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Abstract

By generalizing the definition of fuzzy weakly semicontinuous mappings by B. S. Zhong, we introduce the concept of
fuzzy weakly r-semicontinuous mappings in fuzzy topology of Chattopadhyay. Then the concept introduced by B. S.
Zhong becomes a special case of our definition. Also, we show that fuzzy weakly r-semicontinuity and fuzzy weakly

r-continuity are independent notions.
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1. Introduction

Chang [1] introduced fuzzy topological spaces and
several other authors continued the investigation of such
spaces. B. S. Zhong [2] introduced the concept of fuzzy
weakly semicontinuous mappings in Chang’s fuzzy topol-
ogy. Chattopadhyay and his colleagues [3, 4] introduced
another definition of fuzzy topology as a generalization
of Chang’s fuzzy topology. By generalizing the defi-
nition of fuzzy weakly semicontinuous mappings by B.
S. Zhong, we introduce the concept of fuzzy weakly r-
semicontinuous mappings in fuzzy topology of Chattopad-
hyay. Then the concept introduced by B. S. Zhong becomes
a special case of our definition. Also, we show that fuzzy

weakly r-semicontinuity and fuzzy weakly r-continuity are
independent notions.

2. Preliminaries

We will denote the unit interval [0, 1| of the real line
by I and Iy = (0,1]. A member u of I is called a fuzzy
set in X. For any u € I, u¢ denotes the complement
1 — 4. By 0 and 1 we denote constant mappings on X with
value 0 and 1, respectively. All other notations are standard
notations of fuzzy set theory.

A Chang’s fuzzy topology on X 1s a family T of fuzzy
sets in X which satisfies the following properties:

() 0,1 eT.
(2) If 1, ug € T'then puy A g € 1.

(3) If u; € T foreach i, then \/ pu; € T
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The pair (X,T) is called a Chang’s fuzzy topological
space. |

A fuzzy topology on X isamapping 7 : I — T which
satisfies the following properties:

() T(0)=7(1) = 1.
2 T(p1 Ap2) 2T (1) AT (p2).
3 T(V i) = NT (pe)-
The pair (X, T) is called a fuzzy topological space.

For each o € (0, 1], a fuzzy point x, is a fuzzy setin X
if y==zx,

defined by
&
Zaly) = {0 if y

In this case, z and « are called the support and the value
of z, respectively. A fuzzy point x,, is said to belong to a
fuzzy set pin X, denoted by z,, € u, if a < p(zx).

Definition 2.1. ([5]) Let i be a fuzzy set in a fuzzy topo-
logical space (X, 7) and r € Iy. Then p is said to be

(1) fuzzy r-openif T (u) > r,
(2) fuzzy r-closed it T (uc) > r.

Definition 2.2. ([5, 6]) Let u be a fuzzy set in a fuzzy topo-
logical space (X,7) and r € Iy. Then p is said to be

(1) fuzzy r-semiopen if there is a fuzzy r-open set p in
X such that p < p < cl{p,r),

(2) fuzzy r-semiclosed if there 1s a fuzzy r-closed set p
in X such that int(p,7) < u < p,

(3) fuzzy r-regular open if int(cl(p, r),r) = p,
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(4) fuzzy r-regular closed if cl(int(p, r), r) = p.

Theorem 2.3. ([5]) Let i be a fuzzy set in a fuzzy topo-
logical space (X, 7) and r € Ij. Then the following state-
ments are equivalent:

(1) p1s afuzzy r-semiopen set.
(2) p€1s afuzzy r-semiclosed set.
(3) cl(int(y,7),7) > p.

4) int(cl{pc,r),r) < us.

Definition 2.4. ([5]) Let (X,7) be a fuzzy topological
space. For each r € I and for each 4 € I*, the fuzzy
r-semiclosure is defined by

scl{p, r) = /\{p € I | u < p, pis fuzzy r-semiclosed},

and the fuzzy r-semiinterior is defined by
sint(p, r) = \/{p € I | u > p, pis fuzzy r-semiopen}.

Obviously scl(u, r) is the smallest fuzzy r-semiclosed
set which contains p and sint{y, r) is the greatest fuzzy r-
semiopen set which is contained in p. Also, scl(y,7) = u
for any fuzzy r-semiclosed set i and sint(u, ) = u for any
fuzzy r-semiopen set . Moreover, we have

int(p, ) < sint(u, ) < p < sel(p,r) < cl(p, 7).

Also, we have the following results :

(2) scl(p,r) > w, sint{p, ) < p.

(3) scl(pV p,r) > scl(u, ) Vscl(p, ), sint(u A p,7) <
sint(u, ) A sint(p, 7).

4) scl(scl(p,r),r) =
sint{p, 7).

scl(p, r), sint(sint(p,r),7) =

Theorem 2.5. ([7]) For a fuzzy set it in a fuzzy topological
space X and r € Iy, we have :

(1) sint{p, )¢ = scl{uc, ).
(2) scl(p,r)c = sint(u®,r).

Definition 2.6. ([7, 5, 6]) Let f : (X,7) — (Y,U) be a
mapping from a fuzzy topological space X to a fuzzy topo-
logical space Y and r € [. Then f is called

(1) a fuzzy r-continuous mapping if f~1(u) is a fuzzy
r-open set in X for each fuzzy r-openset 4 in Y,
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(2) a fuzzy r-semicontinuous mapping if f~'(u) is a
fuzzy r-semiopen set in X for each fuzzy r-open
set 4 in Y, or equivalently, f~1(u) is a fuzzy r-
semiclosed set in X for each fuzzy r-closed set u
mny,

(3) a fuzzy almost r-continuous mapping if f~1(p) is a
fuzzy r-open set in X for each fuzzy r-regular open
setyiny,

(4) a fuzzy weakly r-continuous mapping if f~1(u) <
int(f~*(cl{u, 7)), r) for each fuzzy r-open set y in
Y. |

(5) a fuzzy r-irresolute mapping if f=1(u) is a fuzzy r-
semiopen set in X for each fuzzy r-semiopen set y
mY.

3. Fuzzy weakly r-semicontinuous mappings

We define the notion of fuzzy weakly r-semicontinuous
mappings, and investigate some of their properties.

Definition 3.1. Let f : (X,7) — (Y,U) be a map-
ping from a fuzzy topological space X to a fuzzy topo-
logical space Y and r € Ip,. Then f is called a
fuzzy weakly r-semicontinuous mapping if f~'(u) <
sint( f ! (scl{, 7)), r) for each fuzzy r-openset pinY.

Remark 3.2. It is obvious that a fuzzy r-semicontinuous
mapping is also a fuzzy weakly r-semicontinuous mapping
for each r € I. But the converse does not hold as in the
following example.

Example 3.3. Let X = {x,y, z} and p; and uo be fuzzy
sets in X defined as

1 1 1
m(x) =3, mly) =5, m(z) =g

and
1 1

1
p2(x) = 9 p2(y) = 9’ pa(z) = 9
Define 77 : IX — Tand 75 : IX — I by

(1 if p=0,1,
Ti(p) = § 5 if p= po,
|0 otherwise;
and ( o
1 if p=0,1,
To(p) = 5 if p=p1, po,
|0 otherwise.

Then 7; and 75 are fuzzy topologies on X. Consider the

mapping f : (X,71) — (X, 73) defined by f(x) = «x for
each £ € X. Note that

o~ ~ 1., 1 ~

£71(0) = 0 < sine( £~ (sc(0, ), 5) =B,



f—'l(i) =1 < sint(f~(scl(1, %)), %) =1,
FHw) = <sint(f~* (sel(p, %)), %)
= Sint(f_l(ﬂ2)a%) = H2,
and
. o 1.1
[ p2) = pa < sint(f 7 (sel(pz, 3)), 5)

= sint(f M pa), ) =

Thus f is fuzzy weakly %-semicontinuous mapping. But
f~* (1) = mp is not fuzzy -semiopen in (X,7;) and
hence f is not a fuzzy %—semicontinuous mapping.

Theorem 3.4. Let f : (X,7) — (Y,U) be a fuzzy al-

most r-continuous mapping. Then f is also a fuzzy weakly
r-semicontinuous mapping.

Proof. Let p be a fuzzy r-open set in Y. Using Theorem
4.2 1n [6], we have

P < i (el r), ).r)
sint( £~ (int(cl(, ), 7)), 7)
sint(f~*(int(cl(scl(p, 7), ), 7)), 7).

IA A IA

Since scl(p,r) is a fuzzy r-semiclosed set in Y, by Theo-
rem 2.3,

FH < sin(fF indel(sel(, ), ), 7)

sint( £~ (scl(p, r)), 7).

Hence f is a fuzzy weakly r-semicontinuous mapping. [

IAIA

Remark 3.5. The following example shows that the con-
verse of Theorem 3.4 need not be true. '

Example 3.6. Let X = I and p; and ps be fuzzy sets in
X defined as

0 if 0<z< 2,
ul(m): 1
and
1 if 0<z<1,
po(z) = —dx+2 if ; <z <4,
L0 if $<z<1

Define 7 : I* — I by

(1 if u=0,1,
T(p) =« % if p=p1, po, p1V s,
\0 otherwise.
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Then 7 is a fuzzy topology on X. Let f : (X,7) —

(X, T) be defined by f(z) = sz. It is easy to see that

f720)=0, fF71A) =1,/ (r1) =0 and f*(pe) =
FHp V pg) = ps. Since cl(ug, 3) = ps, pf is a fuzzy
%—semiopen set and thus f is a fuzzy %—semicontinuous
mapping. Hence f is a fuzzy weakly 5-semicontinuous
mapping. Note that int(cl(u2, 3),3) = pa. Thus pg is a
fuzzy %-regular open setin Y. But f1(us) = u$ is not
fuzzy 5-open. Hence f is not a fuzzy almost %—continuous
mapping.

Remark 3.7. The following examples show that a fuzzy
weakly r-semicontinuous mapping need not be fuzzy
weakly r-continuous vice versa.

Example 3.8. A fuzzy weakly r-semicontinuous mapping
need not be a fuzzy weakly r-continuous mapping.

Let X = {x,y, 2} and 1, uo and pg be fuzzy sets in
X defined as

3 1 1
#1(517) = 16’ Hl(y) = 1_03 Ml(z) = 1—07
1 1 1
MQ(x) B H«z(y) 5 M2(z) 5
and
us(z) = 5, pa(y) = —, na(z) =0
M3$—5,M3’y—1oaﬂ3 = U.

Define 7; : IX — ITand 75 : I* — I by

’

1 if p=0,1
Ti(p) =35 if p=ps,
|0 otherwise;
and ( o
1 if p=0,1,
To(p) =45 if p=p, po,
|0 otherwise.

Then 77 and 75 are fuzzy topologies on X. Consider the
mapping f : (X,77) — (X, 73) defined by f(z) = «x for
each z € X. Then

F7H0) = 0 < sint(f~ (sel(0, 3)), 5) =0,
FH) = 1< sin(F~ sel(L 3)). 5) = 1
FH () = pa < sint(f~* (scl(pa, %)), %) = U2,
and
1 -1 1 1
7 (u2) = po <sint(f ™ (scl(ua, 5))7 5) = U2
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Hence f 1s a fuzzy weakly %-semicontinuous mapping.
Also, it is easy to see that

F M) = £ i el ), 5) = s

Thus f is not a fuzzy weakly >-continuous mapping.

Example 3.9. A fuzzy weakly r-continuous mapping need
not be a fuzzy weakly r-semicontinuous mapping.

Let X = {z,y,2} and p; and us be fuzzy sets in X
defined as

1 1 3
Hl(ﬂf) = ga Ml(y) = g, ﬂl(z) = Iﬁ’
and -
7 4 1
Mz(x) = Ea Hz(y) = ga _M2(Z) = ‘2"-

Define 7; : IX — Iand 75 : I* — I by

4

1 if p=0,]1,
Ti(p) = < % if p= po,
|0 otherwise;
and
(1 if p=0,1,
To(w)=q35 if p=p,
|0 otherwise.

~Then 7; and 75 be fuzzy topologies on X. Consider the
mapping f : (X,71) — (X, 75) defined by f(x) = z for
each z € X. Then

1., 1

F7H0) = 0 < int(f~2(c1(0, 5))3 5) =0,
f_l(I) =1 < int(f_l(Cl(la —))a %) = i’
and
1.1

FHp) = w1 <int(f~H(cl(p1, 5))3 5) = H2.

Hence f is a fuzzy weakly ——continuous mapping. On the
other hand, it is easy to see that

1., 1

f_l(SCI(ﬂla 5))9 5)

fH () = . £ sint(
Thus f is not a fuzzy weakly 3 -semicontinuous mapping.

Remark 3.10. From the above results one may easily ver-
ify the following implications. And none of the undrawn
implications holds.
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f. r-irresolute f. r-cont.

| |

f. r-semicont. f. almost r-cont.

| |

f. weakly r-semicont. f. weakly r-cont.

Theorem 3.11. Let f : (X,7) — (Y,U) be a mapping
from a fuzzy topological space X to a fuzzy topological
space Y and r € Iy. Then the following statements are
equivalent:

(1) f is afuzzy weakly r-semicontinuous mapping.

(2) sel(f~*(sint(p,7)),r) < f
closed set p2in Y.

(3) f~int(p,r)) < sint(f~
fuzzy set pin Y.

(4) scl(f~ (sint(p, 7)), 7)
fuzzy set pin Y.

(p) for each fuzzy r-

L(scl(p,r)),r) for each

< f~Yecl(p,7)) for each

Proof. (1) = (2) Let f be fuzzy weakly r-semicontinuous
and 1 a fuzzy r-closed setin Y. Since u° 1s a fuzzy r-open
setin Y,

(fH ) = 1(u)
< smt(f Lsel(ul,r)),7)
= scl(f~* (sint(p, 7)), ).
Hence we have scl( f 1 (sint(p, 7)), 7) < f=1(1).

(2) = (1) Let u be a fuzzy r-open set in Y. Then € 1s a
fuzzy r-closed setin Y. By (2),

(f 1 (w))° £71(ue) > scl(f Y (sint(u, 7)), 7)
sint(f = (scl(u, 7)), 7)°.

Thus we have f~1(u) < sint(f~!(scl(y, 7)),
is a fuzzy weakly r-semicontinuous mapping.
(1) = (3) Let p be afuzzy setin Y. Then int(p, r) is a fuzzy
r-open setin Y. Since f is fuzzy weakly r-semicontinuous,

fMnt(p, 7)) < sine( £~ (sel(int(p, 7), ), 7)
< sint(f‘1 (scl(p, 7)), 7).

I

I

r). Hence f

(3) = (1) It 1s obvious.
(2) = (4) Let pbe afuzzy setin Y. Then cl(p, r) is a fuzzy
r-closed setin Y. By (2),

scl(f~*(sint(p, 7)), 7) scl(f ! (sint(cl(p,7),7)),T)

f7Hcl(p, 7).
(4) = (2) It is obvious. ]

IA A



Definition 3.12. Let f : (X,7) — (Y,U) be a mapping
from a fuzzy topological space X to a fuzzy topological
space Y and r € I. Then f is said to be fuzzy weakly r-
semicontinuous at a fuzzy point x,, in X if for each fuzzy
r-open set ;4 in Y and f(x,) < u, there exists a fuzzy r-
semiopen set pin X such thatz,, € pand f(p) < scl(u, 7).

Theorem 3.13. Let f : (X,7) — (Y,U) be a map-
ping from a fuzzy topological space X to a fuzzy topo-
‘logical space Y and r € I. Then f is fuzzy weakly
r-semicontinuous if and only if f is fuzzy weakly r-
semicontinuous for each fuzzy point z,, in X.

Proof. Let f be a fuzzy weakly r-semicontinuous map-
ping, z, a fuzzy point in X and p a fuzzy r-open set
in Y such that f(z,) < p. Then z, < fi(u) <
sint(f ' (scl{p, 7)), 7). Let p = sint(f~(scl{p,r)),7).
Then p 1s a fuzzy r-semiopen set in X and

fp) f(sint(f " (scl(p, 7)), 7))
FOf 7 (sel(pe, 7))
scl{p, 7).

INIA I

Hence f is a fuzzy weakly r-semicontinuous mapping for
each fuzzy point z, in X.

Conversely, let 4 be a fuzzy r-open set in Y and z,, a
fuzzy point in f~!(u). Then f(z,) < u. By hypoth-
esis, there exists a fuzzy r-semiopen set p,_ in X such
that z, € p,_ and f(p,. ) < scl(u,r). Hence z, <
Pra < FTHF(pza)) < fH(sel(p, 7). SO, Zo < po, =
sint(p,, ,7) < sint(f~!(scl(y,r)), ). Thus

F ) = oo l2a e FH (1)}
< V{Psca | Lo € f_l(“)}
< sint(f(sel(p, 1)), 7).

Therefore f is a fuzzy weakly r-semicontinuous map-
ping. L

Let (X, 7) be a fuzzy topological space. For an r-cut
T, ={p € I* | T(u) > r},itis obvious that (X, 7;) is a
Chang’s fuzzy topological space for all r € I.

Let (X,T) be a Chang’s fuzzy topological space and
r € Iy. Recall [3] that a fuzzy topology T7 : I* — I is
defined by

1 if u=0,1
T"(u)=<r if u=T—{0,1},
0 otherwise.

Theorem 3.14. Let f : (X,7) — (Y,U) be a map-
ping from a fuzzy topological space X to a fuzzy topo-
logical space Y and r € Iy. Then f is fuzzy weakly -
semicontinuous if and only if f : (X,7,) — (Y,U,) is
fuzzy weakly semicontinuous.

Proof. Straightforward. ]
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Theorem 3.15. Let f : (X,T) — (Y,U) be a mapping
from a Chang’s fuzzy topological space X to a Chang’s
fuzzy topological space Y and r € Iy. ‘Then f is fuzzy
weakly semicontinuous if and only if f : (X,77) —
(Y,U™) is fuzzy weakly r-semicontinuous.

Proof. Straightforward. | L]

Remark 3.16. By the above two theorems, we know that
the concept of a fuzzy weakly r-semicontinuous mapping
is a generalization of the concept of a fuzzy weakly semi-
continuous mapping.
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