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Abstract

- We introduce the concept of interval-valued intuitionistic fuzzy soft sets, which is an extension of the interval-valued
fuzzy soft set. We also introduce the concepts of operations for the interval-valued intuitionistic fuzzy soft sets and

- study basic some properties.
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1. Intorduction and Preliminaries

Molodtsov [7] introduced the concept of soft set to
solve complicated problems in economic, engineering,
environment because any mathemmatical tools can not
successfully solve various types of uncertainties in
these problems. In fact there are some theones:
theory of fuzzy sets [9], theory of vague sets [3], theo-
ry of intuitionistic fuzzy sets [1], and theory of rough
sets [8] which can be consider as mathematical tools
for dealing with uncertainties. But all these theories
cannot solve the complicated problems including various
types of uncertainties. Soft set theory is a mathematical
tool for dealing with uncertainties which is free from
the difficulties of the above theories. In [5], Maji et al.
introduced several operators for soft set theory and
made a theoretical study of the "Soft Set Theory” in
more detail. In [4 ], Maji et al. also introduced fuzzy
soft sets, where the relevant values are represented by
real values between zero and one.

In [6], Son introduced the concept of interval-value
fuzzy soft sets based on [2].

In this paper, we introduce the concept of interval-
valued intuitionistic fuzzy soft sets, which is an ex-
tension of interval-value fuzzy soft sets. Also we in-
troduce the concepts of operations for interval- valued
intuitionistic fuzzy soft set theory and modify some op-
erations defined by interval-value fuzzy soft sets.

Let D[0,1] be the set of all closed subintervals of the
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interval [0,1]. Let X be a nonempty set. Atanassov and
Gargov [2] introduced the concept of interval-valued
intuitionistic fuzzy set (shortly IZIF set) in X as the fol-
lowing:

An interval-valued intuitionistic fuzzy set (shortly
IIF set) in X is an expression given by

A= < g, palz), vyz)>: zeX

where p,: X — DI0,1] and v,: X — D[0,1] with the

condition 0= sup, uA(a:)-l— su pmuA(ac) <1.

The interval p,(z) and v, (z) denote, respectively,
the degree of belongingness and degree of non-
belongingness of the element x to the set A. Thus for
each € X, u,(x) and v,(z) are closed intervals whose

lower and upper end points are, respectively, denoted by
[[LA(QZ)]L, Lu,A((E)]U and [I/A(.’E)]L, [VA(:L’)]U. We will de-
note by I X) the set of all the IIF sets in X. The IIF
sets are extensions of the intuitionistic fuzzy sets (IF
sets), as well as of the interval-valued fuzzy sets (J/VF
sets). In fact, the ITF sets are essentially extensions of
the ordinary IF sets. For any two intervals [a,b] and
le,d] with b+d <1 belonging to D[0,1], the IIF set
whose valued is the pair of intervals ([a,b], lc,d]) for
all z€ X, is denoted by ([a, b), le,d]).

Let A, B € IIlX). Subset relation is defined by

AC B & [pa)l<ug(z)) [pa(2))V<pp(2)]?,
and
va(@))f = vp(@)]F, vy (@)]V> vplz))Y

for all z€X
The equality of A, B € I X) is defined by A=B <
AC B and BC A.



The complement A€ of AS I(X) is defined by
uAc(a:):yA(x) and I/AC(SU):[LA(SC)
Le.,
A= <z, v, (z), p,lz)>
where A= <z, pA(a:), I/A(:L')>

:mEX,
e X,

We denote 0 and 1 as follows:
0= ([0,0],10,0]), 1=([1,1],[1,1)).

2. Interval-valued intuitionistic fuzzy soft
sets

Let U be an initial universe set and £ be a set of
parameters.

Definition 2.1. A pair (#, 4) is called an interval- val-
ued intuitionistic fuzzy soft set over U if Ac E and F

1s a mapping of 4 into the set of interval- valued in-
twitionistic fuzzy sets of U

Example 2.2. Let U={d,d,,d,,d,,d;} be the set of
dresses and E={e;, ey, e;, €4, €5,€4 } the set of six pa-
rameters, where, e, stands for 'expensive’, e, stands for
‘cheap’, e; stands for 'beautiful’, e, stands for 'elegant’,
e; stands for ’classical’, e; stands for ‘modern’.
Suppose :
Fle,) =1{<d, [04, 0.7], [0.2, 0.3]>,

<d,, [1, 11, [0, O]>,

<d,, 104, 05], 102, 0.3]>,

<d,, 0.3, 0.5], 0.3, 0.5]>,

<dg, [0.1, 0.2], [0.5, 0.7]>}.

Fle,) ={<d, [04, 05, [0.3, 0.4]>,
<d,, [0.1, 0.2], [0.5, 0.8]>,
<d,, [04, 05], [0.2, 041>,
<d,, [0.3, 0.6], [0.2, 0.3]>,
<d, [1, 11, [0, 01>}

Fley) ={<d, [05, 0.7], [0.3, 0.3]>,
<d,, 105, 0.5], [0.3, 0.5]>,
<d,, [04, 05], [0.3, 0.4]>,
<d,, (1, 11, [0, 01>,
<ds, [04, 0.6], [0.2, 0.4]>}.

Fley) ={<d, [03, 06], (0.1, 0.4]>,
<d,, [0.3, 0.5], [0.2, 0.4]>,
<ds, 104, 0.5], [0.3, 0.4]>,
<d, 108, 0.9], [0.1, 0.1]>,
<ds, [0.2, 0.6], [0.1, 0.4]1>}.

Fle;) ={<d, [01, 04], [0.3, 06]>,
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<d,, [02, 03], [0.2, 041>,
<d,, 10.3, 0.6], [0.3, 0.4]>,
<d, 108, 1], [0, 0]>,

<d; [02, 05, [0.1, 0.3]>}.

Fley) ={<d, 104, 06], [0.3, 0.4]>,
<d,, [0.2, 0.3], [0.2, 0.6]>,
<d,, [0.3, 0.5], [04, 05]>,
<d,, [0.1, 03], [0.3, 0.71>,
<dy, [0.2, 04], [04, 0.6]>},

The interval-valued intuitionistic fuzzy soft sets
(F,E) is a parameterized family {F(e,): i=1, 2,3, 4,
5,6} of all interval-valued intuitionistic fuzzy soft sets

of the set U and gives us a collection of a approximate
description of an object.

For example, F(e;) means "dresses(elegant)” whose
functional value is the interval-valued intuitionistic fuz-
zy set:

{<d,, [0.5, 0.7], [0.3, 0.3]>,
<d,, 10.5 0.5], [0.3, 0.5]>,
<d,, 104, 0.5], [0.3, 0.4]>,
<d,, [1, 1], [0, O]>,
<d, (04, 06), [02, 041>},

ie, Fle,) means

“elegant dresses =1{<d,, [05, 0.7}, [0.3, 0.3]>,
<d,, [05, 05, [0.3, 0.5]>,
<d, 104, 05], 103, 0.41>,
<d,, [1, 1], [0, 0]>,
<d,, [04, 06], [02, 0.4]>}*

For the approximation “elegant dresses _

{<d, 105, 0.7, [0.3, 0.3]>,
<d,, 10.5, 0.5], [0.3, 0.5]>,
<d,, 104, 05], [0.3, 04]>,
<d,, [1, 1], [0, 0]>,
<d;, 104, 061, 0.2, 041>},

we have

(1) the predicate name is ‘elegant dresses’, the predi-
cate 1s denoted by ps,

(ii) the approximate interval-valued intuitionistic fuz-
zy set (denoted by wv,) is

{<d, [05, 071, [03, 0.3]>,
<d,, [05, 05], [0.3, 051>,
<d,, [04, 05], [0.3, 0.4]>,
<d, 01, 11, [0, 01>,
<ds, [04, 06), [02, 0.4]>}".

Thus an interval-valued intuitionistic fuzzy soft set
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(F, E) can be viewed as a collection of interval- valued
intuitionistic fuzzy approximations like as:
(FLE)={Fle;): i=1,2,3,4,5,6}

:{plzvlr pQZUZ: Ty pfj:’uﬁ}*

Remark 2.3. The interval-valued intuitionistic fuzzy
soft sets are extension of the interval-valued fuzzy soft
sets.

Example 2.4. Let U={n,, n,, n3} be the universe set
and Eb{el, €s, 63} be the set of parameters. Consider

an interval-valued fuzzy soft set (7, A) defined as the
following:

Fle)=1{<ny, [05, 0.7]>, <n,, [04, 06]>,
<ng, (0.6, 0.71>}.

Fley)={<n,, [04, 051>, <n,, [0.1, 0.2]>,
<n,, [04, 0.5]>}.

Fley)=1{<n,, [05, 0.7]>, <n,, [05, 05]>,
<ng, [04, 05]>}.

Define F:A—IKU) as the following:

Flep={<n,, [05, 0.7], [0, 0]>,
<n,, [04, 0.6], [0, O]>,
<n4, [06, 0.7], [0, 0]>}.

Fley)={<n,, [04, 05], [0, 0]>,
<n,, [0.1, 0.2], [0,0]>,
<ng, [0.4, 05, [0, 0]>}.

Fley)={<n,, [05, 0.7], [0, 0>,
<n,, [0.5, 05], [0, 01>,
<ny, (04, 051, [0, 01>}

Then (F, A) is an interval-valued intuitionistic fuz-
zy soft set.

Definition 2.5. Let (£, 4) and (G, B) be interval- val-
ued intuitionistic fuzzy soft sets over a common uni-
verse set U. Then
(a) (F,A) is a subset of (G.B), denoted by
(F,A)=(GB), if
(i)A C B,
(i) for any e€ A, F(e) is an interval-valued in-
tuitionistic fuzzy subset of Gle).
(b) (F, A) equals to (G,B), denoted by (F, A)=
(GB), if (F,A)=(GB) and (G,B)C(F, 4).

Example 2.6. Consider Example 2.2. Let A={e,, e;} C
E and B={e,, e,, e;} C E, then AC B.
let (F,A) and (G,B) be two interval-valued in-
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tuitionistic fuzzy soft sets over a common umverse set
U such that

Fle,) =1{<4d, , [03, 05], [0.3, 0.5]>,
<d, , [0.1, 0.2], [0.6, 0.8]>,
<d, , [0.2, 0.4], [0.3, 0.6]>,
<d, [0.3, 05], [0.3, 0.5]>,
<ds, [05, 0.7], [0.3, 0.3]>}.

Fley) ={<d, , [02, 05], [0.3, 0.5]>,
<d, [0.2, 0.2], [0.3, 0.7]>,
<d,, [0.3, 0.4], [0.5, 0.6]>,
<d,, [0, 0.2], [05, 0.7]>,
<dg, [0.2, 0.3], [0.5, 0.71>}.

Gle) =1<d, , [04, 0.7], [0.2, 0.3]>,
<d,, [1, 1], [0, O]>,
<ds, [04, 05], [0.2, 0.3]>,
<d,, [0.3, 0.5, [0.3, 0.5]>,
<d, [0.1, 0.2], [05, 0.71>}.

Gle,) ={<d, [04, 05], [0.3, 0.4]>,
<d,, [0.1, 0.21, [05, 0.8]>,
<d,, [04, 05, [0.2, 0.4]>,
<d,, [0.3, 0.6], [0.2, 0.3]>,
<d,, [1, 11, [0, 01>}.

Gley) ={<d,, [04, 06], [0.3, 0.4]>,
<d,, [0.2, 0.3], [0.2, 0.6]>,
<d,, [0.3, 05], [04, 0.5]>,
<d, [0.1, 03], [0.3, 0.7]>,
<ds, [0.2, 0.4], [0.4, 0.6]>}.

Thus (£, A)c (G B).

Definition 2.7. Let (#, 4) and (G,B) be interval- val-
ued intuitionistic fuzzy soft sets over a common uni-
verse set I Then (F, A) is a absolute subset of (G,B),
denoted by (F, A) (G B), if

(i) AC B,

(i) for any e€ A, Fle)=G(e).

Theorem 2.8. Let (F, A) and (G,B) be interval- valued
intuitionistic fuzzy soft sets over a common universe

set U. Then:
(@) If (F,A)c (G B), then (F,A)=(G.B).
(b) If (F,A)C(G,B) and (G, B)C(F,A), then (F, A)

=(G,B).
Proof. Obvious.

Theorem 2.9. ([5]). Let E={e;, e,, ---,¢, } be a set of

parameters. The Not set of £ denoted by



—E=—e,, me,, - ,me, where —e, = not e, for each
3’:1,... , .

Example 2.10. In Example 2.2,
- E={not expensive; not cheap; not beautiful;
not elegant; not classical; not modern}.

Theorem 2.11. ([5]). Let E be a set of parameters and
A C E. Then the following hold:

(a) =(—-A4) = A.

(b) =(AUB) =-AU-B,

(¢) ~(ANB) =-AN-B.

Definition 2.12. Let (F,A) be interval-valued in-
tuitionistic fuzzy soft set over a common universe set

U. The complement of (F, 4), denoted by (F,4)¢ is de-
fined by

(FaA)C — (F ¢ aﬁ‘A)

where F' ¢ : —-A — II(U) is a mapping given by F ¢ (a)
= the interval-valued intuitionistic fuzzy complement of
F (-o), for any a€-A.

Example 2.13. In Example 2.6,

F(-ey) =1{<4d,, [03, 05], [0.3, 0.5]>,
<d,, 0.6, 0.8], [0.1, 0.2]>,
<d,, [0.3, 0.6], [0.2, 0.4]>,
<d,, [0.3, 05], [0.3, 0.5]>,
<d;, [0.3, 0.3], [0.5, 0.71>}.

F(-es) =1{<d,, [0.3, 05], [0.2, 0.5]>,
<d,, [0.3, 0.7], [0.2, 0.2]>,
<d,, [0.5, 0.6], [0.3, 0.4]>,
<d,, [05, 0.7], [0, 0.2]>,
<ds, [05, 0.7, [0.2, 0.3]>}.

G(-e;) ={<d,, [02, 03], [04, 0.7]>,
<d,, [0, 0], [1, 1]>,
<d,, [0.2, 0.3], [04, 0.5]>,
<d,, 103, 0.5], [0.3, 0.5]>,
<d, [0.5, 0.7], [0.1, 0.2]>}.

G(—e,) ={<d,, [0.3, 04], [04, 05]>,
<d,, 105, 0.8], [0.1, 0.2]>,
<d,, [0.2, 0.4], [04, 0.5]>,
<d,, 10.2, 0.3], [0.3, 0.6]>,
<d, [0, 0], [1, 1]1>}.

G-eg) ={<d,, [03, 04], [04, 0.6]>,
<d,, [02, 06, [0.2, 0.3]>,
<ds, 0.4, 0.5], [0.3, 0.5]>,
<dy, 10.3, 0.7], [0.1, 0.3]>,
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<dy, [04, 06], [02, 0.4]>).

Definition 2.14. Let U be an initial universe set and #
be a set of parameters.

(a) (F,A) is called the relative null interval-valued

intuitionistic fuzzy soft set on A, denoted by &,

if for any e= A, F(e) =0.
(b) (F, A) is called the absolute interval-valued in-

—

tuitionistic fuzzy soft set, denoted by A, if for
any e A, Fle) =1.

Theorem 2.15. Let (F A) be interval-valued in-
tuitionistic fuzzy soft set over a common universe set
U.

@ ((FA)) = (F,A).
(b) A¢ =0, and @, ° =A.

Proof. Obvious.

Definition 2.16. Let (¥, 4) and (G,B) be interval- val-

ued fuzzy soft sets over a common universe set U
Then:

(a) (F,A) NG B) is an interval-valued intuitionistic

fuzzy soft set defined by (F 4)A(GB)=

(H, Ax B), where H(a,B3)=Fla) N G(B) for any

a&= A and fE B, where N 1is the intersection op—

eration of interval-values intuitionistic fuzzy sets.

(b) (F, A) VvV (G,B) is an interval-valued intuitionistic

fuzzy soft set defined by (£ A4)V (G B)=

(K, A< B), where Kla,3)=F(a)U G(B) for any

aEA and BE B, where U 1is the intersection op-

eration of interval-values intuitionistic fuzzy sets.

Theorem 2.17. let (F,A) and (G,B) be inter-
val-valued intuitionistic fuzzy soft sets over a common
universe set U Then

(a) (FLA)AN(GB) = (GB)N(F A).

(b) (F,A4)V(GB) = (GB)V(F A).

Proof. Let (FA)AN(GB)=(H AxB) and (GB A
(F,A)=(K,Bx A4). For a€A and B€B (a,8)E
AX B, (3,a) EBX A.

Hla, B)=F(a) N G(B)
=G(8) N Fla)
:K(ﬁaa)-

(b) Similar to (a).

Theorem 2.18. Let (F, A) and (G,B) be interval- val-
ued intuitionistic fuzzy soft sets over a common uni—
verse set . Then

(a) ((F,4) AN(GB))=(F,A)°V (G B)"

(b) ((F,A4)V(GB))® =(F, A)°N(G,B)~.

Proof. (a) Let (£, 4) AN G.B)=(H, AX B), where H is
a mapping defined as the following: For any a& A4 and
BE B,
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H(Ck,ﬁ):F((I) N G()G)
={ <z, lltp) @A lpge (@],

:-qu(a) )NZA [PLG,B) D]
::V}I(a)( )] [Va(g (33)] ]
::I/F(a)( )]V [Va(ﬁ (z)]Y>: z€U.

Now for each (—a,—-3)E-(4X B),

He (~a,-6)=H(a,p)°

=((F(a) N G(B))°

={ <z, [[Vp(a)(a?)]

Vp(a)(fﬁ)] V@(g ]U]

::Mf(a) (z)* A [#Gﬁ)(fc)] 4,

o) (2N gy (@)]]>0 2€ U}

=A<, [vpy @) vpg (@)1,

[[Mp(a)( )] ,[P«p(a( N> zeU

UA{<z, [vgp @) vgg ()],

[V(;'(g)(fﬂ)]L],

[[ﬂ(;(,@ (2)]% (e ( )]U]> g €U
=Fla) ¢ U G(8)°
=(F ¢, - ) (G°,-0).

Thus since (H¢ —~(AxB))=((F, A)A(GB)))¢ and
(F ¢,-mA)V(G®,-B)=(F,A)°*V(GB)" so (FA)A
(GB)))® =(F, A)°V (G,B)",

(b) It is similar to (a)

Definition 2.19. Let (F, A) and (G, B) be interval- val-
uved intuitionistic fuzzy soft sets over a common uni-

verse set [J. Then
(a) The union (F, A) and (G,B) is an interval- val-
ued intuitionistic fuzzy soft set (H, AU B) defined

by
Fle), eEA— B,
H(e)={G(e), eEB— A,
Fle)UGle), e€ANB.

and denoted by (F, 4) U{(G B).

(b) The intersection (F.A) and (G,B) is an inter-
val-valued intuitionistic fuzzy soft set (H, AN B)
defined by H(a)=Fla)N Gla) for a€EANRB
and denoted by (F, A)N(G,B).

Example 2.20. Consider two (F,A) and (G.B) be in-
terval-valued intuitionistic fuzzy soft sets over a com-
mon universe set U/ as in Example 2.6.

Let (F,A)U(G,B)=(H, AU B), where

_ [Gle), e=B— A,
Hle) = {F(e) UGle), eEANB.

Then
H(e,)=G(e,) ::{<d1, [04, 0.7], [0.2, 0.3]>,

<d23 [13 l]a [Oa O]>a
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<d,, (04, 05], 0.2, 0.3]>,
<d,, [0.3, 051, [0.3, 0.5]>,
<d, [0.1, 021, [05, 0.71>}.

H(ey)=F(e,) U Gle,)
={<d,, [04, 05], [0.3, 0.4]>,
<d,, [0.1, 0.2], [05, 0.8]>,
<d,, [04, 05], [0.2, 0.4]>,
<dy, [0.3, 0.6], [0.2, 0.3]>,
<ds, (1, 1], [0, OI>}.

Hieg)=Fleg) U Gleg)
={<d,, [04, 06], [0.3, 04]>,
<d,, [0.2, 0.3], [0.2, 0.6]>,
<ds, [0.3, 05], [04, 05]>,
<d,, [0.1, 03], [0.3, 0.7]>,
<d, [0.2, 0.4], [0.4, 0.6]>}.

Let (F,LAN(GBRB)=(H, ANB) , where H(e)=F(e)N
Gle), a€ AN B.

Then
H(ey)=F(e,) N G(e,)
={<d,, [0.3, 05), [0.3, 05]>,
<d,, 0.1, 0.2], [06, 0.8]>,
<d,, [0.2, 0.4], [0.3, 0.6]>,
<d,, [0.3, 0.5, [0.3, 0.5]>,
<ds, [05, 0.7], [0.3, 0.31>1},

H(eg)=Fleg) N Gleg)

-{<d,, [0.2, 05], [0.3, 05]>,
<d,, [0.2, 0.2], [0.3, 0.7]>,
<d,, [0.3, 04], [05, 06]>,
<d,, [0, 0.2], [05, 0.7] >,
<ds, [0.2, 0.3], [0.5, 0.7]>}.

Theorem 2.21. Let (F, A) and (G,B) be interval- val-
ued intuitionistic fuzzy soft sets over a common uni-
verse set U. Then
(a) (FLA)U(F,A)=(F, A).
(b) (F, )H(FA) (F, A). -
(c) (F A)Nd =&, where &, is the null interval-
valued intuitionistic fuzzy soft set on A.
(d) If BC A, then (F,A)U$, =(F, A), where & is
the null interval-valued intuitionistic fuzzy soft
set on B.
(e) (FAUA =A and (F,A)NA=(F, A), where A is
the absolute interval-valued intuitionistic fuzzy
soft set.

Proof. From Definition 2.19, it is obvious.



Remark 2.22. In Theorem 2.21, the equality of the part
(d) is not always true as shown the following example.

Example 2.23. As in Example 26, consider A= {e,,

e} C E and B={e,, e,, e} < E then AC B Now

(F,A)U®, =(H,AUB), where H is a apping from

AUB to IKU) defined as the following:

_ <z, [OJO]} [131] >, GEB_”A,
H(e)_{F(e), eEANDB.

Since (F,A)U&,~(H,AUB) is an interval-valued

intuitionistic fuzzy soft set defined by the mapping

H:B—IU) and (F A) is an interval-valued in-
tuttionistic fuzzy soft set defined by the mapping

F:A—I(U) and A= B, we get (F,A)UP, = (F, A).

Theorem 2.24. Let (F, 4) and (GB) be interval- val-
ued intuitionistic fuzzy soft sets over a common uni-
verse set !/ Then

(FA)u(GB)° = (F,4)U(GB)"
Proof. Let (F, A)U(G,B)=(H, AU B), where

Fle), eEA— B,
H(e)‘—:{G(e), ec=B— A,
Fle)UGle), e€ANB.

Then ((F,4)U(G,B))*=(H, AUB)*=(H*,—~AU-B).

Since HY{e)=He)* for -eS-AU-B by
Definition 2.19

H(—e) = Hl(e)"
(F(e), —eE—-A—-B,
=1 Gle)", —e=B—A,
(Fle)U Gle)),, —eE-AN-B.
(F4{(—e), —eES-A—-DB,
=1G9—e), —e&E-B—-A,
LF{—e)N G(—e),eE-AN-B.
And
(F,A)° U(GB)=(F ,-A) U(G*,-B)
Fq(—e), —e&A—-D,
—{G’C(—me), —eEB—-A,
Fq{=e)U G(—e), eE-AN-B.

Hence ((F, A4) L (G,.E»’))C = (F,A)° U(GB)-

Remark 2.25. In Theorem 2.24, the converse may not
be true as the following example.

Example 2.26. Consider two (F, 4) and (G.B) be in-
terval-valued intuitionistic fuzzy soft sets over a com-

mon universe set U/ as in Example 2.6. Let (£, A) L
(G,B)=(H, AU B), where

— G(e)a GEB_A,
Hle) = {F(e) UGle), e=ANB.

Then from Example 2.20, it is obtained the following:

+ZtX| Intuitionistic Fuzzy Soft sets &8t A3

H(~e)={<d,, [02, 03], [0.4, 0.7]>,
<d,, [0, 0], [1, 11>,
<dy, 102, 03], [04, 05]>,
<d,, [0.3, 05], [0.3, 05]>,
<d, [05, 0.7, [0.1, 0.2]>}.

H(-e,)={<d,, [0.3, 04], [04, 05]>,
- <d,, {05, 0.8], [0.1, 0.2]>,
<d,, [0.2, 04], [04, 0.5]>,
<d,, 0.2, 0.3], [0.3, 0.6]>,

<ds, [0, 0], [1, 11>}.

H(—ey)=1{<d,, [0.3, 04], [0.4, 0.6]>,
<d,, [02, 061, [0.2, 0.3]>,
<d,, [04, 05], [0.3, 0.5]>,
<d,, [0.3, 071, [0.1, 0.3]>,
<dy, [04, 06], [02, 0.4]1>}.

From Definition 2.19,

(F,4)° U(GB)=(F “,-4) U(G*,—B)

=(K, -4 U -B)

=K( —e)

L Gc(ﬁe)j ”ﬁee—ﬂB__lA’
_{Fc(ﬂe)UGc(ﬁe)ﬁGEﬁAﬁﬁB-

Hence ((F,4) U(G B))°’c(F, A)° U(G B)"

K( —e;)={<dy, [0.2, 03], [04, 0.7]>,
<d,, [0, 0], [1, 11>,
<ds, (0.2, 0.3], [04, 0.5]>,
<d,, [0.3, 05], [0.3, 051>,
<ds, [05, 0.7], [0.1, 0.21>}.

K —ey)= F(=e,) UG (—ey)
={<d,, [0.3, 05], [0.3, 0.5]>,
<d,, [0.6, 0.8], [0.1, 0.2]>,
<d,, [0.3, 06], [0.2, 0.4]>,
<d,, [03, 05], [0.3, 0.5]>,
<d,, [0.3, 0.3], [05, 0.7]>}.

K —eg)=F(=eg) UG (—eg)
={<d, [03, 05], [0.2, 051>,
<d,, 10.3, 0.7], 102, 0.2]>,
<d,, [05, 06], [0.3, 0.4]>,
<d,, 105, 071, [0, 0.2]>,
<d;, 105, 0.7], [0.2, 0.3]1>}.

Hence ((F,A)U(GB))° = (F A)°L

(G.B)".
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