [Ua)) + kg (U]
1) = 1)} = [Ca*Mo(x), [0 = [Ua]} = [Bunlo(w),

9) — o — o
[Us]; = [Us]; — [CaBplo(xi), [Us]; = [Ui]; —[CaBslo(z:).

We take norms || - |x, and || - ||y, on X; and Y, respectively, such that
N-1 3
n n+ n+ n+
U1, = Oglaggvz CIEEDS { S o) 3 e
= j=1 j=1
and

I0I%, = Z IT7 11 + k Z Z 1T 2.

n=1j =1
The consistency of the scheme (4)—(6) is obtained using Taylor’s Theorem
and the Mean Value Theorem.
Theorem 2. Let u = ([Ca2+] [ m)s [CaB ], [CaBy]) be the solution of (1)-

(3) with bounded derivatives at3 and 2 5ot (1 < j < 4). Then there exists a
constant © such that

1@ (un) |y, <O+ h?).

We now consider the stability of the approximate solution in the threshold
Ry,.

Theorem 3. Let ®,(U) = U, &,(V) = V and B(un, Ry,) be the ball with
center up, and radius R, = O(1). Assume that the conditions in Theorem 2
hold. Then there exists a constant © such that for any U and V in B(uy, Ry,),

U= Vlx, < 0[®1(U) = ®4(V)lly,-



412 SANGMOK CHOO AND NAMYONG LEE

Proof. Let e = [U;]" —[V;]" and f(J" = [va]]”—[f‘Z]” with 1 < j < 4. Replacing

[U;]™ and [,[7]]” in (8) by [V;]™ and ["Z]", respectively, and subtracting these
results from (8), we obtain

Drel — D1V2e7f+% + (kT [Bsltor + a1)61+2
= k7 (O ARG el e
— k(e n+2[U "2 4 [Uh]) 2 ey +2) +@1?e"+2 + K
dpelt — DyV2eh " 3y a262+2
(10) =~y (er "+21[U2}"+f O e E) ket
+ BoVey 2 4 Kit,
el — DsV2ent® + (k7 + as)ent?
LA [Uz]"+§ + U rey ) 4 3 Vey e Kyt
i e =B - O
+ K

1
Taking inner products between (10) and e?+2 and summing these results,
we obtain for some constant ©

Zatue"n? ZD V2t ot +Zn||e”*2||2
+1 n+3 n+3 . n+i
1) s®(||e3 e Y e ||oo)z||ej H
j=1

j=1 je{1,2,4}
4 ~
+ YOI
j=1

where 7 = k:[Bs]tot + a1, To = (g, T3 = k’;@ + a3 and 74 = k’;
Applying Lemma 1-2 and the discrete Gronwall’s inequality to (11), we obtain
for0<m<N -1,

Zlem+1”2+k2{ Z V2€;L+2 n+2 +Z||en+2||2}
1
= m+1
< @Z(neOu? D IR

Since

e?:UJ(v)*VjO:ﬁg(‘)*f/jQ:f(g’
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the desired result is obtained. O

It follows from Theorem 1 that for £k = O(h®) and « > 0,

@ (un)lly,

=O0K*+h?) -0 as h—0.
Ry,

(12)

Hence, applying Theorems 2-3 and (12) to Theorem 1, we obtain the following
error estimate for (4)—(6).

Theorem 4. Suppose that hypotheses of Theorem 3 hold. Let U= ([C],[M],[CM],
[CS]) be a solution of (4)-(6). Then for k = O(h®) and o > 0, there exists a
constant © such that

U —upllx, <O+ h?).
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