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ABSTRACT. A commutative hypercomplex system L1(Q,m) is, roughly speaking, a space
which is defined by a structure measure (c¢(A4, B,r), (A, B € 3(Q)). Such space has been
studied by Berezanskii and Krein. Our main purpose is to establish a generalization of
convolution semigroups and to discuss the role of the Lévy measure in the Lévy-Khinchin
representation in terms of continuous negative definite functions on the dual hypercomplex
system.

1. Introduction

The integral representation of negative definite functions is known in the liter-
ature as the Lévy-Khinchin formula. This was established for G = R in the late
1930’s by Lévy and Khinchin. It had been extended to Lie groups by Hunt [9] and
by Parthasarathy et al [13] to locally compact abelian groups with a countable case.
In 1969 Harzallah [7] gave a representation formula for an arbitrary locally compact
abelian group. Hazod [8] obtained a Lévy-Khinchin formula for an arbitrary locally
compact group. The general Lévy-Khinchin formula and the special case, where the
involution is identical are due to Berg [4]. Lasser [12] deduced the Lévy-Khinchin
formula for commutative hypergroups. Now these contribution may be viewed as
a Lévy-Khinchin formula for negative definite functions defined on commutative
hypercomplex systems.

Let Q@ be a complete separable locally compact metric space of points
p,q,7- -+ ,B(Q) be the o-algebra of Borel subsets, and [y(Q) be the subring of
B(Q), which consists of sets with compact closure. We will consider the Borel mea-
sures; i.e. positive regular measures on 3(Q), finite on compact sets. The spaces of
continuous functions of finite continuous function, of continuous functions vanish-
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ing at infinity, and of continuous functions with compact support are denoted by
C(Q),C(Q),Cxn(Q) and C.(Q), respectively. The space Co(Q) is a Banach space

with norm
[l -lle = Slelpl( SICIF

Any continuous linear functional defined on the space Cp(Q) with the inductive
topology is called a (complex) Random measure. The space of Radon measures is
denoted by M(Q). Let Mp(Q) = (Cx(Q))" be the Banach space of bounded Radon
measures with norm

[alloe = sup{|u(f)] |f € Co (@), [f] < 1},

and let M.(Q) be the space of Radon measures with compact support.

By Mi(Q), M;"(Q)(M1(Q) C M, (Q)), we denote the set of Radon probability
and bounded positive Radon measures on @, respectively. The topology of simple
convergence on functions from Cp(Q) in the space of Radon measures, is called
vague topology.

A hypercomplex system with the basis @ is defined by its structure measure
c¢(A,B,r)(A,B € B(Q);r € Q). A structure measure c¢(A4, B,r) is a Borel measure
in A (respectively B) if we fix B,r (respectively A,r) which satisfies the following
properties:

(H1) VA, B € (3(Q), the function c¢(A, B,r) € Cy(Q).
(H2) VA, B € (5,(Q) and s,r € @, the following associativity relation holds

/c(A,B,?")al,«c(ET,C’“'e):/C(B7C’,r)drc(A,Er,s)7 C e B(Q)
Q Q

(H3) The structure measure is said to be commutative if
c(A,B,r) =c(B,A;r), (A Be Q)

A measure m is said to be a multiplicative measure if
[ A Barydm(r) = m(A)m(B): AB € 5(@)
Q

(H4) We will suppose the existence of a multiplicative measure. Under certain rela-
tions imposed on the commutative structure measure, multiplicative measure
exists. (See [11]).

For any f,g € L1(Q,m), the convolution

(1.1) (f * 9)(r //# (g)dm, (p,q)



(H5)

Lévy Khinchin Formula on Commutative Hypercomplex System 561

is well defined (See [2]).

The space L1(Q, m) with the convolution (1.1) is a Banach algebra which is
commutative if (H3) holds. This Banach algebra is called the hypercomplex
system with the basis Q.

A non zero measurable and bounded almost everywhere function @ > r —
x(r) € C is said to be a character of the hypercomplex system Ly, if VA, B €

Bo(Q)

. c(A, B,r)x(r)dm(r) = x(A)x(B),

/C X(r)dm(r) = X(C),  C € Bo(Q).

A hypercomplex system is said to be normal, if there exists an involution
homomorphism @ 3 r — r* € @, such that m(A) = m(A*), and ¢(4, B,C) =
c(C,B*,A),c(A,B,C) = c(A*,C,B), (A, B € 8o(Q)) where

c(A,B,C’):/Cc(A,B,r)dm(T)

A normal hypercomplex system possesses a basis unity if there exists a point
e € @ such that e* = e and

c(A,B,e) =m(A"NB), A BEecpQ),
we should remark that, for a normal hypercomplex system, the mapping
Ly(Q,m) 3 f(r) — f*(r) € L1(Q,m)

is an involution in the Banach algebra L1, the multiplicative measure is unique
and the characters of such a system are continuous (see [1]). A character x
of a normal hypercomplex system is said to be Hermitian if

X)) =x(r) (req).

Let L1(Q, m) be a hypercomplex system with a basis () and ® a space of complex
valued functions on (). Assume that an operator valued function @ > p — R, :
® — ® is given such that the function g(p) = (R, f)(¢) belongs to ® for any f € @
and any fixed ¢ € Q. The operators R,(p € Q) are called generalized translation
operators, provided that the following axioms are satisfied:

(T1)

Associativity axiom: The equality

(R (Rqf))(r) = (Ry(Bpf))(r)

holds for any elements p,q € Q.
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(T2) There exists an element e € @ such that R, is the identity in ®. See [3].

Clearly, the convolution (1.1) in the hypercomplex system L;(Q, m) and the corre-
sponding family of generalized translation operators R, satisfy the relation

(1.2) (hm@‘@mmmwm,ﬁwa

Denote by @ the support of the plancherel measure 7 [6]. For any M,N € ﬂ(@)
and x € @, we set

(1.3) dMNMzAMQ@ﬂWW@AWWWWM#WGQ

Then, ¢(M, N, x) defines a structure measure on the dual hypercomplex system if
and only if it belongs to CO(Q) for each fixed M, N and the product of ¢, € Q is
a positive definite function.

The dual hypercomplex system Ll(Q,m) associated to é(M,N,x) will be con-
structed. The Plancherel measure 7 is a multiplicative measure for ¢(M, N, x).
L1(Q, ) is normal with the involution x*(r) = x(r) and has a basis unity é = 1(r).

We denote by 7 the Plancherel measure corresponding to the dual hypercomplex

system and by Q = supprm. We say that there is a duality if Q = Q. See [1].

2. Negative definite functions

Let L1(Q, m) be a commutative normal hypercomplex system with basis unity
e.

Definition 2.1. A continuous bounded function % : @ — C is called negative
definite if for any r1,--- ;r, € Q and ¢1,--- ,c, € C,n €N
(2.1) D () +9(r5) = (R ) (r)]eics = 0

ij=1
By P(Q) and N(Q), we shall denote the set of all continuous positive definite func-
tions and negative definite functions on @) respectively. For example each constant
¢ > 0 is a negative definite function. Obviously the following holds for a negative
definite function

P(e) 2 0,9(r) = ¢(r"), (Re-9)(r) € R
and
P(r) +9(r") = Re-1p(r)
The following basic properties of negative definite functions on @) are stated

without proofs, for details and proofs, you can refer to [15].

Theorem 2.1. A function v : Q — C is negative definite if and only if the following
conditions are satisfied:
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(i) ¥(e) > 0,7 is a continuous bounded function,
(ii) ¥(r) =¢(r*) for each r € Q, and
n
(iii) forry, -+ ,rn € Q and ¢y, ,c, € C with Y ¢; = 0, the summation
i=1

n

S (Rt (e < 0

ij=1

Corollary 2.1. Let ¢ be a function on Q.
(i) If¢Y € N(Q), then r — (r) —(e) is negative definite.
(ii) If p € P(Q), then r — p(e) — (1) is negative definite.

If the generalized translation operators R; extended to L., mapping Cp(Q) into
Co(Q x @), then inequality (2.1) is equivalent to the inequality

(2.2) /Q /Q (W) + D) — (R ) () (r)2(5)drds > 0, o € L

Theorem 2.2. Let ¢ : Q — C be a continuous bounded function, ¥(e) > 0 and
1 17— exp(—ti(r)) be positive definite for each t > 0. Then 1) is negative definite.

Definition 2.2. A continuous function h : Q — R is called homomorphism if

h(r*) = —h(r) and (R,-h)(s) = h(r) + h(s),r, s € Q.

Lemma 2.1. If h is a homomorphism, then b = ih is negative definite.

Proof. Suppose h is a homomorphism. Then for any ry,--- , 7, € @ the matrix

(W (ri) + 9 (rj) = (Reyd)(ri))
is the zero matrix, and it follows that ¢ € N(Q). O

Definition 2.3. A continuous function g : @ — R is called a quadratic form, if

(2:3) (Rsq)(r) + (Rsq)(r) = 2(q(s) + q(r)), 7,5 €Q,

By using (1.2) and (2.3), clearly a quadratic form ¢ satisfies:
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Lemma 2.2. Let q be a quadratic form and pu € My(Q). Then

(2.5) 2" (q) = 4n”pu(q)* plg) — n(2n — D(Q)*" 2+ fa(q)

for each n € N, where u™, the n-fold convolution of p.
Proof. (2.5) can be proved by induction. By (2.4), we obtain

(2.6) 22 (q) = 2p(Q)*" () + 2p(Q) " (q) — 1P % ()
and
(2.7) e m(q) = p?" s pra(q)
= %W” * o i(q) + " o i(q)]
= w@)uxm(g) + u(@)*1*" ()
and
(2:8) P g) = p™ xule)

2[u(Q)*" 1(q) + p(Q)p>" (q)] — 1™ * ilq)
= 2u(Q)*"1(q) + 21(Q)p*" ()
—u(@Q)*" px a(g) — w(@Q)* 1" (q)

Similar to (2.8) u2"(q) = 2u(Q)*" ' u(q),
H (@) = 2@ () + 2u(Q™ (@) — (@ x la) — (@)

Then

(29) W@ a) = Gr"(0) — w@ e + Gu(@) o Fla)
+%N(Q)2M2n_2(Q)
Substituting by (2.7) and (2.9) in (2.6), we get

2 () = 4(n + 1D)2(Q)? u(q) — (n+ 1) (2n + D)u(Q)*" 1+ Tilg).

Corollary 2.2. Let q be a quadratic form. Then

(2.10) im0

n—oo  4n?

=q(s) - %(RS*Q)(S)'

By using (2.4)and (1.2), the limit (2.10) can be proved easily.
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Let & be a smallest abelian semigroup containing ) with unity e and natural
involution s +— s*,s € S.

A function F' : § — C will be called adapted if its restriction f := F|Q is locally
bounded, measurable, and

F(s#r) = / / (Ref)(r)du(s)du(r), 5,7 €Q

Lemma 2.3. Let ¥ : S — C be negative definite on S and

(s r) = / / (Rap)(P)du(s)du(r), .7 € Q

Then v is negative definite on Q.
Proof. Consider sq,---,s, € S, then for ¢1,--- ,¢, € C, we have

n

0 < > ar(W(si) + U(s;) — U(s; x57))

ij*l

= clcj (//d) si)dp(s;)du(s;) + //1/1(5])dﬂ(5i)dﬂ(5j)

7,7=1

- [ o))
[ [ s W) + 9,7 = (Rt 55t

Then by (2.2) ¢ is negative definite. O

Theorem 2.3. Nonnegative quadratic forms are negative definite.

Proof. Let ¢ : Q — R be a quadratic form, and for each s,r € S, put

als*r) = / / (Ruq) (r)dpu(s)du(r):
Then

alsxr) +alserr) = / / (Rea)(r) + (Req)(r*))dp(s)dp(r)

) / / (a(s) + a(r*))du(s)dp(r)
[// s)du(s)dp(r // dudu)}

2[q(s*e) +a(r*e)] = 2[q(s) + a(r)],

which shows that q is a nonnegative quadratic form on S. By [4] ¢ is negative
definite and hence so is ¢ by Lemma 2.3. O
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3. Covolution semigroups

Let L1(Q, m) be a commutative normal hypercomplex system with basis @) and
basis unity e.

Definition 3.1. A family (pt)¢>0, ¢ € M;(Q) is called a convolution semigroup
on @, if

(i) pe(Q) <1, for each t > 0,
(11) Hoty * Pty = [ty +t, for t1,t2 >0,
(iii) }51(1) Ht = Ee
with respect to the vague topology on M;(Q).

Lemma 3.1. Let (ut)i>0 be a convolution semigroup on Q. Then, for x € Q, the
function t — fi;(x), RT — C is continuous.

Proof. Using Urysohn’s lemma, see [14], there exists f € C.(Q) satisfing 0 < f <1
and f(0) = 1. By (iii) and (i) above

1= f(0) = lim < g, f >< lim inf 41, (Q) < lim sup p1(Q) < 1
and this shows that

(3.1) 7}irr(l) tt = €. in the Bernolli topology

For ¢1,ty > 0 and y € Q, we find, as in [5],

e (X) = freo OO < |fe—20](x) = 11,

and since the right-hand side, by (3.1), tends to zero uniformly on compact subsets
of QQ, we get
lim p: = pg, 1in the Bernolli topology.

t—>t0

O

Theorem 3.1. Assume that Q is the dual of Q. If ()0 s a convolution semi-

group on @, then there exists exactly one negative definite function ¢ : Q — C with
Rey > 0 such that

fie(x) = exp(—t(x)) for each x € Q,t > 0.

Proof. With some modifications to the proof of Theorem 8.3 in [5], we can prove
this theorem easily. O

Theorem 3.2. Assume that QQ has a duality and ) : Q—Cisa negative definite
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function with Rey > 0, such that fi;(x) = exp(—t(x)) is positive definite for
t < 0. Then there exists a unique convolution semigroup (ut)i>o on Q such that v
is associated to (fit)t>0-

Proof. Since Ret > 0, then |exp |(—t1)(x)| < 1. Thus by the duality of Q, there are
unique determined measures p; € M, (Q),t > 0, such that ji;(x) = exp(—ti(x)).
Obviously (ut)r>o satisfies properties (i) and (ii). Further using the boundedness
of 1 on compact subsets of Q,

}1_1)%/“()() = th_I}(lJ exp(—t(x)) = 1.

The duality of @) defines a structure measure ¢ as in (1.3) on the dual hypercomplex
system L1(Q, 7). The Plancherel measure m is the multiplicative measure for ¢.

Let f € Co(Q),e > 0, by [10], there exists g € Co(Q), such that || f — §loo < &.
Now we obtain

e (f) — el f)] < 26 + /Q 19007 (%) — 1]din(x)

which gives tlir% 1t = €. in the vague topology on M(Q). O

4. The Lévy-Khinchin representation of the negative definite function

Throughout this section, we consider Ll(Q,ﬁ”L) to be dual of Li(Q,m). Let S
denote the set of probability and symmetric measures on () with compact support,
i.e.

S ={olo € M (Q) N Mc(Q), a(x) = o(x) = 5(x)}
Lemma 4.1. Let V be a compact neighbourhood of e € Q). Then there exists a

1
o € S such that 6(r) < 3 for each r € Q\'V, where & is the Fourier transform of
o on Q.
Proof. By using Urysohn’s lemma, there exists a function ¢ € C.(Q) such that
0 < <10 =1, for each r € V and suppp C V. Since ¢ is a nonnegative

constant function, then ¢ € P(Q). By Theorem 3.1 in [1] which is the analogue of
Bochner’s theorem for hypercomplex system, there is a positive bounded measure

on @, such that fi = ¢. One can easily obtain that € M;(Q) and p = . Choosing

a compact symmetric set J C @ such that pu(J) > Z and putting o = p(J) "t (u|J),
we find,

[y

le—ollv =la—ollv <ln—ollew <3

[\)

1
and thus &(r) < 3 forre Q\V. O

Theorem 4.1. Let (u;) be a convolution semigroup on Q and ) : Q — C the
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1
negative definite function associated to (ut)i>0. Then the net (t,th \ {e}) of
>0
positive measures on Q\ {e} converges vaguely as t — 0 to a measure j1 on Q\ {e}.

For every o € S, the function ¥ x o — ¥ is continuous positive definite on @ and the
positive bounded measure p, on QQ whose Fourier transform is 1 x 0 — 1 satisfies

(4.1) (1=06)n=polQ\ {e}
1
Proof. Let 0 € S'. The measure (1 — 5);;% is positive bounded on @, for ¢t > 0 and

[a-at] 00 = a0 X
[ @t~ [ )|

100~ [ [ xR0

[ (x) = (e * o) (x)]

B i i e

[1 —exp(—ty)) * (0 —e¢)](x) for x € Q

1 .
Since }111(1) 2(1 — e~) = ¢ uniformaly on compact subsets of (), we find that

ing |(1=8) ]| (0 = (05 (0 = 20 = ¥ 5 () = ()

t—0

pointwise (or uniformly over compact sets) on (. This shows that the function
X — ¥ xo(x) —1¥(x) is continuous positive definite, and furthermore, see ([5], 3.13)
that

, 1
hm(1 = &) pe = po,

in the Bernolli topology on @, where ., is positive bounded on @ such that
ﬂa = 1/1 *0 — 1/)
For, ¢ € CF(Q) with suppy C Q\ {e}, we may choose by Lemma 4.1, ¢ € S such

that & < % in neighbourhood of supp ¢, let ¢’ be a function defined by

r)
o | ———=— for r € suppyp
re— < 1—2a(r)

0 for r & supp
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this function belongs to C.F (Q). Since

<%ut,ap> = /%Mt(ﬂ@(ﬂdr
= [u-ae ) A

then
. 1 . 1 / /
}1_1}(1)<tut,<p> = lim <(1 - 0);/“7@0 > =< lo, ' >

This shows, that there exists a positive measure p on Q \ {e} satisfies

= lim =l Q \ {e} vaguely on @\ {c},
and
(1-6)p=psQ\ {e} for o € S.
g

Definition 4.1. The positive measure p on @\ {e} defined by Theorem 4.1 in (4.1)
is called the Lévy measure for the convolution semigrpup (1t)t>0 on @ (and also
the Lévy measure for the negative definite function ¢ on Q).

Theorem 4.2. Let p denote the Lévy measure of a given convolution semigroup
(tt)e>0- Then

(i) fQ\{e}(l — Rex(r))du(r) < co for each x € Q.
(ii) If V is a compact neighbourhood of e in @, then p|Q\'V € MT(Q)

A 1
Proof. (i) For x € Q, let o0 = §(£X +ey) € S; then 6 = Rex(x) and by (4.1)

/ (1 —Rex(r))du(r) = / (L=0(r))du(r) = polg\gey < o0
Q\{e} Q\{e}

The statement of (ii) follows as in ([5], 18.4). O
The following two lemmas can be proved exactly as in ([5], 18.13 and 18.16).

Lemma 4.2. Let h: Q — R be continuous and h(1) = 0.h be a homomorphism if
and only if hxo —h =0 for each o € S.

Lemma 4.3. Let q : Q — R be continuous with q(x) = q(x), ¢(1) = 0. q is
a quadratic form if and only if ¢ x 0 — q is a constant function for each o € S.
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Moreover q is nonnegative if and only if gx o —q >0 for allc € S.

Corollary 4.1. Let (u:) be a convolution semigroup on Q. Assume that 1 is the
associated negative definite function. If the Lévy measure p of (fit)e>0 is symmetric,
then Ima is a homomorphism. In particular iIma) is negative definite. Further u
is also the Lévy measure of (vi), where vy = iy * [y o-
Proof. i = p is equivalent to fi, = p, for each o € S. This is equivalent to ¢ xo —1
being real valued for each o € S. Thus Imv x 0 — Imy = 0 for each o € S, and by
Lemma 4.2 Im1) is a homomorphism. Thus ¢Imt is negative definite. Theorem 4.1
yields that pi¢)¢~0 and (vt)¢>0 define the same class of measures p,, 0 € S. Therefore
the uniqueness of the measure satisfing (4.1) implies the second assertian.

Since @ is locally compact, then for every compact subset k of Q, there exists
a constant M} > 0, a neighbourhood Uy, of e in () and a finite subset Nj of k such
that for each r € Uy,

(4.2) sup{1 — Rex(r) : x € k} < My sup{l — Rex(r) : x € Ny}

see [13]. O

Lemma 4.4. Let p be a positive symmetric measure on Q \ {e} such that
|- Rex@)dutr) <ox, for x€Q
Q\{e}
The function 1, : Q — R defined by
600 = [ (- Rexr)dut) for x<Q

is continuous and negative definite.

Proof. Let xo € Q,E > 0 and K be a compact neighbourhood of xo, then there
exists a constant Mg > 0, a finite set N = {x1, -, xn} C @ and a neighbourhood
Uk of e in @ such that

/ sup (1 — Rex(r))du(r)
U

K\{e} xeK

< M / sup (1 — Rex(r))du(r)
Ur\{e} XENK
< My /U oy Rt
< wy /Q (1= Rexi(r))dp(r) = My Y ¥n ()

\{e}
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Thus there exists a neighbourhood V of e such that

W~ ™

(43) [ = Rexm)utr) <
VA\{e}

for each x € K. Since pl\, is bounded, then there exists a neighbourhood W C K
of xo in Q such that

(4.4) <

N | ™

/ (x(r) = xo(r))du(r)
Q\V

for each x € W. For the continuity of 1, we have
() = ¥u(xo0)l

/ (1 - Rex(r)du(r) - / (1~ Rexo(r)du(r)
Q\{e} Q\{e}

/ (1~ Rex(r)dp(r) — / (1 - Rexo(r)du(r) + / (Rexo) (r) — Rex(r)du(r)
V\{e} V\{e} Q\V

IN

/ (1 - Rex(r)du(r) + / (1 — Rexo(r)du(r) +
V\{e}

/ (Rexo)(r) — Rex(r)du(r)
V\{e} Q\V

< €

for each x € W. From (4.3) and (4.4), the continuity of 1, is verified. In order to
show that 1), is negative definite, it is sufficient to prove that p is a Lévy measure

for it. For f € CH(Q) such that f(¥) = f(x) and [ f(x)dz = 1, we may apply
Fubini’s theorem to find

(4.5) (¢u* £)(X)

/ (R )00 ()
Q

/ f(n) / 11— Rex(r)n(r)ldu(r)
Q Q\{e}

| = Rex(n) fr)dutr)
Q\{e}
In particular we have for x =1

/ (1~ Fr)du(r) = / F )by (n)el
Q\{e}

The measure d7(r) = (1 — f(r))du(r) is thus positive bounded on @ \ {e}. Then
can be consider as a positive bounded measure on ) and we have that

#(x) = Ref(x) = /Q R0 = F)dutr) for x < @
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Put f = o in (4.5). Then
Guro ()= vul) = [ Rex(r)(1 - or)da(r)
Q\{e}
= [ Rex)(1 - 5()dutr)
Q\{e}
ie. 9, *x o —1, is the Fourier transform of the measure (1 — &)(r)|x and by the

result (4.1) of Theorem 4.1, the measure p is Lévy measure of ¢,,. (I

Theorem 4.3. Let (1i1) be a convolution semigroup on Q with an associated neg-
ative definite function ¥ : Q — C, and Lévy measure p. Assume that p is positive
symmetric on @ \ {e} such that

/ (1 — Rex(r)du(r) < oo for x € Q.
Q\{e}
Then

(4.6) B(x) = C +ih(x) + 4(x) + /Q = Bex ()

for x € Q, where C is a nonnegative constant, h : Q — R, is a continuous homo-
morphism, q : Q — R, is a nonnegative quadratic form. Moreover ¢, h,q in (4.6)
are determined uniquely by (ut)e>o such that ¢ = (1), h = Imy, and

(Ryp)() | () ()
s

(4.7) q(x) = lim

n—oo

4n? 2n

Proof. Since p is symmetric, by corollary 4.1, h = Imt is a homomorphism, and

th € N(Q). Let C = 4(1) then by Corollary 2.1, the function ¥ — CI € N(Q) with

the Lévy measure p. Further the function ¢’ = ¢ — CI — ih € N(Q) associated to
the same Lévy measure p.
By Theorem 4.2, the function

Bulx) = / (1 - Rex(r))du(r)
Q\{e}

is finite at all x € Q, and by Lemma 4.4, it follows that the function ¢ = ¢/ — P, is
continuous, real valued, symmetric and ¢(1) = 0. Using Lemma 4.2, for o € S we
get

Wro -y =pxo—1

and one can easily obtain

(4.8) Yy xo—p, = /Q{ } Rex(r)(1 —a(r))du(r), o€’
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Then by (4.1) and (4.8), we see that
qro—q= =) ro— (' =) = fio — (b x 0 — ) = po({e}) 2 0

By Lemma 4.3 this implies that ¢ is a nonnegative quadratic form on Q and the
first requirement is proved.

Secondly, given (4.7), of course C' = (1), and h = Im. Denote again ¢, (x) =
fQ\{e}(l — Rex(r))du(r). By Lemma 4.4 1), is negative definite. By Corollary 2.2

(19) 400 = 5 (Fx) ()
i RO
- nLoo 4n?
n—oo 4n? n—oo 4n?
RTL
= SO L - Rel )

Since @ is locally compact, the Fubini’s theorem is available by the inequality (4.2).
Obviously

1
lim ﬁ(l —Re(x(r))?") =0 for each r € Q.

n—oo 4n

If x(r) # 0, let 0 < p < 1and —7 < § < 7 such that x(r) = pexp i¢. Then for
1] 0
n € N, smTan is bounded away from @ on [g, w}, and

1 1 /sinnd\>/ 6 \>[1—cos?20
—_— —_— = — < -
2 (1 — cos 2n#) 5 < oy ) (sin@) ( 3 ) < C(1 — cos 26)

where C' > 0 is a constant.

Also ) )
1—p" 1—-0p < 1—p .
4n?2 — 2n — 2
Then
LA —Re((M)™) = (1= )+ 2 (1~ cos 200)
4n? X  4n? P 4n?
< %(1 —p%) + p*"C(1 — cos 26)
1
< S(=p")+C(p* = p*cos 20)
1
< 51 =p")+C(1=Re(x(r)?)

Then by the theorem of domainated convergence

Jf/O—RdMﬂVﬂwm0=&

4n?
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and (4.9) yields

(4.10) ) = Jim S S () ()
By means of (2.4), (Rxq)(x) = nlLII()lo (R%qz(X)
R
(Brg() = tim TEO
(R0 1
= lim X — lim — 1— r 2n du(r
Jim SRS s [ 0O
Since .
5 (1= X)) < (1= [x(r)P?).

Applying the dominated convergence theorem again, we have

n—oo 21

1
lim — 1-— T2nd T:()a
/Q\{e}< ()2 ()

e (Bg) (x)
V) (X
Req)(x) = lim —X X
(Rrq)(x) = lim —~
subistituting in (4.10), the equality (4.7) is stablished. O
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