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ABSTRACT. Let A(p) be the class of functions f : 2P + Zajzpﬂ analytic in the open
j=1

unit disc E. Let, for any integer n > —p, foyp—1(2) = 27 + Z(p + ) PP We
=1

-1 . . - 2P .
define f7(z+p>_1(z) by using convolution * as frn4p—1 * fnjp& = m. A function p,
2m _
analytic in E with p(0) = 1, is in the class Py(p) if / % d9 < kr, where
0 —

z = rew, k> 2and 0 < p < p. We use the class Px(p) to introduce a new class of

multivalent analytic functions and define an integral operator Ln4+p—1(f) = fo- +1p71 x f

for f(z) belonging to this class. We derive some interesting properties of this generalized
integral operator which include inclusion results and radius problems.
1. Introduction

Let A(p) denote the class of functions f given by
f(Z)Zzp+Zajz”+j, peN={1,2,---}
j=1

which are analytic in the unit disc £ = {z : |z|] < 1}. The Hadamard product or
convolution (f * g) of two functions with

f(z) =2+ Zaj,1zp+j and g(z) =2 + Zaj722p+j

=1 =1
is given by

(f*9)(2) =22+ aj1a;22"".

j=1
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Denote by D™ : A(p) — A(p) the Salagean operator defined as follows [6].

D°f(z) = f(2)
D'f(z) = zf'(2)
D"f(z) = D(D"7'f(2)).

Several classes of analytic functions, defined by using this operator, have been stud-
ied by many authors [1],[2].
In the present paper, we introduce integral operator based on Salagean operator

as follows. -

Let frnip—1(2) = 2P + Z(p + j)"TP=12PHi | For any integer n greater than —p,
j=1
let fé;;ll(z) be defined such that

(1.1) o (2)* F () = e
Then
(1.2) Luip1f(2) = fidy1(2)% £(2)

-1

o EED N2 sl IO}
j=1

From (1.1) and (1.2) and a well known identity for the Salagean derivative, it follows
that

(1.3) Z(Ln-i-pf(Z))/ = Lnip-1f(2)-

Let Py(p) be the class of functions p(z) analytic in E satisfying the properties
p(0) =1 and

(1.4) /027r

where z = re?, k > 2 and 0 < p < p. For p = 1, this class was introduced in [3]
and for p = 0. For p = 0, k = 2, we have the well known class P of functions
with positive real part and the class k = 2 gives us the class P(p) of functions with
positive real part greater than p. Also from (1.4), we note that p € Py(p) if and
only if there exist p1,p2 € Pi(p) such that

w0 = (4 +5)me - (5 - 3) e

It is known [3] that the class Py (p) is a convex set.

Re p(z) —p
p—p

‘d&glm
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Definition 1.1. Let f € A(p). Then f € Ri(«a,p,n,p) if and only if

a) Ln+pz—p1f(z) n aL"ijf(Z)

(1-

€ Pi(p)
fora>0, n>-p, 0<p<p, k>2andze€F.

2. Preliminary results

Lemma 2.1. Let p(2) = 1+ b1z + baz*> +--- € P(p). Then

2(1-p)
R > -1+t
ep(z) = 2p ]

This result is well known.

361

Lemma 2.2 ([5]). If p(z) is analytic in E with p(0) = 1 and if A1 is a complex

number satisfying Re \y > 0, (A1 #0), then Re{p(z)—i—)\lzp'(z)} > f
mmplies
Rep(z) > B+ (1-0)2yn —1),

where 1 1s given by

1
71:/ (1+8e2) e,
0

Lemma 2.3 ([7]). If p(z) is analytic in E, p(0) =1 and Re p(z) >

(0<p<p)

, z€E,

|~

then for any function F analytic in E, the function px F takes values in the convex

hull of the image E under F'.

3. Main results

Theorem 3.1. Let f € Ri(a,p,n,p1) and g € Ri(a,p,n,p2), and let F = f *g.

Then F € Ri(a, p,n, p3) where

(3.1) p3=1=2(1=p1)(1 - p2)

The result is sharp.
Proof. Since f € Ri(a,p,n,p1), it follows that

Ln+p71f(z) + aLn+pf(Z)
2P zp

H(z) = |(1-a) } e Pulpn)

and so using (1.3), we have

(3.2) Linypf(2) =

Ta [ ¢TaTPTUH ().
= (t
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Similarly,

1 o (% &
zﬁ/ tﬁ“’*lH*(t)dt,

(33) Lupg() = 7577 |

where H* € Py(p2). Using (3.1) and (3.2), we have

1

—

(3.4) LuipF(2) = 7 z%/ t=a PPLQ(t)dt,
0

where Q(z) = ('Z + ;) o (z) — (’i - ;) ¢2(2). Then

(3.5) LnipF(2) = 5 EO/:Z‘ /0 tToa TPTL(H s« H*)(t)d.

Now

(3.6) H(z) = (Z + ;) ha(z) — (i - ;) ho(2)
me = (Frg)ne-(5-3)me

where h; € Py(p1) and h] € Py(p2), ¢ =1,2. Since

hi(z) —p2 1 1 _
o) =B TP e p( 2 =1,2

we obtain (h; * p})(z) € P(p1), by using the Herglotz formula. Thus
(3.7) hi * hi(z) € P(p3)

with
p3 =1=2(1—p1)(1 = p2).
Using (3.4), (3.5), (3.6), (3.1) and Lemma 2.1, we have

1 '
Re ¢i(2) = T-a u1(’<+p_1Re(hi*hf)(uz)}du
—a Jo
| 2(1 — p3)
> 2etr—1l (9, 14 2 F3) d
1—a jy b ( Ps + 1+ ulz| “
Lo (1= ps)
> — et (2p5 — 1 d
1—a b ( Ps + 14+u

Il
<,
|
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—_
|
e
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where 6 =1/ (o + p(1 — @)).
From this, we conclude that F' € Ry («, p,n, p3), where ps is given by (3.1).
We discuss the sharpness as follows. We take

i = (Ea ) LHOsT (5 1y1o(on):

4 2 1—2 4 2 1+2
. (k1T 14+ (1—2ps)z E 1\ 1—(1-2p9)z
H(2) = <4+2> 1 1732 1tz
Since
1+ (1 —2p1)z 1+ (1—2py)2 41— p1)(1 — p2)
=1-4(1- 1-—
(A ) (G2 (1= )1~ po) + 2N P2)
it follows from (3.5) that
| 41— p1)(1 — p2)
, - = —4(1 — _ d
) = = [ w 41— )1 - o) 4 LI ZPI L,
1 Lyrate—l
—4(1 — 1-—- — 1.
— S A=) )6 [ e s e
This completes the proof. O
We define J. : A(p) — A(p) as follows.
c+p [* ..
(3.5) 1 =22 [ e i
0

where c is real and ¢ > —p.

Theorem 3.2. Let f € Ri(a,p,n,p) and J.(f) be given by (3.8). If

(39) |:(1_a)Ln+§pf(Z) +a Ln-&-;;io(f)] c Pk(ﬂ),
then I

(e e n). et
and
(3.10) v = p+(1=p)(20—-1)

. Rel—a -t
— c+p dt.
o /0 1+t t

Proof. From (3.8), we have



364 H. A. Al-Kharsani

(¢ +p)Lnpf(2) = cLnspJe(f) + Z(Ln+p<]c(f))/-

Let
(k1 ko1 _ Lnyyp Je(f)
(3.11) H.(z) = <4 + 2) s1(z) — (4 - 2) s2(z2) = — 5
From (3.9), (3.10) and (3.11), we have
Lnipf(2) LnipJe(f)] _ l—a
{(1 a) por + por = |H.(2) + p +szC(z)
and consequently
l—-a , .
% i eP 5 = 1, 2.
)+ ()| € P
Using Lemma 2.2, we have Re{s;(z)} > ~, where v is given by (3.10). Thus
LyipJe(z
H(z) = Ledel®) ¢ p )
z
and this completes the proof. 0
Let
Zf(t
(312) Ho(2) = an) = [ Hae
0
Then

Lytp-1Jo(f) = pLytpf
and we have the following.

Theorem 3.3. Let f € Ri(a,p,n+1,p). Then Jo(f) € Ri(a,p,n,p) for z € E.

Theorem 3.4. Let ¢ € C),, where C), is the class of p-valent convex functions, and
let f € Ri(a,p,n,p). Then ¢ * f € Ri(a,p,n,p) for z € E.
Proof. Let G = ¢ * f. Then

Lnip1G(2) + aLn-‘rpG(Z)

= 2P 2P
= (-l DO | L@ )
- %?*klmLmi;ﬂ@4(#%zj@q
o(2)

= . *H(z), HEePp)

(5+3)
- ()

-0 (% m) 40

zp

{
{(p—p) (qu) * h2(2)> +p}, hi,hy € P.
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(2)

1
Si C,, Re /% > —
ince ¢ € C), e o > 3
G € Ri(a,p,m, p). d

z € F and so using Lemma 2.3, we conclude that

oo
Corollary 3.5. Let ¢, = ::L_:_CC 2™, (¢ > —p) is in Cp, then J.(f) = ¢.x f €
m=p

Rk(a7p7na p)
Corollary 3.6. Let Jyf, defined by (3.12) belong to Rp(a,p,n,p). Then f €
243

5P
Proof. Jo(f) = ¥o(z) * f(z) where to(z) = e
Lyip—1Jo(f) = o * Lyyp—1f, therefore we have the result using Theorem 3.4. O

Rk(aap7n7 p) fO’f’ |Z‘ <Tp =

€ C, for |z| < ry. Since

Theorem 3.7. For 0 < as < a1, Ri(ai,p,n,p) C Ri(as,p,n,p),z € E.

Proof. For as = 0, the proof is immediate. Let ap > 0 and let f € Ri(aq,p,n,p).
Then

(1— as) Ln+p;p1f(z) +ay Ln+;;f(z)

— :Ti KZ; _ 1) Ln+p;p1f(z) +a _al)Ln+p;p1f(2) +a1Ln+§pf(Z)

o «
(1 - 2) Hl(Z) + 72H2(Z)7H1aH2 € Pk(p)
oq aq

Since Py(p) is a convex set, we conclude that f € Ri(az,p,n,p) for z € E. O
Theorem 3.8. Let f € R;(0,p,n,p). Then

1 1
€ Ri(a,p,n, or |z| <ry = a# -, 0<a<l.
f k(c, p,n, p) for 2| %0 1 Via? — a1 752
Proof. Let
zP 2P
Volz) = (1—-a) +

1—2 " Ya—2p

2P+ Z (14 (m—1a)z"1 ¢, €C, forlz| <rq
m=2

1
20 ++V4aZ —2a+ 1

We can write
Lnip-1f(2) +aLn+Pf(z) _Ya f.
zP 2P 2P

a-a)
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Applying Corollary 3.6, we see that f € Rg(a, p,n,p) for |z] < r,. O
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