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SOME NEW INTEGRAL MEANS INEQUALITIES AND
INCLUSION PROPERTIES FOR A CLASS OF ANALYTIC
FUNCTIONS INVOLVING CERTAIN INTEGRAL
OPERATORS

R. K. RAINA AND DEEPAK BANSAL

ABSTRACT. In this paper we investigate integral means inequalities for
the integral operators Q4 and P}’ applied to suitably normalized analytic
functions. Further, we obtain some neighborhood and inclusion proper-
ties for a class of functions Gq (¢, 1) (defined below). Several corollaries
exhibiting the applications of the main results are considered in the con-
cluding section.

1. Introduction and Preliminaries

Let A denote the class of functions f(z) normalized by f(0) = f(0)—1 =0,
and analytic in the open unit disk U = {z: z € C, |z] < 1}, then f(z) can be
expressed as

fE) =2+ an™ (1.1)
n=2

We denote by M (a), N () and A, ()) the three subclasses of the class A,
which are defined (for o > 1) as follows (see [9]):

M(a)z{f:feA,%(ZﬁS)><a(a>1;zeU)}, (1.2)
2f"(2)
f'(z)

N(a)z{f:féA,?R<1+ )<a(a>1;z€U)} (1.3)

and
D)‘Jrlf(z)
AN =471 R =
o ={rerean(G
where the operator D* involved in (1.4) is the familiar Ruscheweyh operator
[10]. The classes M («) and N («) were studied recently by Owa and Nishiwaki

><a(oz>1;)\>1;z€U)}, (1.4)
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[6], and also by Owa and Srivastava [8]. In fact, for 1 < a < 4/3, these classes
were investigated earlier by Uralegaddi et al. [15], and the class A, (A\) was
recently studied by Raina and Bansal [9].

It follows from (1.2) and (1.3) that

f(z) eN(a) & zf'(2) e M (). (1.5)
If f,h € A, where f(z) is given by (1.1), and h(z) is defined by
h(z)=z+ Z 2", (1.6)
n=2
then their Hadamard product (or convolution) f * h is defined (as usual ) by
(fxh)(2) =2+ ) ancaz" = (h* f)(2). (1.7)
n=2
For two functions f and g analytic in U, we say that the function f is subordi-
nate to g in U (denoted by f < g), if there exists a function w(z), analytic in
U with w(0) =0, and |w(z)| <1 (2 € U), such that f(z) = g(w(z)).

In order to prove our main results, we need the following definitions and
lemmas.

Definition 1 (Raina and Bansal [9, p. 3686]). Let the functions ¢(z) and 1 (z)
be given by

B(z) =2+ An2", (1.8)
n=2
and
(z) =2+ Y pnz", (1.9)
n=2
where A, 2 pup >0 (Vn € N\{1}). Then, we say that f € A is in So(¢,v) if
%{m}<a (@>1; z€U), (1.10)

provided that (f x¢)(z) # 0.

Several new and known subclasses can be obtained from the class S, (¢, %)
by suitably choosing the functions ¢(z) and ¢ (z). We mention below some of
these subclasses of S, (¢, ) consisting of functions f(z) € A.

For example, using (1.8) to (1.10), it evidently follows that

Sa ((1 —Z)Hz’ 1 _z),\+1> =Aa(}) (1.11)

T(n+A+1) T+ )
T T +2) ' = T T+ 1)

(where Ap =
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Sa <(1_ZZ)2 (1_’:)) = M(a) (where A\, =715 pin = 1) (1.12)
and
S, < 2+ 2° : ) =N@) (where\, =n’ pu, =n) (1.13)
T =2 (1-2) ( n =Rl '

Definition 2 (Jung-Kim-Srivastava [3]). Let f(z) € A be defined by (1.1),

then
z -1
o= () & [o (1-1) o
0

T +p+1) o D+ "
=t r(A+1) ZF(nJrAJru)a"Z' (1.14)

A>-1; u>0; feA
For p =1, (1.14) reduces to the generalized Libera operator [7] given by

Q) = Bul(z +Z(§ji) . (1.15)

Definition 3 (Komatu [4]). Let f(z) € A be defined by (1.1), then

2100 = Skl o o) s
0

+Z (;Ii) n2". (1.16)
(/\>—1, w>0; feA

The operators (1.14) and (1.16) contain the familiar Jung-Kim-Srivastava
and Komatu operator (see the details in [3], [4]).

Lemma 1 (Raina & Bansal [9, Theorem 2.1, p. 3687]). If f(z) € A and
satisfies

Z LA, tin, k@) |an| < 2(a — 1), (1.17)
n=2
where
LA, pins ky o) = {(An = kpn) + [ A + (k= 20) |} (1.18)

for some k (0 < k< 1), and some a (a > 1), then f(z) € Sa(¢, ).

Lemma 2. Let L( A, fin, k, @) be defined by (1.18), then {L(Ap, pin, k, )}~ is
a nonvanishing, positive and nondecreasing sequence provided that the sequences

(n) and <2—"> are nondecreasing, and

M >pn>0;neN\{1} a>1;, 05k 1), (1.19)
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Proof. See details in [9, p. 3692]. O

Lemma 3 (Littlewood [5]). If f(z) and h(z) are analytic in U with f(z) <
h(z), then for p >0 and z = re?(0 < r < 1) :

/ F)Pds < / Ih(z)[? db. (1.20)
0 0

Corresponding to the neighborhood definition given by Frasin and Darus [2],
let f € A be of the form (1.1) and s = 0, then a (¢ — s) neighborhood of the
function f is defined by

MI(f) = {h eA:h(z)=2z+ icnz”, inq“ lan, — cn| S s} . (1.21)

n=2 n=2
For
e(z) = z,

we observe that

Mi(e) = {h eA:h(z)=2+ Z 2", an+1 len] < s} ) (1.22)
n=2 n=2
where ¢ € NU {0}. We note that M2(f) = Ns(f) and ML(f) = M,(f), where
Ny(f) denotes the s-neighborhood of f introduced by Ruscheweyh [11], and
M;(f) is the neighborhood defined by Silverman [12].
In view of Lemma 1, we further define the following subclasses of the class

Sa(¢7 w)

Definition 4. Let G, (¢, ) denote the class of functions f € S, (¢, 1) (defined
by (1.10)) whose coefficients satisfy the coefficient inequality (1.17).

Corresponding to the subclasses A, (A), M(a) and N(a) defined by (1.11)
to (1.13), we also have the following set of subclasses of the class G, (¢, ) (see
[9, p. 3691)):

Co ((1 —Zz)A+2’ (1 _ZZ))\+1> =Aa(V) (1.23)
G ((1—)2 1—) = M(a) (1.24)
and
z+ 22 z — A
Go ((1—2)3’(12)2> =N(a). (1.25)

Obviously, we have the relatioships

ALV C Aa(N); M*(@) € M(a);  N*(a) € N(a).
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Among many others, the classes M(«) and N («) were studied recently by
Choi [1], Srivastava and Attiya [13] and Owa and Nishiwaki [6]. In this paper
we investigate the integral means inequalities for the integral operators QX
and Py’ involving suitably normalized analytic functions. We also derive some
neighborhood and inclusion relationships for the class G (¢, ¢) (defined above).
Several corollaries depicting some interesting consequences of the main results
are also mentioned.

2. THE MAIN RESULTS

In this section we give integral means inequalities in Theorems 1 and 2, a
neighborhood property for the class G (¢, %) in Theorem 3, and some inclusion
properties for class G, (¢, ) in Theorem 4, involving the integral operators Q%
and P{' (defined above by (1.14) and (1.16), respectively).

Theorem 1. Let f(z) € A and g(z) be defined by
9(z) = 2+ b7 (b; #0;5 = 2) (2.1)
and suppose that

ns Hns K, n| = F(5+1)P(j+§+77)()\+1) >

(2.2)
where L(An, pin, k, @) is given by (1.18). If (A\n), (in) and (An/p > are non-
decreasing sequences and A, > pn > 0 (n € N\{1}), 0 § k <1, then for
A>—1,8>-1, u>0,7>0,p>0and z=re?(0<r<1):

2 2m
[1ssera < [Qisero (23
0 0

Proof. Let f(z) be given by (1.1). In view of (1.14), we obtain

TA+p+1) = T(n+A) i
S|

1
IO T(n+ A+ pm) ™

Q\f(2) =

and

F+n+DLG+0),
n — 1 . ~J X
29(2) Z{+r@+1ﬁu+5+mﬂ
To prove (2.3), it is sufficient to show by means of Lemma 3 that

(A A) IN() 1 0 ,
14+ +:U’+ ZF ﬂ+ G,Znil-<1+ ( +n+ ) (J+ ) 2]71.
n

r(A+1) + A4 pu) " F®+1)U+5+m
(2.4)
By setting
- A+u+1§: PN o LOEnE DD H0), - yimt

= Pn+ A+ p) T+ DTG +6+n)
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we find that
i1 TA+p+1)T ((H— J+6+77
Jj—1 -1
= L
(2.5)
where
I'(n+A)
= 2.
Al 7O ST Y s (26)

A >pn>0(VneN\{1}), 05 k<1, a>1, A>—1, u>0).

If () and (N, /) are nondecreasing sequences, then by virtue of Lemma 2 we

—— 1 ___jisapositive nonincreasing sequence. Also, -t
L(>‘n)yfn7k7a) p g q : ’ F(n+>\+ﬂ)

a nonincreasing positive sequence. Thus, ¢(n) (n € N\{1}) is also a nonincreas-
ing sequence of n (being the product of two positive nonincreasing sequences).
It readily follows that

observe that is

I'(A+2)
L(A27 H2, ka O‘)F()\ + 12 + 2) ’
and from (2.5), we infer that w(0) = 0, and therefore, we are lead to
w(z)
DO 4 DTG4 DTG 464 7)
;| T(6 +n+ 1A+ 1)T( +6)
|2| T\ 4 4+ DTS + DT (G 46 +n)
L A’I'Lv ’I’Hka n
0;|T(8 +n+ DT(A+1)0(j +9) n; (Ans pins Ky @) fan]
<zl <1,

0<0(n) <0(2) =

A

ZL na/j/nak Oé) (TL) |an| |Z|n_1

[IA

on making use of the hypothesis (2.2) of Theorem 1. Evidently, the last in-
equality above establishes the subordination (2.4), which consequently proves
our Theorem 1. O

Theorem 2. Let f(z) € A and g(z) be defined by (2.1), and suppose that

= S+ 1\" [ A+2\"
;L(Anaﬂnvkva) |an|§(5+J> <)\+1> L(>\2nu'23kaa)|bj|v (2‘7)

where L(Ap, tin, k, @) is given by (1.18). If (An), {(itn) an

d (An/1tn) are non-
decreasing sequences, A, > fin, > 0 (V n € N\{1}), 0 £ k <

1, then for
A>—1,8>-1, u>0,7>0,p>0and z=re?(0<r<1):
2 27
[irtrera < [ipgers. (2)

0 0
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Proof. Let f(z) be given by (1.1). Using (1.16), we obtain

1+Z (A+1> anz’”]

5+1\" ,
Plg(z) = [14—(51]) bjzjl}.

To establish (2.8), it is sufficient to show that (in view of Lemma 3)

A+1 §+1 -
1+Z<A+n> 1+<5+]> bzl 1. (2.9)

Plf(z) ==

and

Putting
A+1 . §+1\" L
1 14 (—=) b, J
+Z<)\+n> n? +<5+]~> i [w(=)]"
we obtain
_ T
™ = (554) ;jgf:w,un,k,ma(n)anz"% (2.10)
where
A+ 1\* 1
= . 2.11
o) (A+n> L fins b, ) @11)

My >pun>0VneN\{1}),05k<1, a>1, A> -1, p>0)
If (\.), {un) and (\,/p,) are nondecreasing sequences then by the appli-
cation of Lemma 2, we observe that m is a nonincreasing sequence.

"
Also, (i‘%l) is a nonincreasing sequence. Thus, o(n) is a nonincreasing se-

quence (being the product of two positive nonincreasing sequences).
Now o(n) being a nonincreasing sequence of n implies that

A+1\* 1
< =
0<o(n) Z0(2) <)\+2) 0w e’

and from (2.10), we note that w(0) = 0, and hence, we obtain

- F+7\" 1 o _
j 1 < n—1
|w(2)] (6 m 1) 5] nEZQL()\mNm k,a)o(n) |an| ||

lz| (6+5)" =
— 2 L
< i (51) o 2 E O ok o

<z < 1,

by virtue of (2.7) of Theorem 2. The last inequality above establishes the
subordination (2.9), which completes the proof of Theorem 2. 0
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o0
Theorem 3. If { W} is a nondecreasing sequence, then G, (¢, 1) C

n=2
M3(e), where
202 (o — 1)
§= ————~ 2.12
L()\2>M27k7a) ( )

and L(Ap, tin, k, &) is given by (1.18).
Proof. It follows from (1.17) that if f(z) € Go(,), then

L(X k > =
O 12230 S22 o] < 3 L0 0) ] < 2 — 1)

n=2 n=2

which at once gives

o a+2(q —
3 nita,| < 2 a 1)
n=2 L(A27ﬂ27k,a)

and the result follows on using (1.22). O

Theorem 4. Let f(z) € Go(o,1), then QN f(2) € Ga(¢,9) and P f(z) €
Ga(¢7¢) ()‘ > _17/’L > 0) .

Proof. Let f(z) € Go(¢,%), then f(z) satisfies the coeflicient inequality (1.17),

and
A +p+1) o~ I'(A+n) .
AIG =2+ 0 Lo

n=2
To show that QX f(z) € Ga(¢, 1), we need simply to show that

> FA+pu+ 1IN\ +n)
E < —

which is true in view of coefficient inequality (1.17), because evidentally
TA+n)  _ TO+1)
FA+p+n) " TA+pu+1)

The proof of second part, viz. that f(z) € Ga(¢,v) implies that P{f(z) €
Go(¢,1) is similar to the first part, and is hence omitted. O

Vn=2,3,..).

3. APPLICATIONS OF MAIN RESULTS

In this section we consider some applications of our main results (Theorems
1 to 3).

Let us set
2(6-1)

0y, 5.k, a) (j=>2), (3.1)

n=ip,0=2A b=
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in Theorem 1, and suppose that f(z) € G4 (¢, ) (which is given by Definition
4), then the inequality (2.3) holds if the following coefficient inequality holds
true:

(8= DD+ 4 2P+ )L, i b, 0)

= 2
> L, in, @) fan| <

n=2

(3.2)

To show that (3.2) is true, let us choose 3 such that

L(Aj, g, ky )T+ 2)T(A + i+ )
B=1+ :

then (3.2) reduces to

(a—1)

Z LA, pin, by @) Jan| < 2(a — 1)

n=2

which is true in view of (1.17) of Lemma 1.
In view of the above parametric substitutions (3.1), Theorem 1 finally re-
duces to the following result.

Corollary 1. Let f(z) € Go(¢,v) and g(2) be given by

903 = 2 I k)

(n=2) (3.3)

satisfying the conditions given by (1.19), then for z =re?® (0 <r < 1):
2m 2m
[1ssera < [ (3.4)
0 0

A>-1,u>0,p>0)
provided that there exists B such that

LA, tin, k)TN 4+ 2)T(A 4+ n)
L0, iz, b ) FOV+ )T T 1 +2)

where L(Ap, tin, k, @) is given by (1.18).

Bz21+ (a=1)(n>2) (3.5)

Next, let us choose n = 2 in Corollary 1, then from (3.5) we get 5 2 a.
Consequently, Corollary 1 gives

Corollary 2. Let f(z) € Go(9,v) and g(2) be given by

M@=2+wa_u

2
A27“27 ka a)z (/6 z a) (36)
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satisfying the coditions corresponding to those given by (1.19), then for z = re®

0<r<1):
27 27
[issera < [ (3.7)
0 0

A>-1,u>0,p>0)
where L(Ag, pa, k, o) is given by (1.18).

Making similar substitutions as given by (3.1) in Theorem 2, we shall arrive
at the following result:

Corollary 3. Let f(z) € Go(¢,) and g(z) be given by

Q(ﬁ_ 1) n
L()‘n»,umkva)z (

satisfying the conditions given by (1.19), then for z =re’? (0 <r <1):

g(z)=z+ n > 2) (3.8)

27 2T
/ PLFGPdD < / PLg(=)do (3.9)
0 0

A>-1,u>0,p>0)
provided that there exists 3 such that
A+n\" L\, tin, b, @)
=1 A -1 >2 3.10
ﬁ_ +<)\+2) L(AQa,uQak7a) “ )(ni ) ( )
where L(Ap, pin, k, o) is given by (1.18).

For n = 2, Corollary 3 reduces to
Corollary 4. Let f(z) € Go(p,v) and g(2) be given by
26-1)
L()\27 M2, k7 Oé)

satisfying the conditions corresponding to those given by (1.19), then for z =
re? (0<r<1):

9(z) =z + (62 a) (3.11)

21 21
/ PLFPd < / PLg(2)"d (3.12)
0 0

A>—-1,4>0,p>0)
where L(Ag, pa, k, o) is given by (1.18).
If we set the arbitrary functions ¢ and % in Corollary 2 in accordance with

(1.24) and choose p = 1, then in view of (1.15) we obtain the following result
involving generalized Libera operator [7].
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Corollary 5. Let f(z) € M*(a) and g(z) be given by

_ 28—
9(z) =z+ sz (Bza) (3.13)
where
plk,a) ={2-k)+ |2+ k —2af}. (3.14)

satisfying the conditions that 0 <k <1, a > 1, then forz =re" (0 <r < 1):

27 27T
/ Byf()Pdo < / |Bag(2)"db. (3.15)
0 0

(A>-1,p>0)

where the operator By is defined by (1.15).

Making use of the relation (1.24) to reduce the class G, (¢, 1) to M*(a) in
Theorem 3, we obtain

(o)

Corollary 6. If {Q(:q’f’la)} is a nondecreasing sequence, then M*(a) C
n=2

M3(e), where

S

_ 292 (a — 1)
s= ko) (3.16)
and
Q(n,k,a) ={(n—k)+ |n+k—2al}. (3.17)

provided that 0 < k < 1,a > 1landq € NU{0}.

Similarly, if we use the relation (1.25) to reduce the class G (¢, 1) to N*(a)
in Theorem 3, we get the following result.

o0
Corollary 7. If {A(:qifla)} is a nondecreasing sequence, then N*(a) C
n=2

M3(e), where
292 (q — 1)
s= AR Fa) (3.18)
and
Aln,k,a)=n{(n—k)+|n+k—2a|}. (3.19)

provided that 0 < k < 1,a > landq € NU{0}.
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