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ON THE EQUIVALENCE PROBLEMS FOR THE
CONVERGENCE OF ITERATIVE SEQUENCES FOR

SET-VALUED CONTRACTION MAPPINGS IN BANACH
SPACES

Kwang Pak Park and Kyung Soo Kim

Abstract. Some equivalence conditions for the convergence of iterative

sequences for set-valued contraction mapping in Banach spaces are ob-
tained.

1. Preliminaries

Definition 1.1. Let E be a Banach space and CB(E) be the family of all
bounded closed subsets of E. A set-valued mapping T : E → CB(E) is said to
be contraction if there exists a constant k ∈ (0, 1) such that

H(Tx, Ty) ≤ k∥x − y∥, x, y ∈ E, (1.1)

where H is the Hausdorff metric on CB(E), i.e.,

H(A,B) = max
{

sup
x∈A

d(x,B), sup
y∈B

d(A, y)
}

,

for any given A,B ∈ CB(E).

Definition 1.2 ([1], [2], [4]). Let B be a nonempty closed convex subset of
E, T : B → 2B be a mapping, {αn}, {βn} and {γn} are three sequences in
[0, 1] satisfying some conditions and {en}, {fn} and {gn} are three bounded
sequences in E. Then the following sequences {wn}, {un}, {rn}, {xn} are called
Picard, Mann, Ishikawa, three-step iterative sequence with perturbed errors,
respectively: {

w0 ∈ B

wn+1 ∈ Twn, ∀ n ≥ 0;
(1.2)
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u0 ∈ B

un+1 ∈ (1 − αn)un + αnTun, ∀ n ≥ 0;
(1.3)

r0 ∈ B

rn+1 ∈ (1 − αn)rn + αnTsn + αnen

sn ∈ (1 − βn)rn + βnTrn + βnfn, ∀ n ≥ 0;
(1.4)


x0 ∈ B

xn+1 ∈ (1 − αn)xn + αnTyn + αnen

yn ∈ (1 − βn)xn + βnTzn + βnfn

zn ∈ (1 − γn)xn + γnTxn + γngn, ∀ n ≥ 0;

(1.5)

where the sequence {αn} appeared in (1.3)-(1.5) is the same.

In this paper, we are going to study the equivalence between the convergence
of Picard, three-step iterative sequence with perturbed errors defined by (1.2),
(1.5) for set-valued contraction mapping in Banach spaces.

2. Main Results

In order to prove our main results, we need the following key lemmas.

Lemma 2.1 ([3]). Let {an}, {bn}, {dn} and {tn} be nonnegative real sequence
satisfying the following conditions:

(1) tn ∈ [0, 1] and
∞∑

n=0
tn = ∞;

(2)
∞∑

n=0
bn < ∞ and

∞∑
n=0

dn < ∞.

If
an+1 ≤ (1 − tn)an + bnan + dn, ∀ n ≥ 0,

then lim
n→∞

an = 0.

Lemma 2.2 ([5]). Let (E, d) be a complete metric space and let T : E →
CB(E) be a set-valued mapping. Then for any given ε > 0 and for any given
u, v ∈ E, w ∈ Tu, there exists y ∈ Tv such that

d(w, y) ≤ (1 + ε)H(Tu, Tv),

where H(·, ·) is the Hausdorff metric on CB(E).

Theorem 2.1. Let E be a real Banach space, D be a nonempty closed convex
subset of E, T : D → 2D be a contraction mapping with k < 1

1+ε and a constant
L satisfying sup

ω∈Tx
∥ω∥ ≤ L, for all x ∈ D. Let {wn} and {xn} be the Picard

and three-step iterative sequence with perturbed errors defined by (1.2) and (1.5)
respectively and satisfying the following conditions:

(i) αn, βn, γn ∈ [0, 1], ∀ n ≥ 0;
(ii) lim

n→∞
βn = lim

n→∞
∥en∥ = 0;
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(iii)
∞∑

n=0
αnβn < ∞,

∞∑
n=0

αn∥en∥ < ∞,
∞∑

n=0
αn = ∞.

If w0 = x0, then the following statements are equivalent:
(1) the Picard iterative sequence {wn} converges strongly to x∗ ∈ F (T );
(2) the three-step iterative sequence with perturbed errors {xn} converges

strongly to x∗ ∈ F (T ).
Furthermore, x∗ is the unique fixed point of T.

Proof. From Nadler ([5]), there exists a fixed point x∗ in F (T ). Since {en},
{fn} and {gn} are bounded, there exist a constants L′ > 0 such that

sup
n≥0

{∥en∥, ∥fn∥, ∥gn∥} ≤ L′.

Put
M ′ = L + L′ + ∥x0∥,

by induction, it is easy to prove that

sup
n≥0

{
∥µn∥, ∥ηn∥, ∥ξn∥, ∥xn∥, ∥yn∥, ∥zn∥

}
≤ M ′,

for µn ∈ Txn, ηn ∈ Tyn and ξn ∈ Tzn, n ≥ 0. By hypothesis, let

M ′′ = ∥w0∥ + ∥w1∥ < ∞.

Put M = max{M ′,M ′′}. Since {wn} be the Picard iterative sequence defined
by (1.2), there exists νn ∈ Twn such that

wn+1 = νn, ∀ n ≥ 0. (2.1)

By Lemma 2.2, we have

∥νn−1 − νn∥ ≤ (1 + ε)H(Twn−1, Twn)

≤ (1 + ε)k∥wn−1 − wn∥ = (1 + ε)k∥νn−2 − νn−1∥
≤ (1 + ε)k(1 + ε)H(Twn−2, Twn−1)

≤
(
(1 + ε)k

)2∥wn−2 − wn−1∥
≤ · · ·

≤
(
(1 + ε)k

)n

∥w0 − w1∥

≤
(
(1 + ε)k

)n

M,

(2.2)

for any given ε > 0. Since {xn} be the three-step iterative sequence with
perturbed errors defined by (1.5), for each n, n = 0, 1, 2, · · · , there exist ηn ∈
Tyn, ξn ∈ Tzn and µn ∈ Txn such that

xn+1 = (1 − αn)xn + αnηn + αnen,

yn = (1 − βn)xn + βnξn + βnfn,

zn = (1 − γn)xn + γnµn + γngn, n ≥ 0.

(2.3)
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It follows from (2.1), (2.2) and (2.3) that

∥xn+1 − wn+1∥ = ∥(1 − αn)xn + αnηn + αnen − νn∥
≤ (1 − αn)∥xn − νn∥ + αn∥ηn − νn∥ + αn∥en∥
≤ (1 − αn)(∥xn − wn∥ + ∥wn − νn∥)

+ αnk∥yn − wn∥ + αn∥en∥

≤ (1 − αn)
(
∥xn − wn∥ +

(
(1 + ε)k

)n

M
)

+ αnk∥yn − wn∥ + αn∥en∥,

(2.4)

∥yn − wn∥ = ∥(1 − βn)xn + βnξn + βnfn − wn∥
≤ (1 − βn)∥xn − wn∥ + βn∥ξn − νn−1∥ + βn∥fn∥
≤ (1 − βn)∥xn − wn∥ + βn(∥ξn − νn∥

+ ∥νn − νn−1∥) + βn∥fn∥
≤ (1 − βn)∥xn − wn∥ + βnk∥zn − wn∥

+ βn

(
(1 + ε)k

)n

M + βn∥fn∥,

(2.5)

∥zn − wn∥ = ∥(1 − γn)xn + γnµn + γngn − wn∥
≤ (1 − γn)∥xn − wn∥ + γn∥µn − νn−1∥ + γn∥gn∥
≤ (1 − γn)∥xn − wn∥ + γnk∥xn − wn−1∥ + γn∥gn∥
≤ (1 − γn)∥xn − wn∥

+ γnk(∥xn − wn∥ + ∥wn − wn−1∥) + γn∥gn∥
≤ (1 − γn)∥xn − wn∥

+ γnk
(
∥xn − wn∥ +

(
(1 + ε)k

)n−1

M
)

+ γn∥gn∥.

(2.6)

Substituting (2.6) into (2.5), we have

∥yn − wn∥ ≤ (1 − βn)∥xn − wn∥ + βnk
{

(1 − γn)∥xn − wn∥

+ γnk
(
∥xn − wn∥ + ((1 + ε)k)n−1M

)
+ γn∥gn∥

}
+ βn((1 + ε)k)nM + βn∥fn∥

≤ (1 − βn)∥xn − wn∥ + βnk
{

(1 − γn(1 − k))∥xn − wn∥

+ γn((1 + ε)k)nM + γn∥gn∥
}

+ βn((1 + ε)k)nM

+ βn∥fn∥.

(2.7)
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Substituting (2.7) into (2.4), we can obtain

∥xn+1 − wn+1∥

≤ (1 − αn)
(
∥xn − wn∥ + ((1 + ε)k)nM

)
+ αnk

[
(1 − βn)∥xn − wn∥ + βnk

{
(1 − γn(1 − k))∥xn − wn∥

+ γn((1 + ε)k)nM + γn∥gn∥
}

+ βn((1 + ε)k)nM

+ βn∥fn∥
]

+ αn∥en∥

≤
[
1 − αn(1 − k(1 − βn))

]
∥xn − wn∥ + (1 − αn)((1 + ε)k)nM

+ αnβnk2
{

(1 − γn(1 − k))∥xn − wn∥ + γn((1 + ε)k)nM

+ γn∥gn∥
}

+ αnβn((1 + ε)k)n+1M + αnβnk∥fn∥ + αn∥en∥

≤ (1 − αn(1 − k))∥xn − wn∥ + ((1 + ε)k)nM

+ αnβnk2∥xn − wn∥ + αnβn

[
γnk2

{
((1 + ε)k)nM + ∥gn∥

}
+ ((1 + ε)k)n+1M + k∥fn∥

]
+ αn∥en∥

≤ (1 − αn(1 − k))∥xn − wn∥ + αnβn∥xn − wn∥

+ ((1 + ε)k)nM + αnβn

[
γnk2

{
((1 + ε)k)nM + ∥gn∥

}
+ ((1 + ε)k)n+1M + k∥fn∥

]
+ αn∥en∥

≤ (1 − αn(1 − k))∥xn − wn∥ + αnβn∥xn − wn∥ + dn,

(2.8)

where
dn =((1 + ε)k)nM + αnβn

[
γnk2

{
((1 + ε)k)nM + ∥gn∥

}
+ ((1 + ε)k)n+1M + k∥fn∥

]
+ αn∥en∥.

Take an = ∥xn − wn∥ and tn = αn(1 − k), bn = αnβn in (2.8). Since {en},
{fn}, {gn} are bounded and (1 + ε)k < 1,

∞∑
n=0

αnβn < ∞, we have

∞∑
n=0

tn = ∞,
∞∑

n=0

bn < ∞,
∞∑

n=0

dn < ∞.

By Lemma 2.1, we know that

∥xn − wn∥ → 0 (n → ∞).

If wn → x∗ ∈ F (T ) (n → ∞), we have

∥xn − x∗∥ ≤ ∥xn − wn∥ + ∥wn − x∗∥ → 0 (n → ∞).
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If xn → x∗ ∈ F (T ) (n → ∞), we have

∥wn − x∗∥ ≤ ∥wn − xn∥ + ∥xn − x∗∥ → 0 (n → ∞).

The equivalence between the statement (1) and (2) was proved.
Finally, we prove that x∗ ∈ E is the unique fixed point of T. In fact, let
x∗, y∗ ∈ E be two fixed points of T. Since T is a set-valued contraction with
constant 0 < k < 1, we have

∥x∗ − y∗∥ ≤ (1 + ε)H(Tx∗, Ty∗) ≤ (1 + ε)k∥x∗ − y∗∥.
Since ε is arbitrary, this implies that ∥x∗−y∗∥ = 0, i.e., x∗ = y∗. This completes
the proof. ¤

Corollary 2.1. Let E be a real Banach space, D be a nonempty closed convex
subset of E, T : D → 2D be a contraction mapping with k < 1

1+ε and a constant
L satisfying sup

ω∈Tx
∥ω∥ ≤ L, for all x ∈ D. Let {wn} and {rn} be the Picard

and Ishikawa iterative sequence with perturbed errors defined by (1.2) and (1.4)
respectively and satisfying the following conditions:

(i) αn, βn ∈ [0, 1], ∀ n ≥ 0;
(ii) lim

n→∞
βn = lim

n→∞
∥en∥ = 0;

(iii)
∞∑

n=0
αnβn < ∞,

∞∑
n=0

αn∥en∥ < ∞,
∞∑

n=0
αn = ∞.

If w0 = r0, then the following statements are equivalent:
(1) The Picard iterative sequence {wn} converges strongly to x∗ ∈ F (T );
(2) The Ishikawa iterative sequence with perturbed errors {rn} converges

strongly to x∗ ∈ F (T ).
Furthermore, x∗ is the unique fixed point of T.

If βn = 0 and en = 0, in (1.4), then (1.4) reduces (1.3). So we have the
following.

Corollary 2.2. Let E be a real Banach space, D be a nonempty closed convex
subset of E, T : D → 2D be a contraction mapping with k < 1

1+ε and a constant
L satisfying sup

ω∈Tx
∥ω∥ ≤ L, for all x ∈ D. Let {wn} and {un} be the Picard and

Mann iterative sequence defined by (1.2) and (1.3) respectively and satisfying
the following conditions:

(i) αn ∈ [0, 1], ∀ n ≥ 0;

(ii)
∞∑

n=0
αn = ∞.

If w0 = u0, then the following statements are equivalent:
(1) The Picard iterative sequence {wn} converges strongly to x∗ ∈ F (T );
(2) The Mann iterative sequence {un} converges strongly to x∗ ∈ F (T ).

Furthermore, x∗ is the unique fixed point of T.
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