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ON FUZZY FAINTLY PRE-CONTINUOUS FUNCTIONS

G. PALANI CHETTY AND G. BALASUBRAMANIAN

ABSTRACT. The aim of this paper is to introduce a new generalization
of fuzzy faintly continuous functions called fuzzy faintly pre-continuous
functions and also we have introduced and studied weakly fuzzy pre-
continuous functions. Several characterizations of fuzzy faintly pre-conti-
nuous functions are given and some interesting properties of the above
functions are discussed.

1. Introduction

C. L. Chang [5] introduced and developed the concept of fuzzy topological
spaces based on the concept of fuzzy sets introduced by Zadeh in [10]. Since
then various important notions in the classical topology such as continuous
functions have been extended to fuzzy topological spaces [5].

The concept of faintly continuous functions was introduced and studied by
P. E. Long and L. L. Herrington in [7] and it was extended to fuzzy topo-
logical spaces by Anjan Muherjee in [1]. In [2], the concept of fuzzy faintly
a-continuous functions was also introduced and studied. The purpose of this
paper is to introduce and study the concept of fuzzy faintly pre-continuous
functions. Section 2 deals with preliminaries. Section 3 deals with the charac-
terizations of fuzzy faintly pre-continuous functions and Section 4 deals with
some interesting properties of fuzzy faintly pre-continuous functions.

2. Preliminaries

In this paper by (X,T) (X for short) we mean fuzzy topological space
in the sense of [5]. Let A be a fuzzy set. The fuzzy closure of A [5] and
the fuzzy interior of A\ [5] are defined as: fuzzy closure of A = cl()\) =
NMplp > A pis fuzzy closed} and fuzzy interior of A = int (A\) = V{o|o <
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A, 0 is fuzzy open}. A fuzzy point z, in X is a fuzzy set in X defined by [1]

2 () = p, p€ (0,1, fory=2z, ye X,
P = 0, fory#x, ye X.

x and p are respectively called the support and the value of the fuzzy point. A
fuzzy set A in X is called fuzzy pre-open if A < intcl () and A is called regular
open if A = intcl(\).

Let (X,T) and (Y, .S) be any two fuzzy topological spaces. Let f: (X, T) —
(Y, S) be a function. f is called fuzzy pre-continuous if the inverse image of
each fuzzy open set in Y is fuzzy pre-open in X.

A fuzzy topological space X is product related [3] to a fuzzy topological
space Y if for any fuzzy set v in X and £ in Y whenever N (=1—X) % v
and g/ (1 —p) # € imply N x 1V 1 x g > v x & where A is a fuzzy open set
in X and p is a fuzzy open set in Y, there exists a fuzzy open set A\; and a
fuzzy open set p1in Y such that \] > vor g > & and M) x 1V 1xpu) =
N x1vlxy. If (X,T)and (Y,S) are any two fuzzy topological spaces, we
define a product fuzzy topology T'x S on X x Y to be that fuzzy topology for
which B = {A x u/X € T, € S} forms a base.

A fuzzy point z, € A, where X is a fuzzy subset in X if and only if p < A(z).
A fuzzy point z, is quasi-coincident with A, denoted by z,gA, if and only if
p > N(z) or p+ A(z) > 1 where X denotes the complement of A defined by
N = 1— X A fuzzy subset X in a fuzzy topological space X is said to be
g-neighbourhood for a fuzzy point x, if and only if there exist a fuzzy open
subset n such that z,qn < A. A fuzzy point z, is said to be a fuzzy 6-cluster
point of a fuzzy subset A if and only if for every open g-neighbourhood 7 of
Zp, cl(n) is quasi-coincident with X. The set of all fuzzy #-cluster points of X
is called the fuzzy 0-closure of A and is denoted by clg (A). The complement of
a fuzzy 6-closed subset is a fuzzy #-open which is equivalent to the condition:
a fuzzy subset p is called fuzzy #-open if and only if intg () = p, where the
fuzzy set V {z, € X : for some open g-neighborhood 7 of z,,cl(n) C u } is the
fuzzy O-interior of 1 and is denoted by inty (1) and fpint (u) is the largest fuzzy
pre-open set contained in pu.

3. Characterizations of fuzzy faintly pre-continuous functions

The concepts of fuzzy faintly continuous functions and that of fuzzy faintly
a-continuous functions are introduced in [1] and [2] respectively.

Definition 3.1. Let (X,T) and (Y, S) be any two fuzzy topological spaces. A
function f : (X,T) — (Y,S) is said to be fuzzy faintly continuous if for each
fuzzy point =, of X and each fuzzy f-open set p containing f (x,), there exists
a fuzzy open subset A containing z, such that f (\) < p.

Definition 3.2. Let (X, T) and (Y, S) be any two fuzzy topological spaces. A
function f : (X,T) — (Y, 5) is said to be fuzzy faintly a-continuous if for each
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fuzzy point z, of X and each fuzzy 6-open set p containing f (z,), there exists
a fuzzy a-open set A containing z, such that f (A) < p.

Based on the above two concepts we now define

Definition 3.3. Let (X, T) and (Y, S) be any two fuzzy topological spaces. A
function f : (X,T) — (Y,S) is called fuzzy faintly pre-continuous if for each
fuzzy point z, of X and each fuzzy 6-open set p containing f(x,), there exists
a fuzzy pre-open set 7y containing x, such that f (7) < p.

Definition 3.4. Let (X,T) and (Y, S) be any two fuzzy topological spaces. A
function f : (X,T) — (Y, 5) is called some what fuzzy faintly pre-continuous
[9] if for every fuzzy 0- open set A in (Y, S) such that f=1(\) # 0, there exists
a fuzzy pre-open set p in X such that p # 0 and u < f=1(N).

Proposition 3.5. Let (X,T) and (Y, S)be any two fuzzy topological spaces.
Let f: (X, T) — (Y,5) be a function. Then the following are equivalent.

(1) f is fuzzy faintly pre-continuous.

(2) f~Y(u) is a fuzzy pre-open subset in X for each fuzzy 0-open set y in
Y.

(3) f~Y(u) is a fuzzy pre-closed subset in X for each fuzzy 0-closed set
mY.

(4) fpcl (f’1 (’y)) < f71(clg (7)) for any fuzzy subset v in Y.

(5) f~!(intg (y)) < fpint (f’l (7)) for any fuzzy subset v inY .

(6) f:(X,T) — (Y,Ss) is fuzzy pre-continuous where Sy is the family of
all fuzzy 0-open sets.

(7) f:(X,T,) — (Y, S) is fuzzy faintly continuous where T, is the family
of all fuzzy pre-open sets.

(8) f:(X,Tp) — (Y, Sp) is fuzzy continuous.

Proof. (1) = (2). Let u be any fuzzy 6-open subset in Y and z, be any fuzzy
point in X such that z, € f~1(u). Since f is fuzzy faintly pre-continuous,
there exists a fuzzy pre-open subset v in X with x, € v such that f (v) < u.
Then z, € v < f~1(f (7)) < f~! (n), which shows that f=1 (u) is a fuzzy pre-
neighborhood of each of its points and hence f~! (i) is a fuzzy pre-open subset
in X.

(2) = (3). Let p be any fuzzy 6-closed subset in Y. Then 1 — p is fuzzy 6-
open in Y. By assumption (2), f~1 (1 — p) is fuzzy pre-open and so 1 — f~1 (u)
is fuzzy pre-open. Therefore f~!(u) is fuzzy pre-closed. This proves (2) =

(3) = (4). Let v be a fuzzy subset in Y. Then v < clg (v) (by Remark 2.5
in [2]) and hence f=1 (y) < f~1(clp (7)). Now cly () is fuzzy 0-closed subset
in Y and hence by (3), f~1(clg (7)) is a fuzzy O-closed subset in X. Thus
Jpel (F71 () < fpad(F71 (clo (7)) = f (clg (7). Thatis fpcl (f71 (7)) <
7 (clo (7))-
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(4) = (5). Taking complement of (4), we get
L= fpd(f7' () = 1-f"(clo (7))
foint (1—=f71(7) = f7H(1—clg(y))
FH(fpint (1 =) > fpint (f71 (1 7))
which implies ! (intg (1)) > fpint (f*1 (p)) where p = 1—+ is a fuzzy subset
inY.

(5) = (1). Let p be a fuzzy 6-open subset in Y. Then inty (1) = p. Now by

) 1 1 1
f7 (intg (1) = f77 (u) = fpint (f 7 (1)) -
Thus f~' (u) = fpint (f~! (@) [since fpint (f~' (u) < f=' (u)].
f~Y(u) is fuzzy pre-open.

Let z;, be any fuzzy point in f~! (u) = o (say). Then x, € 0 € f~!(p).
That is f (zp) € f(0) = ff~' (1) < p. Thus for any fuzzy point z, and for
each fuzzy 6-open set p containing f (x,) there exists a fuzzy pre-open subset
o containing x, such that f (o) < . Thus f is fuzzy faintly pre-continuous.

(5) = (6). Let u be any fuzzy #-open subset in (Y, .5). Then p is a fuzzy open
set in (Y, Sp) and by (3), f~! (u) is fuzzy pre-open. That is inverse image of a

fuzzy 6-open set is fuzzy pre-open. This shows that f is fuzzy pre-continuous.
The implications (6) = (7), (7) = (8) and (8) = (1) are obvious. O

That is

From the definitions it is clear that every fuzzy faintly continuous is fuzzy
faintly pre-continuous; but however the converse is not true. The following
example serves this purpose.

Ezample 3.6. Let X =Y =1 =10,1]. Let u1, po, us be fuzzy sets on I defined
as follows:

0, 0<z<i,

X
() 9w—1, t<z<l,
1, 0<z<i,
pi2(z) —dr+2, ;<x<j3,
0 ;<z<l1,
x, 0<z<yq,

X
#a(@) {L legp<l

-

Clearly T1 = {0, p2, 1}, To = {0, 1, po, p1 V p2, 1} are two fuzzy topologies
on I. Let f: (I,T1) — (I,T3) be defined as follows f(xz) = z for each x € I.
Then f~1(1) = 1 and f~!(u3) = p3. This example is taken from [2] and it is
shown in that pus and 1 are the only fuzzy 6- open sets of (I,75). Also it is
easy to verify that pus and 1 are fuzzy pre-open sets in (I,77). Therefore f
is fuzzy faintly pre-continuous but it is not fuzzy faintly continuous [2], since

M (ps) = ps ¢ Th.
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4. Properties of fuzzy faintly pre-continuous functions

In [5], a fuzzy topological space (X, T) is defined to be fuzzy compact if and
only if every fuzzy open cover of X has a finite subcover. Generalizing this, we
now define:

Definition 4.1. A fuzzy topological space (X,T) is said to be fuzzy pre-
compact [4] (0-compact [2]) if every fuzzy pre-open(fuzzy 6-open) cover of X
has a finite subcover.

Proposition 4.2. Let (X,T) and (Y,S) be any two fuzzy topological spaces
and suppose that f : (X, T) — (Y,S) is fuzzy faintly pre-continuous surjective
mapping and X is fuzzy pre-compact. Then'Y is fuzzy 0-compact.

Proof. Let {\;|i € A} be a fuzzy #-open cover of Y. Since f: (X,T) — (Y, 5)
is fuzzy faintly pre- continuous, { f~! (\;)|i € A} is a family of fuzzy pre-open

sets in X such that 1x < \/ f~'()\;). But by fuzzy pre-compactness of X,
€A

there exists a finite subfamily Ag of A such that 1x < { VA ()\i)} . Then
1€AQ

this implies that 1y < { \ )\;} . This shows that Y is fuzzy #-compact. [
1€Ag

Definition 4.3 ([6]). Two fuzzy sets A and p of a fuzzy topological space
(X,T) are said to be fuzzy weakly separated if and only if cl(N)gu and cl(p)gA.

Note 4.4 ([6]). The condition of weak separation of two fuzzy sets A and p of
a fuzzy topological space (X,T) can be restated as follows:
There are fuzzy open sets ¢ and ¢ such that A < o, u < 4, A\¢d and pgo.

Definition 4.5 ([6]). A fuzzy set A in a fuzzy topological space (X, T) is said
to be fuzzy disconnected if and only if there are two non-zero fuzzy sets J; and
02 in X such that §; and 5 are weakly separated in X and A = §; V ds.

A fuzzy set X in a fuzzy topological space (X, T) is said to be fuzzy connected
if and only if A is not fuzzy disconnected. In other words, a fuzzy set X in a
fuzzy topological space (X,T') is said to be fuzzy connected if A can not be
expressed as the union of two fuzzy weakly separated fuzzy sets.

Based on the above definition, we now define weakly 6-separated sets (weakly
pre-separated sets) as follows:

Definition 4.6. Two fuzzy sets A and p of a fuzzy topological space (X, T') are
said to be weakly 0-separated (weakly pre-separated) if there are fuzzy 6-open
sets (fuzzy pre-open sets) o and § such that A <o, u < d, Agd and pgo.

Definition 4.7 ([2]). A fuzzy set A in a fuzzy topological space (X, T) is said
to be 0-connected if A can not be expressed as the union of two fuzzy weakly
f-separated sets.
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Based on this we now define the following:

Definition 4.8. A fuzzy set A in a a fuzzy topological space (X, T) is said to
be fuzzy pre-connected if and only if A can not be expressed as the union of
two fuzzy weakly pre-separated sets.

Definition 4.9. Two fuzzy sets A1, A2 in a fuzzy topological space in X is said
to be fuzzy pre-separated [4] if cl(A\1) + A2 <1 and A\ +cl(Ag) < 1.

Definition 4.10. A fuzzy set A in a fuzzy topological space (X,T) is said
to be fuzzy pre-connected if A can not be expressed as the union of two fuzzy
pre-separated sets [4].

Proposition 4.11. Let (X,T) and (Y,S) be any two fuzzy topological spaces.
If f: (X, T) — (Y,95) is fuzzy faintly pre-continuous mapping and X is fuzzy
connected, then Y is fuzzy connected.

Proof. Suppose f : (X,T) — (Y, 5) is fuzzy faintly pre-continuous mapping and
X is fuzzy connected. We want to show that Y is fuzzy connected. Suppose that
Y is not fuzzy connected. Then there exists non-empty fuzzy open sets A; and
Ao such that Ay Ads =0 and A1 VA = 1y. Then A\; and As are fuzzy clopen and
so fuzzy f-open in Y [8]. Since f is fuzzy faintly pre-continuous, f~* (\;) and
f71(A\2) are fuzzy pre-open sets in X. Now put v; = clintcl =1 ()\;),i = 1,2.
Then we have 0 # f~1 (A1) < 71 and 0 # f~1(X2) < 72 and vy Ay = 0
and 73 V72 = 1lx. This shows that X is not fuzzy connected, which is a
contradiction. This proves Y is fuzzy connected. ([

Proposition 4.12. Let (X,T) and (Y,S) be any two fuzzy topological spaces
and suppose that f : (X,T) — (Y,S) is fuzzy faintly pre-continuous surjec-
tive mapping. If X is a fuzzy pre-connected set in X, then f () is a fuzzy
0-connected set in Y.

Proof. Suppose f () is not fuzzy 6-connected in Y. Then there exists fuzzy
O-separated sets v and o in Y such that f (A) =~V 0. Since [ is fuzzy faintly
pre-continuous, f~! (y) and f~! (o) are fuzzy pre-open in X and

A=W = val =tV o).
Since f~!(y) and f~! (o) are fuzzy pre-separated in X, )\ is not fuzzy pre-
connected in X which is a contradiction to the assumption. This proves f ()
is a fuzzy 6-connected set in Y. O

Lemma 4.13 ([3]). Let (X,T) and (Y, S) be any two fuzzy topological spaces
and let g : X — X XY be the graph mapping [4] of f : (X, T) — (Y, S). If A
is a fuzzy set in X and p is a fuzzy set in'Y, then g7t (A x u) = AA f=1(u).

Proposition 4.14. Let (X,T) and (Y,S) be any two fuzzy topological spaces.
Let f . (X,T) — (Y,S) be a mapping. Assume X is product related to' Y and
let g: X — X XY be its graph mapping. If g is fuzzy faintly pre-continuous,
then f is also fuzzy faintly pre-continuous.
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Proof. Suppose that ¢ is a fuzzy faintly pre-continuous mapping and A is a
fuzzy 6-open set in Y. Then

A0 = 1Aty
= g ' (1x\)
< int(clg™ (1 x A))
< int (e (1 x f7H(N))
< it (clfE(N)

which implies f~!()) is fuzzy pre-open in X. Hence f is fuzzy faintly pre-
continuous. O

Proposition 4.15. Let (X,T) and (Y,S) be any two fuzzy topological spaces.
If f: (X,T) — (Y,5) is fuzzy faintly pre-continuous and Y is fuzzy regular
space [1], then f is fuzzy pre-continuous.

Proof. Let f be fuzzy faintly pre-continuous and A be a fuzzy open set in
(Y,S). Since (Y, S) is fuzzy regular, every fuzzy open set in (Y,S) is fuzzy
f-open. Hence f~! (\) is fuzzy pre-open in (X, T). This proves f is fuzzy pre-
continuous. (]

Definition 4.16. A fuzzy topological space X is called fuzzy 0-To [2] if for
every pair of distinct fuzzy points x, and z, there exists fuzzy 6-open sets 3
and v containing x, and x, respectively such that 3 A~y = 0.

Definition 4.17. A fuzzy topological space X is called fuzzy Hausdorff if for
every pair of distinct fuzzy points x, and z, there exists fuzzy 6-open sets A
and p such that z, € Aand z, € pand AA pu=0.

Remark 4.18. In a fuzzy topological space (X, T), the concepts of fuzzy open
set and that of fuzzy 6-open set need not coincide but however if the fuzzy
topological space (X,T) is fuzzy regular, the above concepts are the same.
Therefore generally the above two definitions are not the same.

Definition 4.19. Let (X,T) and (Y,.S) be any two fuzzy topological spaces.
A function f: (X,T) — (Y,5) is called fuzzy faintly precontinuous if for each
fuzzy O-open set p containing f (z,), there exists a fuzzy pre open set v con-
taining x, such that f (y) < pu.

Proposition 4.20. Let (X,T) and (Y,S) be any two fuzzy topological spaces.
If f: (X, T) — (Y,S) is fuzzy faintly precontinuous injective mapping and Y
is fuzzy 0-To, then X is fuzzy Hausdorff.

Proof. Since f is injective, f (z,) # f (z4) for distinct fuzzy points z, and z,
in X. Since Y is fuzzy 6-Ts, there exists fuzzy 6-open sets A and p such that
fxp) €N f(zg) € pwand XA p = 0. Since f is fuzzy faintly precontinuous,
we have z, € f71(N), z, € f7'(u) and f71(A\) < intel f71(N), f71 (n) <
intel f~1(u). Also intcl f=2 (M) A intel f~1 (u) = 0. This shows that X is
fuzzy Hausdorff. ([
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Definition 4.21. Let (X,T) and (Y, S) be any two fuzzy topological spaces. A
function f: (X, T) — (Y, S) is called fuzzy almost pre-continuous if the inverse
image of fuzzy regular open set in Y is fuzzy pre-open in X.

Definition 4.22. A fuzzy topological space (X, T) is said to be fuzzy extremally
disconnected if the closure of each fuzzy open set in (X, T) is fuzzy open.

Proposition 4.23. Let (X,T) and (Y,S) be any two fuzzy topological spaces.
If a function f: (X, T) — (Y,S) is fuzzy faintly pre-continuous and Y is fuzzy
extremally disconnected space, then f is fuzzy almost pre-continuous.

Proof. Let A be any fuzzy regular open set. We want to show that f~1 () is
fuzzy pre-open. Now since (Y, .5) is fuzzy extremally disconnected, A is a fuzzy
f-open set (by Theorem 2.6 of [1]). Also since f is fuzzy faintly pre-continuous
it follows that f~!(\) is fuzzy pre-open. Hence the proposition. O

Proposition 4.24. Let X, Xo,Y1 and Ys be fuzzy topological spaces such that
Y] is product related to Yo and X1 is product related to Xo. Let f1 : X1 — Y7,
fo 1 Xo — Y5 be fuzzy faintly pre-continuous functions. Then the product
f1x fo: X1 x Xo = Y1 X Y5 is fuzzy faintly pre-continuous.

Proof. Let A = V(A; x A;) where \;’s and \;’s are of fuzzy 6-open sets of Y;
andY5 respectively be a fuzzy #-open set of Y7 xY5. Then

7t V(TG X 5 O)

Vv (int cl fl_l( i) X int cl f2 ()\]))
V (intel (f71 (M) x f2 1 (A)))
intcl(\/ (ffl( ><f2 ))
intcl (f1 x fa) (V(A; X )\j))
int cl ((f1 X fa)" (/\)).

This proves that f; x fo is fuzzy faintly pre-continuous. O

VAN VA VAR VAN

IN

The concept of weakly continuous function is introduced in [7]. Based on
this concept we now define the following.

Definition 4.25. Let (X,T) and (Y,.S) be any two fuzzy topological spaces.
A function f: (X,T) — (Y,5) is said to be weakly fuzzy pre-continuous if for
each fuzzy open set A in (Y, S) there exists a fuzzy pre-open set u in (X,T)
such that f(u) < cl(N).

Proposition 4.26. Let (X,T) and (Y, S) be any two fuzzy topological spaces.
If f: (X, T) — (Y,S) is a weakly fuzzy pre-continuous, then f is some what
fuzzy faintly pre-continuous.

Proof. Let X\ be any fuzzy 6-open set in (Y,.5). Also since A is fuzzy 6-open
set in Y, there exists a fuzzy open set ¢ in Y such that, o < clo < A. Since f
is weakly fuzzy pre-continuous, there exists a fuzzy pre-open set p in X such
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that f (1) < clo < A. This means p < f~!()\) and therefore f is some what
fuzzy faintlyy pre-continuous. t

Ezample 4.27. Let X = {0,1}, T = {0,1, f} where f : X — I is such that
f)=0, f(1)=1. Let Y = {a,b,c}, S = {0,1,g,h,i} where g,h and i are
defined as follows: g : Y — Iissuch that g(a) =1,g(b) =¢g(¢c) =0;h:Y — I
is such that h(a) = 0, h(b) = 1, h(¢) = 0 and 7 : Y — T is such that
i(a) =1=1(b),i(c) =0. Define f: (X,T) — (¥,S5) as follows: f(0) = a;
f (1) = b. The only fuzzy 6-open in Y is 1 and f~! (1) = 1. This shows that f
18 fuzzy faintly pre-continuous.

Now consider the fuzzy open set g in (Y,S). Then cl(g) =1 — h and there
is no non-zero fuzzy open set p in X such that f (1) < cl(g) (For f(1) =1«
1 — h). This shows that f is not weakly fuzzy pre-continuous.

Definition 4.28. Let (X,T) and (Y, S) be any two fuzzy topological spaces.
A function f: (X,T) — (Y, S) is said to be fuzzy almost pre-continuous if for
each fuzzy regular open set A\ in Y, there exists a fuzzy pre-open set p in X
such that f(u) < A.

Definition 4.29. A fuzzy topological space (X, T) is called fuzzy almost regular
space if Ty = Tr (where Ty is the family of all fuzzy regular open sets in X).

Proposition 4.30. Let f : (X,T) — (Y,5) be fuzzy faintly pre-continuous.
Assume (Y, T) is fuzzy almost reqular space. Then f is fuzzy almost pre-
continuous.

Proof. Suppose f : (X,T) — (Y,5) is fuzzy faintly pre-continuous. Then by
Proposition 3.5 (f), f: (X,T) — (Y,Sp) is fuzzy pre-continuous. Now (Y, 5)
is fuzzy almost regular space implies that Sy = Sg and thus f : (X,T) —
(Y, Ss) is fuzzy pre-continuous means f : (X,T) — (Y, S) is fuzzy almost pre-
continuous. U

The following proposition is easy to establish.

Proposition 4.31. If f: (X,S) — (Y,T) be fuzzy faintly pre-continuous and
AC X, then f/A: A—Y is fuzzy faintly pre-continuous.

Proposition 4.32. Suppose f : (X,5) — (Y, T) be weakly fuzzy pre-continuous
and X is product related to Y. Then the graph map g : X — X XY is some
what fuzzy faintly pre-continuous.

Proof. Let A be any fuzzy 6-open set in X x Y. Then there exists a fuzzy open
set w1 in X and fuzzy open set A1 in Y such that cl (41 x A1) = cl (u1) xcl (A1) <
A

Since f is weakly fuzzy pre-continuous, there exists a fuzzy pre-open set pg
in X such that f (uo) < cl(u2). Consequently g (uo) < cl(u1) x cl(ug) < A.
In other words py < g='(A\). This proves that g is some what fuzzy faintly
pre-continuous. O
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