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Abstract. The aim of this paper is to evaluate four finite integrals involving the product

of Srivastava’s polynomials, a generalized hypergeometric function and H̄ -function pro-

posed by Inayat Hussian which contains a certain class of Feynman integrals. At the end,

we give an application of our main findings by connecting them with the Riemann-Liouville

type of fractional integral operator. The results obtained by us are basic in nature and

are likely to find useful applications in several fields notably electric networks, probability

theory and statistical mechanics.

1. Introduction

The H̄-function will be defined and represented as follows [1]:

(1.1) H̄M,N
P,Q [Z] = H̄M,N

P,Q [z|(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
] =

1
2πi

i∞∫
−i∞

φ̄(ξ)zξdξ,

where

(1.2) φ̄(ξ) =

M∏
j=1

Γ(bj − βjξ)
N∏

j=1

{Γ(1− aj + αjξ)}Aj

P∏
j=N+1

Γ(aj − αjξ)
Q∏

j=M+1

{Γ(1− bj + βjξ)}Bj

.

Buschman and Srivastava [1] has proved that the integral on the right hand side
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of (1.1) is absolutely convergent when Ω > 0 and |argz| < 1
2πΩ, where

Ω =
M∑

j=1

βj +
N∑

j=1

Ajαj −
Q∑

j=M+1

Bjβj −
P∑

j=N+1

αj > 0

here, and throughout the paper aj(j = 1, 2, . · · · , P ) and bj(j = 1, 2, · · · , Q) are
complex parameters, αj ≥ 0(j = 1, · · · , P ), βj ≥ 0(j = 1, · · · , Q) (not all zero
simultaneously) and the exponents Aj(j = 1, · · · , N) and Bj(j = M + 1, · · · , Q)
can take on non-negative values. For further details of H̄-function one can refer
the original paper of Buschman and Srivastava [1]. Srivastava [7] introduced the
general class of polynomials (see also Srivastava and Singh [9])

(1.3) Sm
n [x] =

[n/m]∑
k=0

(−n)mk

k!
An,kxk, n = 0, 1, 2, · · · ,

where m and n are arbitrary integers and the coefficents An,k(n, k ≥ 0) are arbi-
trary constants real or complex. Generalized hypergeometric function is defined as
follows:

(1.4) P FQ[(aP ); (bQ); z] =P FQ[
(aP )
(bQ)

; z] =
∞∑

n=0

P∏
j=1

(aj)n

Q∏
j=1

(bj)n

zn

n!
,

where for brevity, (aP denotes the array of parameters a1, · · · , aP with similar
interpretation for (bQ)etc.. For further details one can refer Rainville[6].

2. Main Results
t∫

0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]Sm

n [yxµ(t − x)ν ]Sm
′

n′
[y

′
xµ

′

(t − x)ν
′

]·

H̄M,N
P,Q [zxµ(t − x)ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx = tρ+σ+1·

[n/m]∑
k=0

[n
′
/m

′
]∑

k′=0

∞∑
r=0

(−n)mk(−n
′
)m′k′

k!k′ !
An,kA

′

n′k′
yky

′k
′

t(µ+ν)k+(µ
′
+ν

′
)k
′

f(r)·

(2.1) H̄M,N+2
P+2,Q+1[ztµ+ν |(1−ρ−ur−µk−µ

′
k
′
,µ;1),(1−σ−ηr−νk−ν

′
k
′
,ν;1),A?

B?,(1−ρ−σ−ur−ηr−µk−νk−µ′k′−ν′k′ ,ν+µ;1)
]t(u+η)r,

where f(r) =

R∏
j=1

(gj)r

S∏
j=1

(hj)r

ar

r! . The conditions of validity of (2.1) are
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(i) µ ≥ 0, ν ≥ 0 (not both zero simultaneously) |argz| < 1
2πΩ,Ω > 0,

(ii) R ≤ S or R = S +1 and |atu+η| < 1 [none of hj(j = 1, 2, · · · , S) is a negative
integer or zero],

(iii) u and µ are non-negative integers such that u + η ≥ 1,

(iv) m and m
′
are arbitrary positive integers and the coefficents An,k, A

′

n′k′
(n, k, n

′
k
′ ≥

0) are arbitrary real or complex,

(v) Re(ρ)+µ(min)1≤j≤M [Re(bj/βj)] > 0 and Re(σ)+ν(min)1≤j≤M [Re(bj/βj)] >
0.

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]Sm

n [yx−µ(t − x)−ν ]·

Sm
′

n′
[y

′
x−µ

′

(t − x)−ν
′

]H̄M,N
P,Q [zx−µ(t − x)−ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx

= tρ+σ−1

[n/m]∑
k=0

[n
′
/m

′
]∑

k′=0

∞∑
r=0

(−n)mk(−n
′
)m′k′

k!k′ !
An,kA

′

n′k′
yky

′k
′

t(µ+ν)k+(µ
′
+ν

′
)k
′

f(r)·

(2.2) H̄M+2,N
P+1,Q+2[zt−µ−ν |A

?,(ρ+σ−µk−νk−µ
′
k
′
−ν

′
k
′
,µ+ν)

(ρ+ur−µk−µ′k′ ,µ),(σ−ηr−νk−ν′k′ ;ν),B? ]t(u+η)r.

Provided that Re(ρ)+µ(max)1≤j≤N [Re((aj−1)/αj)] > 0 and Re(σ)−ν(max)1≤j≤N [Re((aj−
1)/αj)] > 0 and the sets of conditions (i) to (iv) given with (2.1) are satisfied.

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]Sm

n [yxµ(t − x)−ν ]·

Sm
′

n′
[y

′
xµ

′

(t − x)−ν
′

]H̄M,N
P,Q [zxµ(t − x)−ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx

= tρ+σ−1

[n/m]∑
k=0

[n
′
/m

′
]∑

k′=0

∞∑
r=0

(−n)mk(−n
′
)m′k′

k!k′ !
An,kA

′

n′k′
yky

′k
′

t(µ−ν)k+(µ
′
−ν

′
)k
′

f(r)·

(2.3)

H̄M+1,N+1
P+1,Q+2 [ztµ−ν |(1−ρ−ur−µk−µ

′
k
′
,µ;1)A?

(σ+ηr−νk−ν′k′ ,ν),B?,(1−ρ−σ−ur−ηr−µk+νk−ν′k′+ν′k′ ;µ−ν;1)
]t(u+η)r.

Provided that µ ≥ 0, ν ≥ 0 such that µ−ν ≥ 0 and Re(ρ)+µ(min)1≤j≤M [Re(bj/βj)] >
0 and Re(σ) − ν(max 01≤j≤N [Re((aj − 1)/αj)] > 0. It is being assumed that the
conditions (i) to (ii) given with (2.1) are satisfied.

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]Sm

n [yx−µ(t − x)ν ]·
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Sm
′

n′
[y

′
x−µ

′

(t − x)ν
′

]H̄M,N
P,Q [zx−µ(t − x)ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx

= tρ+σ−1

[n/m]∑
k=0

[n
′
/m

′
]∑

k′=0

∞∑
r=0

(−n)mk(−n
′
)m′k′

k!k′ !
An,kA

′

n′k′
yky

′k
′

t(µ−ν)k+(µ
′
−ν

′
)k
′

f(r)·

H̄M+1,N+1
P+2,Q+1 [zt−µ+ν |(1−ρ−ur−µk−µ

′
k
′
,µ;1)A?,(ρ+σ+ur+ηr+µk−νk+ν

′
k
′
−ν

′
k
′
;ν−µ)

(σ+ηr−νk−ν′k′ ,ν),B? ]·

(2.4) t(u+η)r.

Provided that µ ≥ 0, ν ≥ 0 such that ν−µ ≥ 0 and Re(ρ)−µ(max)1≤j≤N [Re((aj −
1)/αj)] > 0 and Re(σ) + ν(min)1≤j≤M [Re(bj/αj)] > 0. It is being assumed that
the conditions (i) to (ii) given with (2.1) are satisfied.

Proof. To derive (2.1), we use series representation for the generalized hyperge-
ometric function, change the order of integration and summation (which is permis-
sible under the conditions stated), evaluate the resulting x-integral by applying the
following integral due to [2]

t∫
0

xρ−1(t − x)σ−1Sm
n [yxµ(t − x)ν ]Sm

′

n′
[y

′
xµ

′

(t − x)ν
′

]·

H̄M,N
P,Q [zxµ(t − x)ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx

= tρ+σ+1

[n/m]∑
k=0

[n
′
/m

′
]∑

k′=0

(−n)mk(−n
′
)m′k′

k!k′ !
An,kA

′

n′k′
yky

′k
′

t(µ+ν)k+(µ
′
+ν

′
)k
′

·

H̄M,N+2
P+2,Q+1[ztµ+ν |(1−ρ−µk−µ

′
k
′
,µ;1),(1−σ−νk−ν

′
k
′
,ν;1),A?

B?,(1−ρ−σ−µk−νk−µ′k′−ν′k′ ,ν+µ;1)
],

where the sets (i) to (v) of the conditions mentioned with (2.1) are satisfied. The
integrals (2.2) to (2.4) can be evaluated on lines similar to those of first integral.

3. Special Cases

If we take n = 0 and n
′

= 0 in (2.1) to (2.4), we arrive at the following integrals
which are also new and sufficently general in nature:

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]·

H̄M,N
P,Q [zxµ(t − x)ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx = tρ+σ+1·
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(3.1)
∞∑

r=0

f(r)H̄M,N+2
P+2,Q+1[ztµ+ν |(1−ρ−ur,µ;1),(1−σ−ηr,ν;1),A?

B?,(1−ρ−σ−ur−ηr,ν+µ;1) ]t(u+η)r.

The conditions of validity of (3.1) can be easily obtained from those of (2.1).

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]·

H̄M,N
P,Q [zx−µ(t − x)−ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx = tρ+σ−1·

(3.2)
∞∑

r=0

f(r)H̄M+2,N
P+1,Q+2[zt−µ−ν |A

?,(ρ+σ,µ+ν)
(ρ+ur,µ),(σ−ηr;ν),B? ]t(u+η)r.

The conditions of validity of (3.2) can be easily obtained from those of (2.2).

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]·

H̄M,N
P,Q [zxµ(t − x)−ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx = tρ+σ−1·

(3.3)
∞∑

r=0

f(r)H̄M+1,N+1
P+1,Q+2 [ztµ−ν |(1−ρ−ur,µ;1),A?

(σ+ηr,ν),B?,(1−ρ−σ−ur−ηr;µ−ν;1)]t
(u+η)r.

The conditions of validity of (3.3) can be easily obtained from those of (2.3).

t∫
0

xρ−1(t − x)σ−1
R FS [(gR); (hS); axu(t − x)η]·

H̄M,N
P,Q [zx−µ(t − x)ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]dx = tρ+σ−1·

(3.4)
∞∑

r=0

f(r)H̄M+1,N+1
P+2,Q+1 [zt−µ+ν |(1−ρ−ur,µ;1),A?,(ρ+σ+ur+ηr;ν−µ)

(σ+ηr,ν),B? ]t(u+η)r.

The conditions of validity of (3.4) can be easily obtained from those of (2.4). On
sutabily specializing the parameters of the H̄-function and the general class of
polynomials in our main integrals , we can obtain a large number of new integrals
as their special cases but we do not record them here on account of lack of space.

4. Application
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We shall define the Rieman-Liouville fractional derivative of function f(x) of order
σ ( or alternatively, σth order fractional integral) (2, p.181; (11), p.49) by

(4.1) D−σ
x {f(x)} = {

1
Γ(−σ)

x∫
a

(x−t)−σ−1f(t)dt,Re(σ)<0

dq
dxq aDσ−q

x {f(x)},q−1≤Re(σ)<q
,

where q is a positive integer and the integral exists. For simplicity the special case
of the fractional derivative operator aDσ

x , when a = 0 will be written as Dσ
x . Thus

we have

(4.2) Dσ
x =0 Dσ

x .

Now by setting t = b in the main integral (2.1), it can be rewritten as the following
fractional integral formula :

D−σ
t {bρ−1

R FS [(gR); (hS); atu(b − t)η]Sm
n [ytµ(b − t)ν ]·

Sm
′

n′
[y

′
tµ

′

(b − t)ν
′

]H̄M,N
P,Q [ztµ(b − t)ν |(aj ,αj ;Aj)1,N ,(aj ,αj)N+1,P

(bj ,βj)1,M ,(bj ,βj ;Bj)M+1,Q
]} =

bρ+σ+1

Γ(σ)
·

[n/m]∑
k=0

[n
′
/m

′
]∑

k′=0

∞∑
r=0

(−n)mk(−n
′
)m′k′

k!k′ !
An,kA

′

n′k′
yky

′k
′

b(µ+ν)k+(µ
′
+ν

′
)k
′

f(r)·

(4.3) H̄M,N+2
P+2,Q+1[zbµ+ν |(1−ρ−ur−µk−µ

′
k
′
,µ;1),(1−σ−ηr−νk−ν

′
k
′
,ν;1),A?

B?,(1−ρ−σ−ur−ηr−µk−νk−µ′k′−ν′k′ ,ν+µ;1)
]b(u+η)r,

where Re(σ) > 0 and all the conditions of validity mentioned with (2.1) are satisfied.
The fractional integral formula given by (4.3) is also quite general in nature and
can easily yield Riemann-Liouville fractional integrals of a large number of simpler
functions and polynomials merely by specializing the parameters of H̄, Sm

n , Sm
′

n′
oc-

curing in it which may find applications in electromagnetic theory and probability.
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