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ABSTRACT. We prove that totally umbilical submanifold M of an extended quasi-recurren
manifold is also extended quasi-recurrent. If, moreover, M is conformally flat then, locally,
M is isometric to the manifold with known metric. Some curvature properties of such
submanifold are investigated. Making use of these results we shall prove the existence of
totally umbilical submanifold being pseudosymmetric in the sense of Ryszard Deszcz and
satisfying some other curvature conditions.

1. Introduction

Let (N,g) be a Riemannian or semi-Riemannian manifold of dimension n. A
manifold NV is said to be extended quasi-recurrent if there exist a 1-forms a and b
such that the Riemann curvature tensor R satisfies

(1)  VwRX,Y,U,V) = 2a(W)R(X,Y,U,V)+a(X)R(W,Y,U,V)
+ﬂmmXWUVHMmmxxmm
(
(

+

(

a(V)R(X,Y,U,W) + 2b(W)G(X,Y,U,V)

X)G(W,Y,U, V) +b(Y)G(X,W,U,V)
)

+b (
U)G(X,Y,W,V) + b(V)G(X,Y,U,W)

(
+b(
on the set Ur = {x € N, R(z) # 0}, where G(X,Y,U,V) = g(Y,U)g(X,V)
—g(Y,V)g(X,U). Manifolds satisfying condition of the type (1) were introduced by
Prvanovié¢ ([16]). In ([9]) a local structure theorem for conformally flat manifolds
satisfying (1) was proved. In the earlier papers ([6]) and ([7]) the condition (1)
with b = 0 were considered and some theorems on totally umbilical submanifolds
were proved. In the present paper we deal with totally umbilical submanifolds in
manifolds satisfying (1) with b # 0 in general. We shall prove that the Weyl confor-
mal curvature tensor C of such submanifold satisfies L C' = 0, L being a function
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depending on the mean curvature vector and the 1-form a. Moreover, the subman-
ifold is also extended quasi-recurrent and, locally, is isometric to the manifold with
known metric. If, in addition, the submanifold is conformally flat, then the rank
of its Ricci tensor is equal or less then one and 1-forms induced from a and b are
closed. By the use of these results we shall give an example of manifold with non-
recurrent curvature tensor that the tensor itself as well as the Ricci tensor satisfy
some curvature conditions.

In the subsequent paper ([10]) we shall indicate some classes of manifolds that on
totally umbilical submanifold relation L C' = 0 holds, C being the Weyl conformal
curvature tensor of the submanifold.

Throughout the paper all manifolds under consideration are assumed to be
smooth Hausdorff connected and their metrics are not assumed to be definite.

2. Preliminaries

Let (N,g) be covered by a system of coordinate neighbourhoods {U;z"}. We
denote by g;;, Ffj, Rpijk, Rij, r the components of the metric tensor g, the Christof-
fel symbols, the curvature tensor R, the Ricci tensor S and the scalar curvature of
(N, g) respectively. Here and in the sequel the indices h, i, j, k, I, m, r, s, t, u, v
run over the range 1,2,--- ,n. Let (M, g) be an m-dimensional manifold covered by
a system of coordinate neighbourhoods {V; y®} immersed in manifold (N, g) and let
2" = 2" (y*) be its local expression. Then the local components g4, of the induced

metric tensor of (M, g) are related to grs by gas = grs B Bj, where B = R In
Y
what follows we shall adopt the convention
o = BiB;, B =BiByB;, B = B;B;B.By.

abce

We denote by I'¢;, Kaped, Kpe, K the components of the Christoffel symbols, the
curvature tensor, the Ricci tensor and the scalar curvature of (M, g) with respect to
gap- Then the components Cypeq of the Weyl conformal curvature tensor are given

by
1

LK
(m—1)(m—2)

Cabcd = Kabcd - 9 (gchad - gbdKac + gadec - gachd)

Gabcd~

Here and in the sequel the indices a, b, ¢, d, e, f run over the range
, 2,00 ,m, (m < n).

The van der Waerden-Bertolotti covariant derivative of BJ, is given by
(2) oo = VB, = 0,B; + T, By — BiT,,

where the semicolon denotes covariant differentiation with respect to the metric of
the submanifold.
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The vector field H™ defined by
r 1 ef r
H = —¢*/V,.B]
m
is called the mean curvature vector of (M, g). Using (2) and the equation
gc = (aCBg + F:thli)ngdagT’ua

we obtain on (M, g) the relation
(3) grsH "B, =0.

Let N, z,y, z=m+1,--- ,n, be pairwise orthogonal unit vectors, normal to
M. Then
grsN;nN; = €qg, grsN;sz =0, m?'élh gTsN;BZ:O

and

9" = Biig + ) eaN;N},
€T

where e, is the indicator of the vector V.

The Schouten curvature tensor H, of M is defined by H, = V;B;,. Then the
second fundamental form H,p, is related to HY, by Hi, =" e, Hape NE. If

(4) H;:b = gabHT,
then M is called a totally umbilical submanifold of N. Then Hgupp = gapH,, where
H,=H"N,g,s, and

H" = e, H,Nj.

Furthermore, on a totally umbilical submanifold the Gauss, Codazzi and Weingarten
equations take the form ([12], [13], [14])

(5) Kaved = RrstuBgizidL + H(gbcgad - gbdgac)7

RrstuBTStN; = Aangc - Abzgac

abc

and
N:,=—H.B; + Z eyLazyN;
Yy

respectively, where

H = grsHTHSa Auy = 0o H, + ZeyLayacHy7
Y

Lazy = gT'sN;N;;a-
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Moreover, we have ([13], [14])

1
(6) RrstuHTBlfzg = §(gbcHd - gdec)a Hc = H;w
(7) Kabcd;e = Rrstu,vBZgézg + He (gbcgad - gbdgac)
1
+3 [Ha (gbcged - gbdgec) + Hb(gecgad - gedgac)

2
+ Hc(gbegad - gbdgae) + Hd(gbcgae - gbegac)]

and
Hj, = —HB},+Y e,AqN;.
Y

Finally, letting

Ep. = RhiijhBéina Abc = ZewAbwAca:a Hye = H;CL67

from the results of ([14], p. 108) it follows that

(8) HKabce = Rrstu,vBTStHuBg + gaeEbc - gbeEac + Aaegbc - Abegac

abe

1
+H2(gaegbc - gbegac) - i(Haegbc - Hbegac)~

In the sequel we shall often need the following lemmas:
Lemma 1 ([11]), Lemma 1). Let M be a semi-Riemannian manifold of dimension
n > 3. If B is a tensor field of type (0,4) on M with components Bp;ji, satisfying
(9) Bhrijr = —Binjk = Bjkhi, Bhiji + Bhjki + Brkij = 0,

Bhrijk,im — Bhijk,mi = 0,

and P,Q are 1-forms on M, such that their components P, Q; satisfy
PrBly = 9ijQr — 9ikQj,
then
S
Q1 |Bhijk — m(gijghk — gikgnj)| =0,
where S = Bpgrsg?"gP%.

If the Riemann curvature tensor of the manifold M satisfies (9), then M is
called semi-symmetric.
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Lemma 2. Let N, dim N =n > 3, be a conformally flat manifold. Then on N the
following well-known relations hold:

1
(10) Rpijr = 3 (9ijRnk — giRuj + gniRij — gnjRik)
+;( i Ghls — GikGhi)
(n _ 1)(n _ 2) gl]ghk} glkgh] b
1
(11) Rijp — Ry — =1 (9ij7k — girr5) = 0,

where R;j = S(0;,0;), r =TrS.

Lemma 3([15]). (a) Let (A;), (B;) be two sequences of numbers linearly indepen-
dent as the vectors of the space R™. If T;;, S;; are numbers satisfying the conditions

Tij Ak + TjrAi + ThiAj + Sij B + Sjp Bi + SkiBj = 0,
Ti; = Ty, Sij = Sjis

then there exist numbers D; such that
nj = 7BiDj — BjDi, Sij = AZDJ + A]Dl
(b) Let T;;, A; be numbers satisfying
T;jAr + TjrAi + TiiAj = 0, Tij = Tji-

Then either each Tj; is zero or each A; is zero.

3. Main results
In the local coordinates (1) takes the form
(12) Rpijkg = 2a1Rpijr + anByijr + ai Rk + a5 Rpar + apRpiji
+  2b,Ghijk + brGriji + biGriji + b;Grik + b Ghijis
where Grijr = Gijgnk — 9njGik-

Theorem 4. Let M (dim M > 3) be a totally umbilical submanifold of the manifold
N and suppose that on N condition (1) is satisfied. Then

(13) (grsHTHS - arHT)Cabcd =0

holds on M, where Cqpeq are components of the Weyl conformal curvature tensor of
the submanifold M.

Proof. Transvecting (12) with H hBZiZi we can follow step by step the proof of ([7],



188 Stanistaw Ewert-Krzemieniewski

Theorem 1) to obtain (13). See also ([8], Theorem 5). O

Theorem 5. Let M (dim M > 3) be a conformally flat totally umbilical submanifold
of the manifold N and suppose that on N condition (1) is satisfied. If a.(x) # 0,
r € M, then

(14) rank [K.q] < 1.

More precisely,

(15) Kad = haaad
and
(16) afK! = Kay

on some neighbourhood, h being a function.
1
Proof. Let ac = a,Bg, be = b,B, He = 0.H = He, ce = be — Hae + iHev

Gad = grsBL5. Transvecting (12) with B%ziji and making use of (5) and (7) we get

(17) Kabcd;e = 20.Kuped + aoKeped + apKoecd + acKaped + aaKapce
+2CeGabcd + caGebcd + CbGaecd + CcGabed + CdGabce-

Contracting (17) with g® we obtain

(18) Kad;e = 20.Kuq+ aoKeqg+ agKye + afode + angae
+2mceGaq + (m - 2)(Caged + Cdgae)

whence

(19) K. =2Ka. +4a; K] 4+ 2(m — 1)(m + 2)c,.

Now, suppose that M is conformally flat. Put U, = ach]:de + afKCJ;ae. Apply
Lemma 2 to (17), then substitute (18) to obtain

9veUade — 9paUace + JadUsce — JacUbde

K
- _m (2aeGabcd + aaGebcd + abGaecd + acGabed + adGabce)

K
+7’

'61 — 2(m + 2)Ce G obed

which, by contractions, yields

. K
(m —2)Uqde + GadUbeeg™ = o1 [2macgad + (M — 2)(aaGed + @agae)]

+ [K.e —2(m — 1)(m + 2)ce] gad
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and

ad m—+ 2

Uadeg = _mKa'e - m(m + 2)66 + K;e.

_m
2(m —1)
The last two relations applied to (18) give

1
2(m—1)
= 26’/el(ad + aaKed + adKae + (m - 2) (Cegad + Caled + Cdgae)

(20) Kad;e - K;egad

K
_7(aegad + GgGed + adgae)~
m—1
Alternating (20) in (d, e) and applying (11) we obtain
e Kog — aqgKqe =0,
whence (14) - (16) result. Thus the theorem is proved.

From (17) we have

189

Theorem 6. A totally umbilical submanifold of an extended quasi-recurrent mani-

fold is also extended quasi-recurrent.

Now, from [9], Theorem 10, we get

Theorem 7. Let M be an m—dimensional totally umbilical submanifold of an
n—dimensional extended quasi-recurrent manifold with nowhere vanishing curvature
tensor K and induced 1-form a. If M is conformally flat then is locally isometric

to m—dimensional manifold with metric g given by
(21) Japdzda® = (dz')? + p? fpedaPda?,
where p is a function depending on x' only, such that

(B+p2)°+ @) #0, ' #E+p?
E=[m-1)(m-2]"'K

and fpqdxPdz? is a metric of (m — 1)—dimensional manifold of constant curvature

K.

Theorem 8. Let M (dim M > 3) be a conformally flat totally umbilical submanifold
of the manifold N and suppose that on N condition (1) is satisfied. If M is semi-

symmetric, then
K

m Gabcd =0.

Qe Kabcd -
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Proof. We can suppose a, # 0. Since the curvature tensor of M is of the form (10),
by transvection with ¢® and the use of (15) and (16) we obtain

K
B f = c — c)-
AfBpeq m(m — 1)(917 aq — godec)
This, together with Lemma 1, completes the proof. O

Lemma 9. Let M (dim M > 3) be a conformally flat totally umbilical submanifold
of the manifold N and suppose that on N condition (1) is satisfied. If a.(x) # 0,
x € M, then on some neighbourhood

(22) K.=6Ka.+2(m—1)(m+ 2)c.,
(23) Kad:e = 4aeKad + 2mce + (m - 2) (Caged + Cdgae)
K
+7(2aegad — Qafed — adgae)a
m—1
(24) (m - 2)Kabcd;e = 4ae (gchad - gbdKac + gadec - gachd)
+226Gabcd + ZaGebcd + ZbGaecd + ZcGabed
+24G abces
where i
e — -2 e — —K e-
ze = (m —2)c —— Ka

Proof. The first equation results from (19) and (16). The second one we get from

(20), (15) and the former one. Finally, since the Riemann curvature tensor K of M
satisfies (10), by covariant differentiation and the use of (22) and (23) we get (24).
O

Theorem 10. Under assumptions of Theorem 5, let a.(x) # 0, x € M. Then, on
some neighbourhood of z, da = 0.

Proof. That ae s — ay. = 0 at points that a(z) # 0 and c(z) = 0 it follows
from Theorem 6 and [7], Proposition 3. Suppose now a(z) # 0 and c¢(x) # 0. Let

Usd = 4K 4q — h(aa,q + ad,a) — §(haad + hgag). Symmetrizing (23) in (a,d,e) and
applying (15) we get

anad + aaUde + adUea + 4(m - 1)(C€gad + CaJde + Cdgea) =0.

If a. and ¢, were linearly independent, then, by Lemma 3(a), we would have
rank [gep] < 2, a contradiction to the assumption. Thus, on some neighbour-
hood of z, there exist a function f, such that ¢. = fa. and Lemma 3(b) gives
Tod = Usa +4(m — 1) fgaa = 0.
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On the other hand, substituting (15) into (23) we have
(25) heagaq + haa,ead + haaad,e

K
= 4dhagaqa. + 2 (mf + ) QAeJad
m—1

+ ((m - 2)f - T)’LI(1> (aaged + adgae)-

1 K
Put A = afaf, Va = 5 |:hfaf_4hA_2<(m_2)f_7’n—]_):| Qg +hafaa,f.

Transvecting (25) with a® we find
K
(26) 2(mf+ m Agaq = Vaag + Vaag.

K
If (mf + ml> A # 0, we would have rank [g.p] < 2.

Transvecting (25) with a® we get
1
(27) Aheag + §hA;ead + hAad&

= 4hAaga. + 2 <mf + K) aqae + ((m -2)f — K) (AGed + aqae).

m—1 m—1

K
If <mf + 1) # 0 at a point x, then on some neighbourhood A = 0. Conse-
m—

quently, from (15) and (16), we have K = hA = 0 and from (27) it follows, that
f =0, a contradiction. Thus

K
m(m — 1)’

f:_

Consequently, by the use of Lemma 9, we have

4(m —1)

(28) Ke=——

Ka,.

But K (z) = 0 would yield ¢.(xz) = 0, a contradiction. This completes the proof. O

Remark 11. Generalising the well known notion of the Ricci-recurrent manifold,
i.e. the manifold that the Ricci tensor S satisfies

VS=a® S

at all points that S # 0, some authors (see for example [2], [4], [5]) considered the
condition

Vx,S(X2, X3) = > a(Xe1)S(Xo(2), Xo3) + Y ¢(Xo1))9(Xo(2), Xo(3)
ogES3 oc€Ss
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with 1-forms Z’ ¢ not all necessary different from zero, S3 being the group of per-
mutations. Lemma 9 together with (28) yield

2
(29) Koge = 4acKqq — EK(aaged + a49ae)-
Since the scalar curvature in the metric (21) is
K = (m—2) [(m—1)p*(E +p") + pp"]

and K # 0 in general, Theorem 7 proves the existence of manifolds satisfying (29).
Consequently, we have an example of conformally flat manifold that the covariant
derivative of the curvature tensor satisfies

(30) Kabcd;c == 4hac (gbcaaad — GbdQaCc + GadpQe — gacabad)
+2CeGabed T CaJebed + CbGaced T Cefabed + CdGabee:

2
where ¢, = ———Ka,.
m(m — 1)

Differentiating covariantly (15) and combining the result with (29) and (28) we

find
2 K h.e

E%gae - ﬁa(u
whence, in virtue of Theorem 10, we get h,, = aa,, o being a function on some
neighbourhood of x € M, a,(x) # 0. Then straightforward calculations yields

Qaze = 2040 —

Kad;ef - Kad;fe =L (gaerd - gafKed + gdeKaf - gdeae)

which is equivalent to the Ricci-pseudosymmetric condition on the set Ux =
{r € M, Kqe(x) # 0}. Since M is conformally flat it must be pseudosymmetric.

Thus we conclude with

Theorem 12. There exist totally umbilical conformally flat submanifolds being
simultaneously pseudosymmetric in the sense of Ryszrd Deszcz. Moreover their
Ricci and Riemann curvature tensors satisfy (29) and (30) respectively.

We strongly emphasize the fact the notion of pseudosymmetry in the sense of
Ryszard Deszcz and the one of Chaki have nothing in common.

Proposition 13. Let M (dim M > 3) be a totally umbilical submanifold of the
manifold N satisfying (12). If C does not vanish on a dense subset then

aCHb — abHC = 0,

and

Fueg®

. 1
RrstuH7Bl§£Hu = iabHc + Gbe
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holds on M.

Proof. We can suppose C(z) # 0, x € M. Then, by (13),

(31) H=g¢g.,,H H°=0qa,.H".
From the second Bianchi identity we have

rst ryu RU TSV ryu Rt __ rsvt ryu
Rrstu,vB H Be _RrsvmtB H BC—_Rrsvt7uB H".

abe abe abec
Applying (8) twice to the left hand side and (12) to the right one, by the use of
(31), (3), (6) and (5), we get
(32) gaerc - gbeNac + gchae - gache =0,
where

1 1 1
Nbc = Ebc + Abc - iHbc + iabHc + iach - buHugbc-

(32) is the Kulkarni-Nomizu product of the metric tensor g and symmetric (0,2)—
tensor N. It is clear that if rank [gy.] > 1 and (32) holds, then N,.g*¢ = 0. Hence
we have

(33) Ny = 0.
On the other hand, transvecting (12) with BZZZH’“B@, by the use of (31), (3),
(6) and (5), we obtain

ij 1
Rhijk,lBZbinBé = ae(gcha - gcaHb) + 5 [aa(gche - gceHb)

+ ab(gceHa - gcaHe) + ac(gebHa - geaHb)]
+HKabce + (buHu - H2)gabce-

Substituting into (8), by the use of (33), we get

gaeEbc - gbeEac + gache - gbcEae+

1
5 [ac(gebHa - geaHb) + ae(gcha - gcaHb) + gce(Haab - Hbaa)] =0.

Contracting the last equation with g*¢ and alternating the result in (b, ¢) we find
(m —2)(ac.Hp —apH,) =0,

whence

(34) GaeFoe = gveFac + GacFe — gGocFue =0,

1
where Fy. = Fo, = Ep. — §abHc. Symmetrising (34) in pairs (a,b), (e, ) we obtain
JaeFve — gpeFae = 0. It follows, that mFEy. = gpeFreg®. This completes the proof. [
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