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A COMMON FIXED POINT THEOREM FOR A SEQUENCE
OF MAPS IN A GENERALIZED MENGER SPACE

SHOBHA JAIN, SHISHI JAIN, AND LAL BAHDHUR

ABSTRACT. The object of this paper is to establish a unique common fixed
point theorem through weak compatibility for a sequence of self-maps sat-
isfying a generalized contractive condition in a generalized Menger space.
It improves and generalizes the result of Milovanovic-Arandelovic [2], Va-
suki [10] and Sehgal and Bharucha-Reid [8]. All the results presented in
this paper are new.

1. Introduction

Menger space is a generalization of metric spaces in which the distances
between points are specified by probability distributions rather than numbers.
The general notion was introduced by Menger [6] in 1942 and has been devel-
oped by a number of authors. Schweizer and Sklar [7], studied this concept and
gave some fundamental results on this space. It has been observed by many
authors that a contraction in metric space may be exactly translated into a
probabilistic metric space endowed with the min. norm. In [8] Sehgal and
Bharucha-Reid established Banach contraction principle in a complete Menger
space, which is a milestone in developing fixed point theory in a Menger space.

Recently, Jungck and Rhoades [5] termed a pair of self-maps to be coinci-
dentally commuting or equivalently weak compatible if they commute at their
coincidence points. Precisely, commuting implies weak compatibility. But it is
to be observed here (in Example 1) that a weak compatible pair needs not to
be commuting in a Menger space.

In this paper we establish a unique common fixed point theorem for a se-
quence of self-maps and an other self-map through weak compatibility satis-
fying a new generalized contractive condition in a generalized menger space,
which generalizes and improves the results of [2], [8] and [10].
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2. Preliminaries

Definition 1 ([9]). A mapping F : R — R* is called a distribution if it is
non-decreasing left continuous with

inf{F(t):t€ R} =0 and sup{F(t):t€ R} =1.

We shall denote by L the set of all distribution functions while H will always
denote the specific distribution function defined by

H(t):{ 0, t<0,

1, t>0.

Definition 2. A probabilistic metric space (PM-space) is an ordered pair
(X, F), where X is an abstract set of elements and F : X x X — L, de-
fined by (p,q) — Fp 4, where L is the set of all distribution functions i.e.
L = {F, 4|p,q € X}, if the functions F), ; satisfy:
a) F,.(x) =1, for all x > 0, if and only if p = ¢;

) Fpq(0) =0;
(¢) Fpq=Fop;
(d) If Fpq(z) =1and Fy,(y) =1 then F, .(z +y) = 1.

Definition 3 ([9]). A mapping ¢ : [0,1] x [0,1] — [0,1] is called a t-norm if
(e) t(av 1) = a7t(070) =05,
(f) t(a,b) = t(b,a);
(g) t(c,d) > t(a,b) for ¢ > a,d > ¥b;
(h) ¢(t(a,b),c) = t(a,t(b,c)),
for all a,b,¢,d € [0,1].

Definition 4 ([1]). A generalized Menger space is a triplet (X, F,t) where
(X, F) is PM-space and t is a t-norm such that for all p,q,r € X and for all
z,y 20,

Fpr(x+y) 2 t(Fpq(2), For(y)).

If in a generalized Menger space lim;_. o, Fy; ,(t) = 1, then it is said to be a
Menger space.

Definition 5. Let (X, F,t) be a Menger space with sup g<z<1 t(z,z) =1. A
sequence {p,} in X is said to converge to a point p in X (written as p, — p) if
for every € > 0 and A > 0, 3 an integer M (e, \) such that F}, ,(e) > 1—X,Vn >
M (e, ). Further, the sequence is said to be a Cauchy sequence if for each € > 0
and A > 0,3 an integer M (e, \) such that F,, , (€) >1—XVn,m > M(e,A).
A Menger space (X, F,t) is said to be complete if every Cauchy sequence in it
converges to a point of it.

A complete metric space can be treated as a complete Menger space in the
following way:
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Proposition 6 ([7]). If (X,d) is a metric space then the metric d induces a
map from X x X — L, defined by F, ,(x) = H(x — d(p,q)), for all p,qg € X
and x € R. Further, if the t-norm t : [0,1 x [0,1] — [0,1] is defined by
t(a,b) = min{a,b}, then (X, F,t) is a Menger space. It is complete if (X,d) is
complete.

The space (X, F,t) so obtained is called induced Menger space.
In the following T); will denote the minimum t-norm.

Definition 7 ([5]). Self mappings A and S of a Menger space (X, F,t) are
said to be weak compatible if they commute at their coincidence points, i.e.,
Ax = Sz for some z € X implies ASxz = SAx.

In the following example, self maps A and S are weak compatible but they
are non-commuting.

Ezample 8. Let (X,d) be a metric space, where X = [0, 2] and (X, F,t) be the
induced Menger space with F, ;(¢) = H(e — d(p,q)),Vp,q € X and € > 0. Let
I be the identity map on X. Define self maps A and S as follows;

2—z, x€][0,1), z, x€][0,1),
A(x):{ 2, z€1,2], S(x):{ 2, ,zell,2.

Now AS(1/2) = 3/2 and SA(1/2) = 2. Hence AS(1/2) # SA(1/2) Thus (A, S)
is non-commuting. Also the set of coincident points of A and S is [1,2]. Now
for any = € [1,2], Az = Sz =2 and AS(z) = A(2) =2 = 5(2) = SA(z). Thus
maps A and S are weak compatible though they are non-commuting.

3. MAIN RESULTS

Theorem 9. Let {A,} be a sequence of self-maps and S be a self-map of
generalized complete Menger space (X, F,Tyr) satisfying:

(3.11) A, (X) C S(X), for alln;

(3.12) pairs (A,,S) are weak compatible, for all n.

(3.13) S(X) is complete;

(3.14) there exists k € [0,1) such that for each pair (A;, A;) , for all z,y € X,
and for all t > 0,

9 foim,Sz(t)a Fg‘y,Ajy(t)v Fgm,Sy(t)v
FAi:v,Ajy(kt) Z min FAjy,Sw(2t)FAiw,Sy(t)a FAjy,Sz(Zt)FAiw,Sw(t)a
FAjyﬂﬂc (2t)FSx7Sy(t)a FAjy7Sx(2t)FAjy7$y(t)

Then for any g € X, the sequence {x,} defined by x,, = Apxpn_1, for alln, is
convergent and its limit is the unique common fized point for all A, and S.

Proof. : Define sequences {z,} and {y,} in X by Apz,_1 = Sz, = yn, for
n = 0,1,2... First we prove that {y,} is a Cauchy sequence in X. Putting
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X = Tp_1,Y = T, for the pair (4,, Ap4+1) in (3.14) we have,

2
Fyn: Yn+1 (kt)
= FAnIn—1,An+1In (kt)
i Finzn—lvszn—l ®), Fgl'nvAn-%—lzn ®), ngn—lvszn ®),
Z min FA7l+lxn,an,1 (Qt)FAnxn,l,an (t)7 FAV,L+11}n,S‘Tn71 (Zt)FAnxn,l,an,1 (t),
Fap, 10n,8en_ 12 Fse, 1 Sep () Fay 2y Sep_1 (20 FA, 1 2n 52, (1)
2 2 2
A Fyn—hyn (t)7 Fyn sYn+41 (t)’ Fynflvyn (t)’
= min Fyn+1yyn71 (Qt)Fymyn (t)a Fyn+1yyn71 (2t)Fyn,yn+1 (t)v
Fyn+17yn71 (2t)Fyn,yn71 (t)7 Fyn+1,yn71 (2t)Fyn7yn+1 (t)

>min {F2_, , (0,F2 , (. F2 ., 0}
As
Fyp iy yn (26) 2 min{Fy, oy, (8), Fy, oy, (8) Zmin{Fy o (0, Fy, 00 (1) 1,
Fypiiyns (2t)Fymyn+1 (t) > min{F;n,yn+1(t)’ Fy iy (t), Fy iy ()}

and

Fyn+17yn71 (Qt)Fymynfl (t) > min{Fanihyn (t), Fy, 1y (t), Fyn,yn+1 (t)}
Thus
F;n7yn+l (kt) Z min{F;nflyyn (t)’ Fy2n;yn+1 (t>}
Z min{FZIQn—lyyn (t)’ Fanayn+1 (t/k)}’

> min{Fjﬂfl,yn (t), F2 (t/k™)}

Yn Yn+1
Taking limit as m — oo , we get

F? (kt) > F? (t), for all t > 0.

Yn Yn+1 Yn—1,Yn
Hence
2 —
Fyn,yn+1(t) =1,vt > 0. (1)
Again
Fyn,yn+2 (t) > T{Fym yn+1(t/2)a Fyn+17 Yn+2 (t/2)}
implies
lim Fy, ..., =1, in view of (1).
Also
Fynayn+3 (t) > T{Fym Yn+2 (t/2)a Fypyo, yn+3(t/2)}
implies
nh—{go Fymyn+3 L.
Proceeding successively we have,
lim Fy . . =1

n—o0
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Thus {y,} is a Cauchy sequence in S(X). Hence {y,} = {Sz,} — u € S(X).
As S(X) is complete, there exists v € X such that

u = Sv. (2)

Step I: For m € N, taking x = z,—; and y = v in (3.14) for the pair
(A, Ay,) and using (2) we get,

Fflnzn,l,Amv(kt)

Finlin—lyswn—l (t)v ng,Amv(t)’ Fgﬁn—lvsv (t)’
> min FAmv,szn_l (Qt)FAmv,Srn_l (t)7 FAmv,Sfcn_l (2t)FSrn—1VSU (t)v
FAmv,Szn_l (Qt)FAmU,SU (t)

ie.
9 . F?!anlyyn (t)’ Fi,Amv(t)7 Fy2n,1,u(t)7
Fyn7AmU(kt) Z min FAmvaynfl (Qt)Fuvyn (t)’ FAmv;yn—l (2t)Fyn717u(t)7
FAm,Uayn—l (2t)Fuayn71 (t)7 FAmvvyn,fl (Qt)FAmU,u(t)
Taking limit as n — oo, we get,

F2  (kt)

U, Amv

: { Fiu(t)’FgA v(t)7F3u<t)7FAmv u(2t)Fuu<t)a }
> min ) yAm ) ) )
FAmv7u(2t)Fu7u(t)v FAmvm(Qt)qu(t)v FAmv,u(Qt)FAmv,u(t)

= min{lv Fg,Amv(t)a ]-7 FAmv,u(2t)a FAmv,u(2t)a FAmv,u(Qt) (t)7
FAV,,Lv,u(%)FAmwu (t)}

Z Fi,Amv(t); vVt >0

implies
F? 4 o(kt) > Fu, Ayo(t),Vt > 0,
which gives A,,v = u. Thus, A,,v = u = Sv. As (A, S) is weak compatible
we have,
Apu = Su,Ym. (3)

Step II: Again putting © = 2,1 and y = u in (3.14) for the pair (A4,,, A,,)
and using (3) we get

Fin;cn,l ,Amu(kt)

2 2 2
Fynflasmnfl @), FSu,Amu(t)’ FS@&,L,l,Su(t)7
2 min FAmu,Szn_l(Qt)FAnzn_l,Su(t)vFAmu,Szn_l(2t)FAnzn_1,Szn_1(t)v )
FAmu,Szn,l (Zt)FSzn,l,Su(t)y FAmu,Smn,l (Qt)FAmu,Su (t)

and
Fl?n,yn—1 (t), Fg'u,Su(t% Fyzn,l,Su (t),

Fan,Su(klt) Z min Fsuayn—l (2t)Fynvsu(t)7 FS'Uﬂyn—l (2t)Fyn—lvyn (t)’
FSu,yn,l (2t)Fyn71,S'u (t)7 FSu,yn,l (2t)FSu,Su (t)
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Taking limit as n — oo we get

L1 ngu( )aFSu,u(2t)Fu,Su(t)7 }
FSu,u(2t) FSu,u(2t)Fu,Su(t)7 FSu,u(Qt)

= min{F, g, (), Fsu,u(2t)Fu,su(t), Fsuu(2t)}

= Fi,Su(ﬂ’

F? g, (kt) > min {

which implies Fy, gy (kt) > Fgy . (t), for all ¢ > 0, which gives Su = u. Thus,
A u = Su = u and we get that u is a common fixed point of the sequence of
self-maps {4, } and S.

Uniqueness: Let z be another common fixed point of the sequence of self-
maps {A,} and S. Then, z = A,,z = Sz, for all m. Putting 2 = z and y = u
in (3.14) for the pair (A;, A2) we get,

5 ) FAlez( ) FSuAgu(t) FSzSu( )
FAlz,Azu(kt) > min Fau, Sz(2t>FA1z su(t), Fayu, SZ(Zt)FAIZ sz(t),
FAgu Sz(2t)FSz Su( )a FAgu SZ(2t)FA2u Su(t)

), .

=min{1,1, F7 2 (1), Fu . (20)F, (1), Fu . (2t)}
= F2,(t)
F, u(kt) > F, ,(t), for all t > 0,
which gives
F,.(t) =1, for all ¢t > 0.
Hence u = z. Therefore u is the unique common fixed point of the sequence of
self-maps {4, } and S. O
Again we note that for a,b € [0, 1] we have either ab > a® or ab > b*. Hence
ab > min{a?,b?}. Thus for a,b, c € [0, 1] we have
ab > min{a?,b*}, be > min{b?, ¢*}, and ac > min{a?, *}.
It gives
min{ab, be, ca} > min{a?, b?, c*}.
Therefore,
min { Fa,z,50(t) Fse,5y (), Fse,s9(t)Fa,y.5y(t), Fa,y.sy(t)Fa,es:(t)}
2 Inin{foim,Sm(t)a Fijy»Sy(t)v ng,Sy(t)}'
Thus from Theorem 9, it follows that

Corollary 10. Let {A,} be a sequence of self-maps and S be a self-map of a
complete Menger space (X, F,Tyr) satisfying (3.11),(3.12),(3.13) and
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(3.21) for alli,j for allx € X and Vt > 0, there exists k € (0,1) such that

Fiix,Ajy(kt)
Faiw,50(t) Fsu,sy(t), Fsa,sy(t)-Fa,y.5y(t), Fa;ysy(t)Fae.s0(t),
> min FAjy,Sm(2t)FAix,Sy(t)v FAjy,Sm(Qt)FAiz,Sm(t)v
Fayy.50(28) Fso 5y (), Fay,s0(20) Fay.5y(t)
Then for any g € X, the sequence {x,} defined by x,, = Apxn_1, for alln, is
convergent and its limit is the unique common fixed point for all A, and S.

Taking S to be a surjective map in Corollary 10, we get

Corollary 11. Let {A,} be a sequence of self-maps and S be a surjective self-
map of a complete generalized Menger space (X, F,Ty) satisfying (3.12) and
(3.21). Then for any xo € X, the sequence {x,} defined by x, = Apxpn_1, for
all n, is convergent and its limit is the unique common fized point for all A,
and S.

Taking S to be an identity map in Corollary 11, we get

Corollary 12. Let {A,} be a sequence of self-maps of a complete generalized
Menger space (X, F, min) satisfying
(3.41) for all i,j, for allx € X and V't > 0, there exists k € (0,1) such that,

FAi:E}z(t)FCE,y(t), Fr,y(t)'FAjy’y(t)ﬂ FAjy,y(t)FAﬂ,x(t)7
>min{ Fa,yo(2t)Faey(t), Fa;y2(2t)Faz..(t),
FAjy7$(2t)FCC7y(t)7 FAjy,w(Qt)FAjy,y(t)

Then for any zo € X, the sequence {z,} defined by x,, = Apxp_1, for all n, is
convergent and its limit is the unique common fixed point of all A,,.

In [10] Vasuki proved the following result:

Theorem ([10]). Let {A,} be a sequence of self-maps of a complete Menger
space (X, F\t) into itself with t(x,y) = min{x,y}, for every x,y € [0,1]. If for
any two maps A; and A; the following inequality

| Fapn(t)Foy(t), Fuy(t).Fa yy(0)
2 > A;z,x T,y y Ly Yy )
Fiiz,a, (k1) 2 min { Fa yy () Fana(t) Fapo(20)Farey ()

holds for all x,y € X, where 0 < k < 1, then for any xq € X, the sequence
{z,} defined by x,, = Apxn_1, for all n, is convergent and its limit is the unique
common fixed point for all A,.

Remark 13. The quoted result of [10] follows from Corollary 12. Moreover, the
contractive condition of our corollary is more general. Thus all the results of
this paper from Theorem 9 to Corollary 12 are the successive betterments of
the result of [10].
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Taking S to be a surjective self-map in Theorem 9, we obtain the following
result:

Corollary 14. Let {A,} be a sequence of self-maps and S be a surjective self-
map of a complete generalized Menger space (X, F,Ty) satisfying (3.14) and
(3.21). Then for any xo € X, the sequence {x,} defined by x, = Aptpn_1, for
all m, is convergent and its limit is the unique common fixed point of all A,
and S.

In [2] Milovanovic-Arandelovic established the following result:

Theorem ([2]). Let {T,} be a sequence of self-mappings of a complete Menger
space (X, F,t) and S : X — X be a continuous mapping such that T,,(X) C
S(X) and S is commuting with each T,. Let t(r,s) = min{r,s}, for every
r,s € [0,1]. Suppose that there exists a constant k € [0,1) such that for any
two maps T; and T; and for every x,y € X,

PR s, Fdy 1y (1), Fi s, (1),
F%w:,ij(kt) > mln{ FTl S 9 Fsva.Jy FS Sy 9\ F
Tj%sx( t) Tixysy(t)7 ij,Sx( t) Tix,Sac(t)

holds for allt > 0, then there exists a unique common fized point for all T; and

S.

Remark 15. Corollary 14 supplements and generalizes the above result of [2].
It stresses that if S is a surjective map its continuity is not required to prove
the result for even a more general contraction. In addition, In that case the
commutativity of the pairs (T}, S) also was reduced to their weak compatibility
only.

Theorem 9 is an important alternate result for the quoted result of [2],
through weak compatibility without assuming the continuity of the map S and
commutativity of the pairs (A4, S) and still having a more general contraction.

Taking S to be an identity map in Corollary 14, we get

Corollary 16. Let {A,} be a sequence of self-maps of a generalized complete
generalized Menger space (X, F,Tyr) satisfying

(3.81) there exists k € [0, 1)such that for alli,j, for all x,y € X, for allt > 0,

5 Ff&mﬂ,x@)’F;,Ajy(t>7Fw2,y(t)7
FAiz,Ajy(kt) > min FA]‘%I (Qt)FAﬂ,y (t)a FA]‘%I (Qt)FAix,I (t)7
FAJ‘y,I (2t)F17-,y(t)7 FAJ‘?ME (2t)FAjyyy (t)

Then for any g € X, the sequence {x,} defined by x,, = Apxn_1, for alln, is
convergent and its limit is the unique common fixed point for all A,.

The study of fixed point in theory of PM-space was started by V. M. Sehgal
and A. T. Bharucha-Reid in [8]. The following definition and theorem appeared
in their paper.



A COMMON FIXED POINT THEOREM FOR A SEQUENCE OF MAPS 367

Definition ([8]). A mapping f of a PM-space (X, F') into itself is a contraction
if there exist 0 < k < 1 such that for each x and y in X,

Fip py(kt) > Fy (t), for all t > 0.

Theorem ([8]). Let (X, F,t) be a complete Menger space where t(a,b) =
min{a,b}. If f is any contraction, there exists a unique p € X such that
f(p) = p. Moreover, lim,,_,o, "(q) = p for each q in X.

We obtain the following more complete result with a more general contractive
condition from our Corollary 16.

Theorem 17. Let f be a self-map of a complete generalized Menger space
(X, F,Ty) satisfying

(3.91) there exists k € [0,1) such that for x,y € X,¥t >0

9 ) FJ%L:E(t)’ Ffzy,y(t)’ Fﬂ?,y(t)’
Fiypy(kt) >min Q. Fry 0 (28) Fry g (t), Fry o (20) Firo o (1),
ny7x(2t)Fx7y(t)v nyvx(Qt)ny,y(t)

Then there exists a unique p € X such that f(p) = p. Moreover, lim,,_,~ f"(q) =
p, for all n, for each q in X.

Proof. The result follows from Corollary 16 by taking A, = f, for all n, as
Zn = f™(z0) there. O

Remark 18. Restricting the contractive condition of Theorem 17 to the third
factor only, the quoted result of [8] follows.

References

[1] Dorel Mihet, A generalization of contraction principle in PM spaces II, Internate. Jour-
nal of Math. Math. Sciences 5 (2005), 729-736.

[2] M. M. Milovanovic-Arandelovic, A common fized point theorem for contraction type
mappings on Menger space, Filomat (Nis) 11 (1997), 103-108.

[3] Shishir Jain, Semi-Compatibility and common fized poin theorems in abstract spaces,
Ph. D. thesis, Vikram University, Ujjain, India 2005.

[4] Shobha Jain, A study of common fized poin theorems through weak compatibility in
abstract spaces, Ph. D. thesis, Vikram University, Ujjain, India 2005.

[5] G. Jungck and B. E. Rhoades, Fized points for set valued functions without continuity,
Indian J. of Pure and Applied Mathematics 29 (1998), 227-238.

[6] K. Menger, Statitistical metrics, Proc. Nat. Acad. Sci. USA. 28 (1942), 535-537.

[7] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960), 313-334.

[8] V. M. Sehgal and A. T. Bharucha-Reid, Fized points of contraction mappings in PM-
spaces, Math. Systems Theory 6 (1972), 97-102.

[9] B. Singh and Shishir Jain, A fized point theorem in Menger space through weak com-
patibility, Journal of Mathematical Analysis and Application 301 (2005), 439-448.

[10] R. Vasuki, A fized point theorem for sequence of maps satisfying a new contraction type

condition in Menger space, Math. Japonica 35 (1989), no. 6, 535-539.



368

SHOBHA JAIN, SHISHI JAIN, AND LAL BAHDHUR

SHOBHA JAIN
QUANTUM SCHOOL OF TECHNOLOGY, ROORKEE, UTTARAKHAND.
E-mail address: shobajainl@yahoo.com

SHISHIR JAIN
SHRI VAISHNAV INSTITUTE OF TECHNOLOGY AND SCIENCE, INDORE (M.P.), INDIA.
E-mail address: jainshishiril@rediffmail.com

LAL BAHDHUR
RETIRED PRINCIPAL, GOVT. ARTS AND COMMERCE COLLEGE, INDORE (M. P.), INDIA.



