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Abstract. Some finiteness and non-existence results are proved of 2-dimensional mod 2

Galois representations of quadratic fields unramified outside 2.

1. Introduction

Let F be a quadratic extension of the rational number field Q, and GF =
Gal(F/F ) the absolute Galois group of F . In this paper, we present some results
on the finiteness and non-existence of continuous irreducible 2-dimensional mod 2
Galois representations ρ : GF → GL2(F2) unramified outside {2,∞} or {2}, where
F2 is an algebraic closure of the finite field F2 of two elements. This extends some
of the previous results [30], [26], [3], [12], [13], [14], [15], [16], [4]. Such studies are
motivated by Serre’s modularity conjecture ([24], [27]) as explained in more detail
below. Also, such results may be regarded as a generalization of both the Hermite-
Minkowski theorem and the finiteness of ideal class groups. A typical result is as
follows:

Theorem 1. Let F be one of the following quadratic fields:

Q(
√
−1), Q(

√
±2), Q(

√
±3), Q(

√
±5), Q(

√
±6).

Then there exist no continuous irreducible representations ρ : GF → GL2(F2) un-
ramified outside {2,∞}.

This was proved in [17], and also in [23] using the discriminant bounds in [17].
Instead of repeating its proof, we present in Section 3 the proofs of some variants of
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this theorem. The basic principle of the proofs is the same as in [30]; if there were a
representation ρ as in the theorem and K/F is the extension cut out by ρ (i.e. the
extension corresponding to Ker(ρ) by Galois theory), then we compare two estimates
for the root discriminant |dK |1/n, where n = [K : Q], in the opposite directions, one
from above and the other from below. The estimate from above, which we call the
Tate bound, uses local class field theory, and is algebraic in nature. As the estimate
from below, Tate [30] originally used the Minkowski bound ([29], §5.2), which is
based on the geometry of numbers. Later, Serre [26] replaced this by the Odlyzko
bound ([18], [21], [19]) to have better bounds; the Odlyzko bound is based on Weil’s
explicit formula ([31]) and highly analytic in nature. The non-existence of ρ follows
from the contradiction of the two inequalities (i.e. “upper bound < lower bound”).

The Odlyzko bound for |dK |1/n depends on the value of n = [K : Q]. Sometimes,
one obtains the contradiction only for sufficiently large n. In such a case, we can
conclude the finiteness of the set of isomorphism classes of such ρ’s because, by the
Hermite-Minkowski theorem, for a given n, there exist only finitely many Galois
extensions K/Q of degree ≤ n unramified outside a given finite set of places of
Q and, for each K/Q, there exist only finitely many irreducible representations
ρ : Gal(K/Q) → GL2(F2). A typical theorem in this direction is the following, in
which (and elsewhere) the GRH stands for the Generalized Riemann Hypothesis
for Dedekind zeta functions and “unconditionally” means “without assuming the
GRH”:

Theorem 2. Assume the GRH. Let F be the quadratic field Q(
√

M), where M is
one of

±7,±10,±11,±13,±14,±15,−17,±19,

±21,±22, 23,±26,±29,±30, 31,−35.

Then there exist only finitely many isomorphism classes of continuous semi-simple
representations ρ : GF → GL2(F2) unramified outside {2,∞}. For F = Q(

√
7), the

finiteness holds true unconditionally.

This, together with its variants, will be proved at the end of Section 3.
Now we explain the motivation for our study in more detail. The strongest

motivation for us has been Serre’s conjecture ([24], [27]) on the modularity of odd
irreducible mod p Galois representations ρ : GQ → GL2(Fp) of the rational num-
ber field (“odd” means that the value of det ρ at a complex conjugation is −1).
It asserts that any such ρ comes from a cuspidal (elliptic modular) eigenform of
level N(ρ), weight k(ρ) and Nebentypus character ε(ρ). Here, N(ρ) is the Artin
conductor of ρ outside p (which is defined from the ramification data of ρ at primes
q 6= p), k(ρ) is an integer with 1 ≤ k(ρ) ≤ p2 − 1 called the Serre weight (which
is defined from the ramification data of ρ at p), and ε(ρ) is the unique character
ε(ρ) : (Z/N(ρ)Z)× → F×

p such that det ρ = χk(ρ)ε(ρ) where χ : GQ → F×
p is the

mod p cyclotomic character (for more detail on these invariants, see [27]; see also
[7] for the Serre weight). Tate [30] (resp. Serre [26]; resp. Brueggeman [3] assuming
the GRH) proved that there exist no irreducible representations ρ : GQ → GL2(Fp)
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for p = 2 (resp. p = 3; resp. p = 5) unramified outside {p,∞}. This proves Serre’s
conjecture for N(ρ) = 1 and p = 2, 3 (and 5 under GRH). The conjecture has re-
cently been proved completely by Khare and Wintenberger ([11]). Their proof is a
kind of induction on p, N(ρ) and k(ρ), of which the first step is the above results
of Tate and Serre.

On the other hand, various generalizations of Serre’s conjecture has been pro-
posed since before. Ash-Sinnott [2] and Ash-Doud-Pollack [1] formulated a conjec-
ture on the modularity of higher-dimensional representations ρ : GQ → GLn(Fp),
which associates the ρ’s with Hecke eigenclasses in certain cohomology groups of
congruence subgroups of GLn(Z). Figueiredo asks in [8] a question about the mod-
ularity of representations ρ : GF → GL2(Fp) when F is an imaginary quadratic
field. Buzzard, Diamond and Jarvis formulated in [5] a modularity conjecture for
totally real fields F and odd irreducible representations ρ : GF → GL2(Fp) when p
is unramified in F/Q. Schein [22] extended this to the case where p may be ramified
in F/Q. Our Theorem 1 implies some special cases of the conjectures of Figueiredo,
Buzzard-Diamond-Jarvis and Schein.

Serre’s conjecture implies in particular the finiteness of the set of isomorphism
classes of odd semi-simple representations ρ : GQ → GL2(Fp) with N(ρ) dividing a
given integer N ≥ 1, since the space of modular forms of level N and weight ≤ p2−1
is finite-dimensional. Generalizing this, Khare ([10]) and one of the authors ([12])
formulated the following finiteness conjecture:

Conjecture. For any finite extension F of Q, an integer n ≥ 1, a prime number p,
and an integral ideal N of F , there exist only finitely many isomorphism classes of
continuous semi-simple representations ρ : GF → GLn(Fp) with N(ρ)|N .

In [12], the finiteness was proved for F = Q, N(ρ) = 1 and some small values
of n and p. In [15], we proved the finiteness for those ρ’s with solvable images.
This proof consists in a combination of class field thoery (finiteness of the ray class
groups), the Hermite-Minkowski theorem and group theory. Our Theorem 2 con-
tributes (under GRH) to the Conjecture in some cases of quadratic fields F .

2. The Tate and Odlyzko bounds

2.1. Upper bound. Let F = Q(
√

M) be a quadratic field, where M is a square
free integer. We follow Tate’s method of discriminant bound ([30]). The estimate of
the root discriminat |dK |1/n of the extension field K cut out by ρ : GF → GL2(F2)
reduces to those of local extensions KP/Fp, where p (resp. P) is a prime of F (resp.
K) lying above 2 (resp. p). If KP/Fp is tamely ramified, then its different has
2-adic order < 1. So we only need to consider the wildly ramified cases. The local
Lemmas 2 and 3 of [17] and Proposition 2.3 of [20] imply the following (use these
lemmas and proposition respectively for the cases (i), (ii) and (iii) below):
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Lemma 1. Assume KP/Fp has wild ramification index ≤ 2m at all p|2.
(i) If F/Q is ramified at 2, then

|dK |1/n ≤


211/4

√
|M | if m ≤ 2,

223/8
√
|M | if m ≤ 3,

8
√
|M | in general.

(ii) If F/Q is inert at 2, then

|dK |1/n ≤

{
28/3

√
|M | if m ≤ 2,

235/12
√
|M | in general.

(iii) If F/Q is split at 2, then

|dK |1/n ≤ 16
√
|M | in general.

2.2. Lower bound. Let K be an algebraic number field of finite degree n =
[K : Q]. For some relevant values of n, we simply extract the following data from
Odlyzko’s table [19]:

Lemma 2. (i) Unconditionally, we have, for a general K,

(1) |dK |1/n >


17.020 if n ≥ 120,

20.895 if n ≥ 1000,

21.845 if n ≥ 4840,

and, for a totally real K,

(2) |dK |1/n >


43.513 if n ≥ 120,

55.966 if n ≥ 1000,

59.079 if n ≥ 4840,

60.702 if n ≥ 107.

(ii) Assuming the GRH, we have, for a general K,

(3) |dK |1/n >

{
20.221 if n ≥ 120,

29.094 if n ≥ 1000,

and, for a totally real K,

(4) |dK |1/n >

{
63.335 if n ≥ 120,

107.548 if n ≥ 1000.
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Serre gave the following better asymptotic bound (as n →∞) under the GRH
([25]):

Lemma 3. Assuming the GRH, we have:

(5) |dK |1/n >

{
44.7 for a general K,

215.3 for a totally real K,

if n is sufficiently large.

3. The results

First we give some results which supplement Theorem 1.

Theorem 3. Assume the GRH. If F = Q(
√

7), there exists no irreducible repre-
sentation ρ : GF → GL2(F2) unramified outside {2,∞}. Unconditionally, if such a
ρ exists, then Im(ρ) is isomorphic to SL2(F4).

Proof. The case where Im(ρ) is solvable can be handled in the same way as in [17].
If G = Im(ρ) is solvable, then it sits in an exact sequence

1 → H → G → Z/2Z → 1, H ⊂ F×
2 × F×

2 ,(*)

as in Theorem 1 in §22 of [28]. Hence K is an abelian extension of odd degree,
unramified outside {2,∞}, over the quadratic extension K ′/F corresponding to H.
By using class field theory, there are 3 possibilities for such K ′. By examining
Jones’ tables [9], we find them as follows:

K ′ = Q(
√

7,
√
−1), Q(

√
7,
√

2), Q(
√

7,
√
−2).

All these K ′ have class number 1. Since any ray class group of K ′ of 2-power
conductor has 2-power order, there is no non-trivial abelian extension K/K ′ of odd
degree unramified outside {2,∞}.

Next we prove the non-solvable case. If Im(ρ) is non-solvable, then |Im(ρ)| ≥ 60,
and hence n = [K : Q] ≥ 120. Further, |Im(ρ)| can be bounded from below as follow:
By §§251–253 of [6], if the 2-Sylow subgroup of Im(ρ) has order 2µ, then its image in
PGL2(F2) ' SL2(F2) coincides with a conjugate of SL2(F2µ). Thus if K/F has wild
ramification index 2m at a prime above 2, then |Im(ρ)| ≥ |SL2(F2m)|. Now, since
Q(
√

7)/Q is ramified at 2, we obtain a contradiction by comparing (i) of Lemma 1
and (3) of Lemma 2.

Unconditionally, we obtain a contradiction except the case m ≤ 2 and Im(ρ)
does not contain a conjugate of SL2(F8). In this case, Im(ρ) contains SL2(F4), and
its image in PGL2(F2) is isomorphic to SL2(F4). But we have det ρ = 1, since there
is no character GF → F×

2 unramified outside {2,∞}, as can be seen from the fact
that (OF ⊗Z Z2)× is a pro-2 group by using class field theory (Here, OF is the
integer ring of F ). Thus Im(ρ) itself must be isomorphic to SL2(F4). �
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Similarly, we have:

Theorem 4. Assume the GRH.
(1) Let F = Q(

√
−11). If there is a representation ρ̄ : GF → PGL2(F2) unramified

outside {2,∞}, then Im(ρ̄) is isomorphic to SL2(F4).
(2) Let F = Q(

√
13). If there is a representation ρ̄ : GF → PGL2(F2) unramified

outside {2,∞} and with non-solvable image, then Im(ρ̄) is isomorphic to SL2(F4).

Since the proof is basically the same as that of Theorem 3, we only note here
some relavant facts in the proof. In the non-solvable case, we obtain a contradiction
if n ≥ 2× |SL2(F8)|, by comparing (ii) of Lemma 1 and (3) of Lemma 2.

In the case of F = Q(
√
−11) and Im(ρ) is solvable, the possible quadratic exten-

sions K ′ of F corresponding to H of (∗) are K ′ = Q(
√
−11,

√
−1), Q(

√
−11,

√
2),

Q(
√
−11,

√
−2). They all have class number 1. In the case of F = Q(

√
13),

there are 7 possibilities for the quadratic extension K ′ corresponding to H: K ′ =

Q(
√

(−3±
√

13)/2), Q(
√
−3±

√
13), Q(

√
13,

√
−1), Q(

√
13,

√
2), Q(

√
13,

√
−2).

The field K ′ = Q(
√

13,
√
−2) has class number 3, and the other six fields have class

number 1.

Next we consider representations ρ of GF unramified also at∞ for real quadratic
fields F . In this case, the extensions K/F cut out by ρ are totally real, and hence
we have larger values ((2) and (4) of Lemma 2) as the lower bounds of |dK |1/n.

Theorem 5. (i) (Unconditionally) Let F be the real quadratic field Q(
√

M) with
one of the following values of M :

7, 10, 11, 13, 14, 15, 19, 21, 22, 23, 26, 29, 30, 31, 34, 35, 37, 38, 39.

Then there exist no representations ρ : GF → GL2(F2) unramified outside {2} with
non-solvable images.
(ii) Assume the GRH. Let F be a real quadratic field Q(

√
M) such that either

(M ≤ 87 and F/Q is ramified at 2) or (M ≤ 93 and F/Q is inert at 2). Then
there exist no representations ρ : GF → GL2(F2) unramified outside {2} with non-
solvable images.

Proof. Compare (i), (ii) of Lemma 1and (2), (4) of Lemma 2. �

Finally, we trun to the finiteness. Theorem 2 can be proved by comparing
Lemma 1 and Lemma 3. Similarly, we can prove:

Theorem 6. (i) (Unconditionally) Let F be a real quadratic field Q(
√

M) such that
either (M ≤ 55 and F/Q is ramified at 2) or (M ≤ 61 and F/Q is inert at 2). Then
there exist only finitely many isomorphism classes of semi-simple representations
ρ : GF → GL2(F2) unramified outside {2}.
(ii) Assume the GRH. Let F be a real quadratic field Q(

√
M) such that either

(M ≤ 723 and F/Q is ramified at 2), (M ≤ 805 and F/Q is inert at 2), or
(M ≤ 161 and F/Q is split at 2). Then there exist only finitely many isomorphism
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classes of semi-simple representations ρ : GF → GL2(F2) unramified outside {2}.
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