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ON THE EQUIVALENCE PROBLEMS FOR THE
CONVERGENCE OF ITERATIVE SEQUENCES FOR
SET-VALUED CONTRACTION MAPPINGS IN BANACH
SPACES

KwaNG PAK PARK AND KYUNG So0 KiMm

ABSTRACT. Some equivalence conditions for the convergence of iterative
sequences for set-valued contraction mapping in Banach spaces are ob-
tained.

1. Preliminaries

Definition 1.1. Let E be a Banach space and CB(E) be the family of all
bounded closed subsets of E. A set-valued mapping T': E — CB(E) is said to
be contraction if there exists a constant k € (0,1) such that

H(Tz,Ty) <k|l|lx—vyl, =z,y€kE, (1.1)
where H is the Hausdorff metric on CB(F), i.e.,

H(A, B) = max { Slelg d(z, B), sgg d(A, y)}7
@ y

for any given A, B € CB(E).

Definition 1.2 ([1], [2], [4]). Let B be a nonempty closed convex subset of
E, T : B — 28 be a mapping, {a,}, {8,} and {v,} are three sequences in
[0, 1] satisfying some conditions and {e,}, {fn} and {g,} are three bounded
sequences in E. Then the following sequences {wy, }, {un}, {rn}, {z»} are called
Picard, Mann, Ishikawa, three-step iterative sequence with perturbed errors,

respectively:
wy € B (1 2)
Wpt1 € Twy, Vn>0; '
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{“0 €B (1.3)

Unt1 € (1 — ap)uy + apnTu,, Vn>0;

rg € B
Tnt1 € (1 — an)rn + anTsp + anen, (1.4)
rg € B

Tnt1 € (1 — ap)zy + anTyn + ane,

Yn € (1 = Bn)xn + BT zn + Brfn

zn € (1 = vn)xn + Y Txn + Yngn, Yn>0;
where the sequence {a,} appeared in (1.3)-(1.5) is the same.

(1.5)

In this paper, we are going to study the equivalence between the convergence
of Picard, three-step iterative sequence with perturbed errors defined by (1.2),
(1.5) for set-valued contraction mapping in Banach spaces.

2. Main Results
In order to prove our main results, we need the following key lemmas.

Lemma 2.1 ([3]). Let {an}, {bn}, {dn} and {t,} be nonnegative real sequence
satisfying the following conditions:

(1) t, €10,1] and io: ty, = 00;

n=0
(2) > b, <00 and > d, < .
n=0 n=0

If
An+41 S (1 - tn)a'n + bnan + d’ru v n Z 07
then lim a, = 0.

Lemma 2.2 ([5]). Let (E,d) be a complete metric space and let T : E —

CB(E) be a set-valued mapping. Then for any given € > 0 and for any given
u,v € B, w € Tu, there exists y € Tv such that

dw,y) < (14+e)H(Tu,Tv),
where H(-,-) is the Hausdorff metric on CB(E).

Theorem 2.1. Let E be a real Banach space, D be a nonempty closed convex

subset of E, T : D — 2P be a contraction mapping with k < 1—_}_5 and a constant

L satisfying sup ||w|| < L, for all x € D. Let {w,} and {z,} be the Picard
weTz

and three-step iterative sequence with perturbed errors defined by (1.2) and (1.5)
respectively and satisfying the following conditions:

(1) anvﬂna’yn S [07 1}, Vn > O"

(ii) lim B, = lim |le,| =0;
n—0o0o n—0oo
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. oo o0 oo
(i) 3 anfBp <oo, 3 anllen] <oo, 3 an =00
n=0 n=0 n=0

If wg = zq, then the following statements are equivalent:

(1) the Picard iterative sequence {wy} converges strongly to x* € F(T);
(2) the three-step iterative sequence with perturbed errors {x,} converges
strongly to x* € F(T).

Furthermore, x* is the unique fized point of T.

Proof. From Nadler ([5]), there exists a fixed point z* in F(T). Since {e,},
{fn} and {g,,} are bounded, there exist a constants L’ > 0 such that

sup{|leall, I fall; lgnll} < L.
n>0
Put
M' =L+ L +|zol,

by induction, it is easy to prove that
sup { an . [0, €, lzall gl 1 2all } < D7,
n>0

for p, € Txy, n, € Ty, and &, € Tz,, n > 0. By hypothesis, let
M" = |lwo|| + [lwr ]l < oo.

Put M = max{M’, M"}. Since {w,} be the Picard iterative sequence defined
by (1.2), there exists v, € T'wy, such that

Wpt1 = Vn, V1 >0. (2.1)
By Lemma 2.2, we have
-1 —vull < A+ e)H(Twp—1, Twy,)
< (A +e)kllwn—1 —wall = (1 4+ )kllvn—2 — vnl
<(1+e)k(l +e)H(Twp—2,Twy_1)
(

2
< ((T+e)k) lwn—2 — w1 (2.2)
<.
§(1+6 ) [wo — w1
<(a+ ) ,

for any given ¢ > 0. Since {z,} be the three-step iterative sequence with
perturbed errors defined by (1.5), for each n, n = 0,1,2,-- -, there exist n,, €
TYyn, &n € Tz, and p, € Tx, such that

Tpyr = (1 = an)rn + anily + apey,

Yn = (1 - ﬂn)xn + Bnén + Bnfn, (23)
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It follows from (2.1), (2.2) and (2.3) that
1Tnr1 — wpprll = [[(1 — an)2n + anin + anen — vnl|
< (1= an)||lzn = vnll + anllnn — vall + anllen |
< (1= an)(lzn — wall + lwn — val))
+ ankllyn — wnll + anllenll
n
< (1= an)(llow = wall + (1 +2)k) " ar)

+ ankl|yn — wnll + anllenll

(2.4)

[yn — wnll = [|(1 = Br)zn + Bnén + Bnfn — wal|
< (1= Bu)llzn = wall + Ballén — vn—all + Bullfull
< (1= Bn)llzn — wall + Bu(ll€n — vall
+ lvn = vnall) + Bull fall
< (L= Bu)llzn — wnll + Bukllzn — wall

+ B (14 20k) M+ Bl full

(2.5)

20 = wall = [[(1 = ) @n + Ynpin + ngn — wnll
< @ = w)llzn — wall + Yalltn = V-1l + Ynllgnll
< (A =y)llzn — wall + Wmkllzn — w1l + Ynllgnll
< (1= m)llen — wall (2.6)
+ Ynk(|zn — wall + |wn — wp—1]) + Vnllgn|
< (1 =n)llen — wa|

+ k(7w = wall + (L + k) M) +7allgall
Substituting (2.6) into (2.5), we have

[yn — wnll < (1= Bu)llzn — wall + ﬁnk{(l = )l|lTn — wall
+ b (len = wall + (1 + k)" M) + ullgall}
+ Bu((L+e)k)" M + B, | ful
(2.7)
< (1 - 6n)||$n - wnH + ﬁnk{(l — Yn (1 — k))Hxn - wn”
+ (L + €)M + Yullgnll } + Bu((1+ £)E)" M
+ Bull full
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Substituting (2.7) into (2.4), we can obtain

[Zn+1 — W]

< (1= an) (Jlan = wall + (1 +2)k)" M)
+ ank[ (1= Bl = wall + Buk{ (1= (1 = k)2 — wa
+ (L E)R)" M + Yullgnll } + Bu((1+ £)E)" M
+ Bull fall] + callenl

< [1 = an(t = k(1 = Bu)] 2 = wall + (1 = @n)((1 +)k)"M
+ @Bk { (1= (1= k) = wall +7u((1+2))" M

. 2.8
g} + 0nBal(L+ R M+ Bkl ol anlleal B

< (1= an(1 = k)l = wall + (1 +2)k)" M
o Bk — ) + B [1a k2 (1 )R)" M + (g}
+ (14 )" M + Bl full | + anllenl
< (1 —an(l=k))|lzn — wnll + anfBnl|zn — wall
(L))" M+ o [ { (1 + €)M + gl }
(14 )R M + Bl full] + anllenl
< (A= an(l =k)llzn — wnll + anballzn — wnl + dn,
where
o =((1+ £))" M + B [1ak2{ (1 + £)k)" M + g, |}
(1 + k)™M + K| full] + anlleall
Take ap, = ||xn — wy| and t, = an(l — k), by, = apfBy in (2.8). Since {e,},

o0

{fn}, {gn} are bounded and (14 &)k <1, > a,B, < oo, we have
n=0

oo (oo} oo
Ztnzoo, an<oo, Zdn<oo.
n=0 n=0 n=0

By Lemma 2.1, we know that
|xn —wp|| = 0 (n — o0).
If w, — a* € F(T) (n — o0), we have

[2n = 2"} < llan = wall + [Jwn =27 =0 (n — o).
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If x,, —» 2* € F(T) (n — 00), we have
[wn = 2| < Jlwn — 2ol + [l2n — 2" = 0 (n — o0).

The equivalence between the statement (1) and (2) was proved.

Finally, we prove that z* € E is the unique fixed point of T. In fact, let
x*,y* € E be two fixed points of T. Since T is a set-valued contraction with
constant 0 < k < 1, we have

lo" —y*| < A+ e)H(Tz", Ty") < (1 +e)klla”™ —y|.

Since ¢ is arbitrary, this implies that ||*—y*|| = 0, i.e., * = y*. This completes
the proof. O

Corollary 2.1. Let E be a real Banach space, D be a nonempty closed convex

subset of E, T : D — 2P be a contraction mapping with k < 1—; and a constant

L satisfying sup |lw|| < L, for all x € D. Let {w,} and {r,} be the Picard
weTx

and Ishikawa iterative sequence with perturbed errors defined by (1.2) and (1.4)
respectively and satisfying the following conditions:

(l) anyﬁn c [0,1]7 Vn 2 O,.

(ii) lim G, = lim |le,|| =0;
n—oo n—oo

. o0 o0 oo

(i) > apfn <00, 3 apllen] <oo, > a, = oo.
n=0 n=0 n=0

If wg = rg, then the following statements are equivalent:

(1) The Picard iterative sequence {wy} converges strongly to x* € F(T);
(2) The Ishikawa iterative sequence with perturbed errors {r,} converges
strongly to x* € F(T).
Furthermore, x* is the unique fized point of T.

If B, = 0 and e, = 0, in (1.4), then (1.4) reduces (1.3). So we have the
following.

Corollary 2.2. Let E be a real Banach space, D be a nonempty closed convex

subset of E, T : D — 2P be a contraction mapping with k < 1—; and a constant

L satisfying sup ||w|| < L, for all x € D. Let {w,} and {u,} be the Picard and
weTx

Mann iterative sequence defined by (1.2) and (1.3) respectively and satisfying

the following conditions:
(i) a, €[0,1], Vn>0;

oo
(il) > an = 0.
n=0
If wg = ug, then the following statements are equivalent:

(1) The Picard iterative sequence {w,} converges strongly to x* € F(T);
(2) The Mann iterative sequence {u,} converges strongly to z* € F(T).

Furthermore, x* is the unique fixed point of T.
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