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STABILITY OF THE 9-ESTIMATES AND THE MERGELYAN
PROPERTY FOR WEAKLY ¢-CONVEX MANIFOLDS

YEON SEOK SEO

ABSTRACT. Let 7 > q. We get the stability of the estimates of the O-
Neumann problem for (p,r)-forms on a weakly g-convex complex sub-
manifold. As a by-product of the stability of the 0-estimates, we get the
Mergelyan approximation property for (p,r)-forms on a weakly g-convex
complex submanifold which satisfies property (P).

1. Introduction and preliminaries

In [6], Ho introduced the nortions of weak g-convexity and g-subharmonicity
and he treated L?-estimates and existence theorems for solutions of the O-
equation on weakly g-convex domains. Thus we know that the weak g-convexity
is proper for the study of the d-equation for (p, q)-forms.

Let M be a complex manifold of dimension n. Let Q@ CC M be an open
submanifold with a C® boundary. By applying the Gram-Schmidt process in
a coordinate patch U, we can construct forms w',...,w”, which for all z are
orthonormal basis of AL0(U). Furthermore we can choose w™ = /2 dp on b,
where p is a boundary-defining function satisfying |dp| = 1 on bQ2. We shall
use Hérmander’s method of weighted estimates for 9 ([7], [8]). Let ¢ € C*(Q)
be a real-valued function and define

(®,0), :/<q>,\1/>ze*mv, B, € APU(T),
Q

and ||®]|2 = (®, ®),. We then define L%ﬂq) (€, ¢) as the space of all (p, g)-forms

@ such that |®||, < co. If ¢ > 1, the operator d defines, in the weak sense,
closed densely defined operators

T S
L%p,qfl)(Qv 30) - L%p,q) (Q, 90) - L%p¢q+1) (Qa 90)
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By T* we shall mean the adjoint of T. If ¢ € C?*(U), then ¢jx(2), j,k =
1,...,n, is defined by

() = 3 piul2)d AT,
G k=1

Ifo= ZLJ ®; jwl A7 is a (p, g)-form, then we define

Hy(p)(2,®) = Z i 0ik(2)Pr ik Pr kK-

K j k=1

Let L1, ..., L, be a basis of T1°(U) that is dual to w!, ... ,w". If x € C*(R)
be a convex increasing function, then we get

1 - - — -
(1.1) 5 E E L5 @1, 1%0) + E /U o X' (#) ( E Cﬁj,k‘bz,ﬂ(@I,kK) e X2 qy
n

I,J j=1 1,J j k=1

+Z Z / pjkq)l,kK€7X<<p)dS
UnbQ

I,K j,k=1
<NT @3 + 2015® 3 (e) + ClI® N3 -

To get the basic estimate we do not need the full conditions that ¢ is strongly
plurisubharmonic and that  is pseudoconvex, but that the following estimates

Z Z gojvk(z)fI)LjKCI)[,kK > C‘(I)|2 on Uﬂﬁ,
I.K jk=1

and that

> pik®rix®rrk =0 for ® € Dp- N Dg on U N b,
I,K jk

Thus we introduce the following definitions.

Definition 1.1. We say that ¢ is g-subharmonic in a set U if Hy(¢)(z, ®) >0
for all (p,q)-forms ® on U. If it is strictly positive, we say that ¢ is strongly
q-subharmonic in U.

Definition 1.2. Let p be a boundary defining function of 2. We say that b2 is
weakly q-conver in U N if at every point z € UNbQ we have H,(p)(z, @) > 0
for all (p, g)-forms ® on U such that Y27 (L;p)®;jx = 0 on U N b

The nortions of weak g-convexity and g-subharmonicity in Theorems 1.1
and 1.2 are invariant under unitary change of coordinates [6]. Thus we get the
following result:
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Lemma 1.3. The inequality H,(¢)(z,®) >0 ( resp. > C|®|?) holds if and
only if the inequality

q
Z )z, 1) >0 (resp. >C)

holds for every sets of vectors t1,... t that satisfy (t7,t*), = §;y.

Lemma 1.4. The g-subharmonicity and the weak q-convexity imply the (q+1)-
subharmonicity and the weak (q + 1)-convexity, respectively.

Proof. This follows from the fact that

q+1 g+l g+1
S =113 3 m
j=1 j=1i=1,i#j

d

By using a partition of unity, the estimate (1.1) leads to the following propo-
sition. In all that follows we let r be a nonnegative integer with r > q.

Proposition 1.5. Let ) be a weakly q-convex submanifold, let p € C3(Q) be a
function such that Q., = {z € Q;p(2) < co} CC Q and strongly q-subharmonic
in the set QN Q. Then there exist a compact subset K in Q., and a constant
C such that for all convex increasing functions x € C*(R)

(1.2) / ()@ XAV < C(IT* @3, + 1S3 ) + 12113(,))

for all ® € Dy« N C>=(Q) with support in CK.
From (1.2) it follows that for large ¢,

3 [ ePeteay <zl v [solE, + [ (opeteay.
CK K

We shall now derive from (1.3) the L?-estimate and the existence theorem
for solutions of the d-equation (see [7, Theorem 3.4.1 and Theorem 1.1.4]).

Theorem 1.6. Let the hypotheses of Proposition 1.5 be fulfilled. Let {®;} be
a sequence in D+ N Dg such that for large t, || @}, s bounded and T*®; —
0,5¢; — 0 in L(p NFl)(Q,tga), respectively. Then one can select a strongly
convergent subsequence and there exists C > 0 such that

(a) )7, < C(IT*®|?, + IS®[Z,), ® € Dr-NDs, ® L Np- N Ns,

(b) Ry is closed,

(¢) Rr has finite codimension in Ng.
Thus, by [7, Theorem 1.1.4], if S¥ = 0 and ¥ L Np« N Ng, then we can
find ® € Dr so that T® = VU and ||®||s, < C||¥|s, where C is a constant
independent of V.
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‘We denote the quotient space
""" (Q) = Ry /Ns = Ny 0 Ne.
We also define

{®e L(pT (Q,loc) : 0P =0}
(Q,loc) N {0P; ® € L? (Q,loc)}

(psr)
HOD(Q) = —

(p,r) (p,r—1)

Under the hypotheses of Proposition 1.5, we get the following isomorphism
theorem, which is due to Hormander [7, Theorem 3.4.8]. The proof essentially
depends on the estimate (1.2).

Theorem 1.7. The restriction homomorphism
F(par) (Q) N F(par) (QCO)
is an isomorphism.

Lemma 1.8. Let p € C3(Q) be a function such that Q., = {2z € Q;p(2) <
co} CC Q and strongly g-subharmonic on QN CQ,,. Then there ezists a func-
tion 1 € C3(S2) such that

(1) ¥ is strongly g-subharmonic on QNQ.,,
(2) {z € Xop(z) <c} ={z €Uy <co},
(3) {z € NY(z) < c} CCTQ for every c € R.

Proof. Choose § < 0 such that Q., CC {z € Q;p(2) < §}. Let x € C3(R) b
a convex increasing function such that x(7) = 25 for 7 < § and x(7) = for

T > g. Set

2
w:Cso—Hog( 30 )—(0—1)00 € C=(9Q).
xor

The weak g-convexity of {2 says that Zq Hi(p)(z,t7) > 0 for every sets of
vectors t1,..., 19, where t/ = (], ...,t),), which satisfy S0 t(L;ip) =0 (j =
1,...,q) and (#7,tk), = 81 (j,k = 1,...,q) on bQ. We write t/ = t, + t%
where tjf is the tangent vector and tgv is the normal vector at z of the surface

p=p(z). As p € C? it follows that if |§| is sufficiently small, there is a constant
C1 > 0, so that

q

(1.4) ZHl(p)(z,tj ) > —Chlp(2) Z th?)  for g < p(z) <O.

j=1
The bilinearity of the Levi form implies
Hi(p)(z,t)) = Hi(p) (=, ) + O(|t7|tx ) + O(Ity[?)
= H(p) (=, t7) + O(lty])
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for 2 < p(z) < 0. Since [th| = O( 320, t(Lip)|), we obtain from (1.4) that

0
(1.5) ZHl )(z,t7) > —C1|p(z |7CQZ|ZtJ iP)| for§<p(z)<0.

j=1 1i=1

Also

i (10g (55 ) ) 12 = [ ot St
XN + X P

N7E)
> [ oo ’X/<5<§ i Z i
1

|(n(2))]

where § < p(z) < 0. Thus we get

(16) > H (log (;jp)) (z,17)
> p(lz)| > Hip)t) + |2 SIS (L)

Jj=1 =1

= Hy(p) (2, 8) |2|Zt Lip)

where § < p(z) < 0. From (1.5) and (1.6) it follows that

a 2
ZHl (log ( 3
=1 Xe

5,0)> (z,t7) > —(Cy + C3), 0 < p(z) < 0.

2

Let M = inf{H;(log(25/x0p))(2,1) ; p(2) < 2, ¢(2) > co, [t| =1} > —o0.

Since ¢ is strongly g-subharmonic on {z € Q;¢(z) > ¢o},
ZHl (z,t7) > Cy  for z with ¢(2) > cq .

Choose C so that
CCs = max{Cy + C3, q|M|}.
Then ¢ = Cp+1log(26/x 0 p) — (C — 1)cy € C*> (1) is strongly g-subharmonic
on {z € Q;p(2) > co}. It is easy to verify that properties (2) and (3) hold.
This completes the proof. (I
From Lemma 1.8 and [7, Theorem 3.4.9], it follows that the homomorphism
H®P(Q) — 7®" (Q¢, ) is an isomorphism. Thus we get the following theorem.

Theorem 1.9. The homomorphism H®") () — ﬁ(p’r)(Q) is an isomorphism.
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2. Stability results

In all that follows, we shall assume that 2 CC M is an open weakly g-convex
submanifold with a smooth boundary defining function p. Also, we suppose
that there exists a function ¢ € C°°(Q2) which is strongly g-subharmonic in a
neighborhood of 2. In this case, by the following lemma, we can construct
such a function described in Proposition 1.5.

Lemma 2.1. There exist a function 1) € C*(S2), a neighborhood W of bQ,
and a constant ¢y € R such that

(1) o is strongly q-subharmonic in W,
(2) {z € QUW;Y(2) <} CCQ,
(B) {zeWY(z) >} CCWNQ.

Proof. Let U be a neighborhood of b2 such that ¢ is smooth and strongly
g-subharmonic in U. With both § > 0 and C > 0, set @5 = —log(20 — p) + Co.
Let S(6) = {z € M;0 < p(z) < J}. By the similar argument as in Lemma 1.8,
we can prove that for small 6 and for large C, @5 is strongly g-subharmonic in
(UNQ)US(F). Observe that there is a constant v independent of §, such that
if p5(z) > 7, then z € U. Let x € C*°(R) be a convex increasing function such
that x(7) =v+1 for 7 <y and x(r) =7 for 7 > v+ 2. Set

¥5(2) = 5 {0vo 9a)(2) + log(20)}.

Now we choose small § > 0so that —1log(20)+Cyp > v+2 on b). By the similar
method as in Lemma 1.8, we can prove that 15 is strongly g-subharmonic and
¢ < s in S(§). By the continuity of second derivatives of 15, there is a
neighborhood V' (in the relative topology of Q) of bQ such that H,(vs)(2, f)
is bounded below in V' by a fixed positive constant independent of §. Thus ¥
is strongly g-subharmonic on W = V U S(§) and W is a neighborhood of b{2.
Choose ¢y < infg(s) . Then if we choose sufficiently small § > 0 so that

sup ¥s(2) < co,

Q-v
then {z € QU S(8);¢s5(2) < co} CC Q and {z € Q;95(2) > ¢o} CC V. This
completes the proof. O

Definition 2.2. A family {Q;}o<-,Q; CC M, of complex submanifolds with
C* boundary defining functions p,, is said to be a continuous family of diffeo-
morphic complex manifolds with diffeomorphisms d, : Q, — Qq, if

(1) dp: Qp — Qo is an identity,

(2) the complex structures on ), are C° close to the complex structure

on p as 7 — 0,
(3) pr and all of its derivatives depend continuously on 7 in C'*°-topology,
(4) the diffeomorphisms d; ! depend continuously on 7 in C*°-topology.
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Theorem 2.3. Let {Q,}o<, be a continuous family of diffeomorphic com-
pact weakly q-convexr complexr manifolds in M with C* defining function p,.
Suppose that there is @ € C>(Q) which is strongly q-subharmonic in a neigh-
borhood of bQy. Then there is 7o such that HP"(Q,) = H®)(Qq) for all
0<7<7p.

Proof. By Lemma 2.1, we may assume that :
(2.1) ¢ is strongly g-subharmonic in a neighorhood W of b2,
(2.2) {z € QUW;¢(2) < co} CC Qo,
(2.3) {z€Qo;0(2) > co} CCT W N Q.

Thus by Theorems 1.7 and 1.9, it follows that

@) (QO) i~ F(Pﬂ’) (900)7

where Q. = {z € Qo;p(2) < co}. Since {Q,}o<, is a continuous family, there
are § < 0 and 0 < 79 such that Q., CC {2z € Qr;p,(2) <6} for all 0 < 7 < 7.
Let x be such a function as in Lemma 1.8. Set

2

25
907=Cso+10g( 2 )—(0—1)00-
XO

pr

By the same argument as in Lemma 1.8, we can prove that if C' is sufficiently
large, then ¢, € C*°(£2;) is strongly ¢g-subharmonic on Q. N CSY,. The above
formula ¢, and (2.3) shows that Q., = {z € Q,; ¢, (2) < co}. Clearly, ¢, is an
exhaustion function for .. By Theorems 1.7 and 1.9, we get that H®")(Q,) =

F(p’T)(Qco)- Thus we completes the proof. -

We define the Sobolev space H(’;"T)(Q) of (p,r)-forms ® in § with respect to

the norm ||®||,,,+ which is defined by the L*-norm with the density e~*#. The
estimate for the Neumann operator N is given in the following estimate. For
each nonnegative integer m > 0, there exist constants T, Cy, ¢, and C,’n’t such
that for all t > T,,, the following estimate holds:

(2.4) 1212, , < CondlIDRI2, , + Chy @], @ € Do

m,t’

The proof is quite similar to that of Catlin ([1], [2]) who proves the same
result on pseudoconvex submanifolds. If ¥ is a (p, r)-form with S¥ = 0, then
® = T*NV is the unique solution of T'® = ¥ which is orthogonal to the null
space of T'. By the estimate (2.4), we know that

[®llm-16 < Con (O[], z-
But actually we can show that
(2'5) ||(I)Hm,t < Cm(t)”q/”m,t-
The proof is the same as was proved in the proof of Kohn [9] and Catlin [1].
Let Oy, () be the set of (p,r)-forms in 2 which satisfy the equation 0® =

0. Then, by the estimate (2.5), we get the following result. The proof is the
same as in [1, Proposition 3.1.4 ].
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Lemma 2.4. Let m be a nonnegative integer. Then O, (Q2) N CF () is
dense in O, () N H("p"T)(Q).

Remark 2.5. Let {Q;}o<, be a continuous family of diffeomorphic complex
manifolds. Let d,; : Q, — Qp be C diffeomorphisms. It is clear that
(d-1),TH0Q is an almost complex structure if d ! is sufficiently close to
identity, and the almost complex structures (d-1).T%°Qq and T1°Q, are C*°

close as d-' becomes close to identity. Thus we get the following: if ®, €

Dz N C(";’VT)(QT), then (d;1)*®, € Dy« N Coom (Q), and
(2.6) IT*((d71)* @)l = 1T @r [l + 0(7),
(2.7) IS((d71)* @)l = [19-® 7|1 + 0(7),

where o(7) does not depend on ®...
In Theorem 1.6, we got that for large ¢
(2.8) |®l7, < CIT*®|;, + |S®|3,), if € D+ N Dg, ® L HP(Q).

However, in most of applications, it is essential that the constant C is stable
for small perturbations of the manifold Q. In [4], the author get the stability
result, under the perturbations of the pseudoconvex manifold, for the estimate
(2.8). But we can draw the same stability result in the case of the weakly
g-convex manifolds.

Theorem 2.6. Let {Q;}o<, and ¢ be as in Theorem 2.5. Then there exists a
constant Cy which does not depend on T, and there is 79 such that

(29) o7, < CITF 217, + 115 2-|7,),
®. € Dp- N Dg, N (HP(Q,))5,0< 7 < 7.
Proof. If such constants do not exist, then there is a sequence {®;} with:
&), € Dp- N Ds, N (HPD ()", Jm 7 =0, [| @]l =1

and

Jimn (177, @42, + 1155, 842,) = 0.
Set Wy = (d,})*®k. Since d;* — Id, by (2.6) and (2.7), it follows that

Uy € D« N Dg, kli—{go [Wkllep =0
and

(2.10) Tim (792, + 1S94]3,) = 0.

By theorem 1.6, there is a sequence of {¥j}, which we may assume {U}
itself converges to VU in L%p T)(Qo,tnp). Since (2.10) implies that 7*¥ = 0 and

ST = 0, it follows that ¥ € H®")(Q).
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Let dim H®"(Q,,) = dim HP"(Qy) = N and let {®;,;5 = 1,...,N} be
an orthonormal basis of H®™)(Q,,) for all k =1,2,.... Set ¥;, = (d-1)*®;,.
Then

¥ lleg € Dr,, N Ds,, ;- Hm [ 85, e =1

and
Jim (705, [, + 595,]2,) = 0.
Thus we may assume that {¥;, } itself converges to ¥, in L%p T)(Qm ty). Then
{W;, 1L, form a basis of H®7)(Qp). But
(o, ‘l’jo)tso =(7, W, — \I/jk)t‘P + (U — Wy, q}jk)t‘»@
+ (U, U )t — 0 as k — oo.
So, dim H®")(Qy) > N + 1, a contradiction. O

Theorem 2.7. Let {Q;}o<, and ¢ be as in Theorem 2.5. Then there exists a
constant Cp,(t) which does not depend on 7, and there is 7o such that

(211) |1 ||t < Cont|Or@s|lime, @, € Do, &, L HPI(Q,),0 < 7 < 7.

Proof. In the estimate (2.4) the constants C, ; and Cy, , were come from in-
tegration by parts and differentiations of the coefficients of the vector fields.

Thus there exists 7y such that
(2.12) HCI)THQ < C?"rmﬁ||D‘l'(I)‘l'||2 + C&,tll@fllfw ¢, €Dp,, 0<7 <1,

m,t — m,t

where C,, ; and C;, , are independent of 7.
From (2.8) we get that

127117, < Ce(I T @~ 17, + 158 117,) = Ce(OPr, 1)y
< Ce() 10D [I7, + ell @17,
where @, € Dy« N Dg, N(H®"(Q,))*, 0 < 7 < 7. Thus it follows that
(2.13) [|®,]lip < C/|O®,||tp, - € Drs N Dg, N (HP(Q))E, 0< 7 < 7,
where CJ is independent of 7. By (2.12) and (2.13), we get the result. O

3. Approximation theorems

Definition 3.1. We shall say that the boundary of Q satisfies property (P)
(see [3]) if for every positive number C' there is a function A € C*°(Q) with
0 < X <1, such that for all z € bS2,

H,(N) (=, @) > Clo, @ e AP4(Q).

Theorem 3.2. Let Q CC M be a weakly q-convex submanifold with C* bound-
ary bQ.  Assume that bQ satisfies property (P). Then there are a neighbor-
hood W of bQ and a new C3 boundary defining function p such that p is q-
subharmonic on W.



272 YEON SEOK SEO

Proof. A computation similar to the one in Lemma 1.8 shows that there exists
a constant C; > 0 such that for z in a neighborhood W of b{) and sets of
vectors t!,...,t? that satisfy > ., tH(Lip) =0 (j = 1,...,q) and (#7,t%), =
djk (j,k:—l ..,q) on W,

(3.1) ZHl )(z, 1) > —2C1|p(2)| — 20, L SIS H(Lip).

p(2)]

Set pp = <p(p)e , where ¢ and h are functions selected momentarily. Then

n

J=1 1

=

Hi(po)(z,17) > " {w(p) [Hl(p)(z’tj) +1 ZtZ(Lih)IQ]

/ _@(P)n;,2_lmni
(3:2) +¢'(0) ( 2y o = 5 S D L) )

+¢'(p)Hi(p)(z, ) + ¢" (p)] th(Lm)IQ} :

By (3.1) and (3.2), it follows that

Z @ t) 2§ o [ Hip) (=) = 30| D H(Lah)P

j=1 =1
+ (so” 1) 201‘/)/) Zq:| Y #1(Lih)[2
2 ¢ ol )i =

Define

where m > 2 4+ 4C;. Then
1(¢)? 20 1
@//_7(90) 130 | |m 2(7’)1—1—201)20
2 ¢ Ipl 2

Set h = ke* where \ € C>(Q) with 0 < XA < 1 and k is a constant with
0<k< e% Then

h)(z,t7) =Y H(Lih)|* = 2Cm > ke* Hi(A)(2, /) — 2Cm.

Choose C so large that C' > @. Since DS satisfies property (P), there exists
A € C*(Q) such that 0 <A < 1and 339_, Hi(M)(z,#/) > C. Therefore

q q n
S Hi(h)(z,t) = | H(Lih)|* —2¢Cm >0 for z € W.
Jj=1 j=1 i=
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Thus pg is a new C*° boundary defining function of b2 which satisfies

q
> Hi(po)(2,t)) >0 for z € W.
j=1

This completes the proof. ([

It follows easily that the level sets of the function py give a weakly g-convex
neighborhood basis for €. This result gives the Mergelyan approximation prop-
erty on a compact weakly g-convex complex submanifold.

Theorem 3.3. Let ) CC M be a weakly q-convex submanifold with C*° bound-
ary bQY. Assume that bS) satisfies property (P) and that m is a nonnegative
integer. Then O, () N C>(Q) is dense in O, () N H{ ) (9).

Proof. By Theorem 3.2, we may assume that p is a C°° boundary function of
b2 such that for some dy > 0, p is g-subharmonic in S(dy) = {z € M;—dp <
p(z) < do}. Set Qs = {z € M;p(z) < &}. Then {Qs}o<s<s, is a continuous
family of diffeomorphic weakly g-convex compact complex manifolds such that
Q=0 cc Qs foral0<d< .

By Lemma 2.4, O, 1 (Q) OCE’;T)(Q) is dense in Oy, ) ()N H{ (€2). Thus
we prove that O, ) (2) NC>(Q) is dense in O, ) ()N CEY ) (Q) for the m-th
order Sobolev norm. We define ®5 = P/ (d;®), where ds : Q5 — Q are diffeo-
morphisms and P : L%p,r)(ﬂg,tgo) — L%pvr)(ﬂg,tcp) N Op,r)(2s) are Bergman
projections with respect to the weight e=*¥. Then ®; satisfies the equation
dPs = 0 and

s = did — T N? Ssdi®,
where N) are the Neumann operators on 25 with respect to the weight e~*%.
By Theorem 2.5, for any nonnegative integer m > 0,

T3 NP Ssd®|m.e05 S NP S5y fllmsa.e.0
S 1Ssd5 im0,

uniformly for small 6. Since the complex structures on Qs converge to the
complex structure on  in C*°-topology, we can get Ssdy® — S® = 0, also in
C*-topology as § — 0. So |5 — d5P||m,¢,, converges to zero as § — 0. Since
the diffeomorphisms ds are continuous function of §, d;® — ® in C*°-topology
on Q. Thus there exists §; such that [|d;® — @m0 < §, for each § with
0 <6 < 01. Therefore @5 € O, (25) N H&T)(Qg) and ||® — ®sl|m,0 < € for
each 0 < § < ¢;. Hence we get the theorem. O
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