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ABSTRACT. In this paper, we investigate higher-order linear differential equations with
entire coefficients of iterated order. We improve and extend the result of L. Z. Yang
by using the estimates for the logarithmic derivative of a transcendental meromorphic
function due to Gundersen and the extended Wiman-Valiron theory by Wang and Yi. We
also consider the nonhomogeneous linear differential equations.

1. Introduction and main results

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notation of the Nevanlinna value distribution theory of
meromorphic functions (see [12], [8]). The term “meromorphic function” will mean
meromorphic in the whole complex plane C. .

(o)

The linear measure of a set £ C [0,+00) is defined as m(E) = [, xz(t) dt.

The logarithmic measure of a set E C [1, +00) is defined by Im(E) = 1+°° xe(t)/tdt,

where yg(t) is the characteristic function of E. The upper and lower densities of
FE are

dens L E
densE = lim sup w, densF = lim inf w
r—+00 r r— 400 r
For k > 2, we consider a linear differential equation
(1.1) Ay f® +Ak_1f(k*1)+...+A0fzov

Received November 30, 2006.

2000 Mathematics Subject Classification: 34M10, 30D35.

Key words and phrases: meromorphic function, growth order, Wiman-Valiron theory.

Supported by Specialized Research Fund for the Doctoral Program of Higher Education
(20060422049) and NSF of China (10771121).

123



124 Junfeng Xu and Zhanliang Zhang

where Ay, -+, Ay are entire functions with Ay # 0. If Ay = 1, it is well known that
all solutions of (1.1) are entire functions, and if some of the coefficients of (1.1) are
transcendental, then (1.1) has at least one solution with order o(f) = oc.

Thus the question which arises is: What conditions on Ay, ..., Ax_1 will guar-
antee that every solution f # 0 of (1.1) has infinite order if Ax = 17

For the above question, there are many results for second order linear differential
equations (see for example [5],[7],[4],[2]).

In 2005, L.Z. Yang considered the higher order linear differential equations and
obtained the following result.

Theorem 1.1([13, Theorem 1]). Let H be a set of complex numbers satisfying
dens{|z| : z € H} > 0, and let Ao(z),A1(2), -+, Ar(z) be entire functions and
satisfy

|[Ao(2)] = 71",
A4 (=) <P, =1,0 0k,
as z — oo for z € H. Then every meromorphic (or entire) solution f #Z 0 of (1.1)

satisfies o(f) = oo and o2(f) > .

Theorem 1.2([13, Theorem 2]). Let H be a set of complex numbers satisfying
dens{|z| : z € H} > 0, and let Ag(z), A1(z), -, A_1(2) be entire functions and
A(z) =1 such that

max{co(A4;):j=1,--- | k—1} <0o(Ay) =0 < 40o0;
and for some constants 0 < 8 < a and for any € > 0 sufficiently small, we have

|[Ao(2)] = ™7,

|AJ(2)| S emz‘a_sv J = 1; T 7k7

as z — oo for z € H. Then every solution f # 0 of (1.1) satisfies o(f) = oo and
o2(f) = o(Ao).

Remark 1. In Theorem 1.2, we note Ag(z) = 1, this is to say, all the solutions
of equation (1.1) are entire functions. There will be a question to rise: If Ag(z) is
entire, what can be stated about the solutions of equation (1.1)? Obviously, the
solution f(z) of the equation (1.1) can be meromorphic function. In general, the
Wiman-Valiron theory will only be in effect for the solution of entire function f(z).
In this paper, we avoid the difficulty by using the method of Wang and Yi and
obtain the following result:

Theorem 1.3. Let H be a set of complex numbers satisfying dens{|z| : z € H} > 0,
and let Ag(2), A1(2), ..., Ar—1(2), Ax(2) be entire functions such that

max{o(A4;):j=1,--- ,k} < 0(4p) =0 < +ox0;
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and for some constants 0 < B < a and for any € > 0 sufficiently small, we have

(1.2) |[Ao(2)] = e*7,

(1.3) 14;(2)] < P77 G =1, K,

as z — oo for z € H. Then every meromorphic solution f # 0 of (1.1) satisfies
o(f) = o0 and o2(f) = 0(Ap).

Now there exists another question: For so many solutions of infinite order, how
to describe precisely the properties of growth of solutions of infinite order of (1.1)?

In this paper, we improve and extend Theorem 1.1 and Theorem 1.3 by making
use of the concept of iterated order. For r € [0,00), we define exp;r = e” and
exp;. 17 = exp(exp;r) (¢ € N). For r sufficiently large, we define log, r = logr,
log, ., r = log(log; ) (i € N). To express the rate of growth of entire function of
infinite order, we introduce the notion of iterated order (see [9], [1]).

Definition 1. The iterated i-order of a meromorphic function f is defined by

o0 (f) = limsup 22 L2F)

r—oo logr

(p € N).

Remark 2. (1). If p = 1, then we denote o1(f) = o(f); (2). If p = 2, then we
denote by oa(f) the so-called hyper order (see [14]).

Definition 2. The finiteness degree of the order of a meromorphic function f is
defined by

0 if f is rational,
i(f) = min{j € N:o,(f) < oo} if fis transcendental with

0;(f) < oo for some j € N,
00 if o;(f) =00, VjeN.

Definition 3. The iterated convergence exponent of the sequence of zeros of a
meromorphic function f is defined by

Mi(f) = lim sup 28" 1/F)

r—o0 log r

(i € N).

Theorem 1.4. Let H be a set of complex numbers satisfying dens{|z| : z € H} > 0,
and let Ag(z), A1(2),- -+, Ar(z) be entire functions and satisfy

(1.4) [Ao(2)] = expp{alz|"},
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(15) |AJ(Z)| < expp{ﬂ|z|#}7 ] = 17 T ak - 17k

as z — oo for z € H, where 0 < 8 < a,pu > 0,1 < p < oo. Then every meromor-
phic (or entire) f # 0 of (1.1) satisfies opi1(f) > p.

Theorem 1.5. Let H be a set of complex numbers satisfying dens{|z| : z €
H} > 0, and let Ao(2),A1(z),--- , Ax(2) be entire functions of iterated order with

max{o,(A4;):j=1,---,k} < 0,(Ag) =0 < +00, 1 < p < 0o such that for some
constants 0 < B < a and for any given € > 0, we have
(1.6) [Ao(2)| = exp,{alz]”""},
(17) |AJ(z)| SGXPP{B‘ZVT*E}’ .]:17 ak_lak7
as z — oo for z € H. Then every solution f # 0 of (1.1) satisfies opt1(f) =
op(Ag) =0.
Considering nonhomogeneous linear differential equations
(1.8) Apf® 4 Ay f* YD 4 L Agf=F

corresponding to (1.1), we obtain the following results of the iterated order and
iterated convergence exponent of zeros of solutions of (1.1).

Theorem 1.6. Let F, Ao(z), A1(2), -, Ax(2) salisfy the hypotheses of Theorem
1.5, and let F # 0 be an entire function of iterated order with i(F') = q.

(i) Ifg<p+lorq=p+1,0,11(F) <0,(Ao), then every solution f(z) of (1.2)
satisfies Ap11(f) = Aps1(f) = opy1(f) = o, with at most one exceptional
solution fo satisfying i(fo) <p+1 or opt1(fo) < 0.

(1) Ifg>p+1orq=p+1,0,(A) < 0pt1(F) < +00, then every solution f(z)
of (1.2) satisfies i(f) = q and o4(f) = o4(F).

2. Lemmas

Lemma 2.1.([10]) Let F(r) and G(r) be monotone nondecreasing functions on
(0,00) such that (i) F(r) < G(r)n.e. or (ii) for r # H U [0,1] having finite log-
arithmic measure, then for any constant o > 1, there exists rq > 0 such that
F(r) < G(ar) for allr > rg.

Lemma 2.2(Gundersen [6]). Let f be a transcendental meromorphic function of
finite order o. Let e > 0 be a constant, and k and j be integers satisfying k > 7 > 0.
Then the following two statements hold:

(a) There exists a set By C (1,00) which has finite logarithmic measure, such
that for all z satisfying |z| € E1 [0, 1], we have

F92)
21) ‘ ()

< |Z|(k—j)(o—1+a).
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(b) There exists a set Ey C [0,2m) which has linear measure zero, such that if
0 € [0,27w) — Ea, then there is a constant R = R(8) > 0 such that (2.3) holds
for all z satisfying argz = 0 and R < |z|.

Lemma 2.3(Gundersen [6]). Let f be a transcendental meromorphic function. Let
a > 1 be a constant, and k and j be integers satisfying k > j > 0. Then the
following two statements hold:

(a) There exists a set By C (1,00) which has finite logarithmic measure, and a
constant C' > 0, such that for all z satisfying |z| ¢ E1 [0, 1], we have (with

r=|zl)

ARG
792

(b) There exists a set Ey C [0,27) which has linear measure zero, such that if
0 € [0,27) — Es, then there is a constant R = R(0) > 0 such that (2.2) holds
for all z satisfying argz =0 and R < |z|.

(2.2)

i
<C [T(a:’f)(log r)*log T (ar, f) ’ .

Lemma 2.4([3], Lemma 1). Let g(z) be a meormorphic function with o(g) = 8 <
oo. Then for any e > 0, there exists a set E C (1,00) with ImE < oo, such that for
all z with |z| = r & ([0,1] U E),r — oo, then

19(2)| < exp{r*e}.

Applying Lemma 2.5 to 1/¢(z), it is clearly that for any given € > 0, there exists
aset £ C (1,00) with ImE < oo, such that for all z with |z| = r & ([0, 1]JUE),r — oo,
then

(2.3) exp{ "1} <|g(2)| < exp{r’Te}.

It is well known that the Wiman-Valiron theory (see[10]) is an indispensable
device while considering the growth of entire solution of a complex differential
equation. In order to consider the growth of meromorphic function solutions of
a complex differential equation, Wang and Yi [11] extended the Wiman-Valiron
theory from entire functions to meromorphic functions. Here we give the special
form where meromorphic function has infinite order:

Lemma 2.5. Let f(z) = g(2)/d(z) be the infinite order meromorphic function

and o2(f) = «, where g(z) and d(z) are entire functions, o(d) < oo, there exists

a sequence r;(r; — oo) satisfying z; = r;e%,0; € [0,27), lim 0; = 6y € [0,27),
j—oo

lg(z;)| = M(r;j,g) and j is sufficient large, we have

F™(z) (vl
f(z5) _< zj

)> (1+0(1))(n € N),
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logl
lim sup 0808 ¥g\T) (r)

00 logr o2(9) = e

Similar with the proof of Lemma 2.5, we can obtain the following result. Here
we omit the detail.

Lemma 2.6. Let f(z) = g(2)/d(z) be the infinite order meromorphic function and

op(f) = a, (p > 1), where g(z) and d(z) are entire functions, o,—1(d) < oo, there

evists a sequence 7i(r; — 00) satisfying z; = r;e'%, 0; € [0,27), lim 0; = O €
j—o0

[0,2m), |g(2;)| = M(rj,g) and j is sufficient large, we have

() (Vg(rj))n (1+0(1))(n € N),

f(z) 2
lo
liglsolip gipo;"(ﬂ =0,(9) = a.

Lemma 2.7(Kinnunen [9, Remark 1.3]). If f is a meromorphic function with
i(f) =p>1, then op(f) = op(f’).

Lemma 2.8([1]). Let f(z) be a meromorphic solution of the differential equation
f® 4 B f* D 4+ Bof = F,
where By, -+, Bx_1, F #Z 0 are meromorphic functions, such that
(1) max{i(F),i(B;)(j =0,--- ,k—=1)} <i(f) :=p+1, (0<p<o0); or
(2) max{op(F), 0y (B) (G = 0, i — 1)} < op1(f).
Then Ap+1(f) = Ap+1(f) = opia(f)-

3. Proof of main results

Proof of Theorem 1.3. Let f # 0 be a meromorphic solution of (1.1). By using the
same arguments as in Theorem 1.1, we have o(f) = occ.

Now for any given € > 0, by the result of Theorem 1.1, we have o2(f) > o —&.
Since € is arbitrary, we get oo(f) > o(Ag).

On the other hand, we can rewrite (1.1) to

A (k) A, (k—1) A !
1:_(JL+ ko1 f +...+71ff).
Ay f Ay f Ao f

Obviously, the poles of f must be the poles and zeros of A;(j =0,1,--- ,k —1,k),
then A(1/f) < 0 < co. By Hadmard factorization theorem, we know f can write
to f(z) = @, where ¢(z) and d(z) are entire functions, and A(d) = o(d) =

d(z)

(3.1)
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M1/f) <0 < 00, 03(f) = 02(g9). By Lemma 2.5, for any small € > 0, there exists
a sequence 7y (1, — 00) satisfying z;, = rpe’s, 0, € [0,27r)7klim 0 = 0y € [0,2m),

lg(zx)| = M (rg, g) and k is sufficient large, we have

FOr) _ <Vg(7”k)
f(zr) 2k

) (1+0(1))3 (]:Oalavk)
and

(3.2) exp{ry } < vy(ri) < exp{rg*c}.

By the condition of Theorem 1.3 and Lemma 2.4, for any given € > 0, and the
above 7 (ry — 00) such that

[Aj(z)] < P70 j=0,1,-

Hence from the equation (1.1), we have

< e (”g(”“))nl 11+ o0(1)] + e <”9(”“)>n2 11+ o0(1)]

|2 | |2k |

e (Vg(r’“)) 11+ o0(1)| + €.

|2k |
where the sequence ry(rp — 00) satisfying zp = rrei®* 6, € [0,27), klim O =0y €
[0,27), [g(2k)| = M(rk, g). By (3.2)-(3.3), we get

Jimn sup log log vg(r)

<o-+e.
r—o0 logr

Since ¢ is arbitrary, from Lemma 2.1, the above inequality and o2(g) < o, we can
obtain o5 (f) < 0. Together with oo(f) > o, we complete the proof of Theorem 1.3.
O

Proof of Theorem 1.4. Let f # 0 be a meromorphic solution of infinite order of
(1.1). We can get the equation of (3.1).

By Lemma 2.3, there exist a constant ¢ > 0 and a set F; C [0, 00) having finite
linear measure such that |z| = r & E; for all z = re'®. Then we have

‘ f

(3.4)

(j()z(;) <crT@r A, j=1,....k

f

By the hypotheses of Theorem 1.4, there exists a set H with dens{|z] : z €
H} > 0 such that for all z satisfying z € H, we have

(3.5) [Ao(2)] = expp{alz"},
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(36) ‘A](Z” Sexpp{[ﬂz‘uh j=1-- 7k717ka

as z — 00.
Hence from (3.1), (3.4)-(3.6), it follows that for all z satisfying z € H and
z ¢ F1, we have

(3.7) expp{oz|z|“} < kexpp{ﬁ|z|“}c[rT(2r, f)]mC

as z — o0o. Thus, there exists a set H; = H \ Fy with dens{|z| : z € H;} > 0 such
that

(3-8) exp,{(a = B)|e"} < ke[rT(2r, £)1*
as z — 0o. Therefore, by (3.8) and Definition 1, we obtain op+1(f) > u. O

Proof of Theorem 1.5. By Theorem 1.4, we have o,,41(f) > o—e¢, since ¢ is arbitrary,
we get opr1(f) > 0p(Ag) = 0. On the other hand, by Lemma 2.6, similar to the
proof of Theorem 1.3. We can get

1
(3.9) lim sup M

<o+e.
r—00 logr

Since ¢ is arbitrary, by (3.9) and Lemma 2.1, we obtain op41(f) = op11(9) < 0.
This and the fact that o,11(f) > o yield opt1(f) = 0. O

Proof of Theorem 1.6. (i) First, we show that (1.8) can possess at most one ex-
ceptional solution fy satisfying op+1(fo) < o or i(fo) < p+ 1. In fact, if f* is the
another solution with op41(f*) < o or i(f*) < p+ 1, then opt1(fo — f*) < o or
i(fo— f*) <p+1. But fo — f* is a solution of the corresponding homogeneous
equation (1.1) to (1.8), this contradicts Theorem 1.5. We assume that f is a so-
lution with o,41(f) > o, and fi, fa,--- , fi is a solution base of the corresponding
homogeneous equation (1.1). Then f can be expressed in the form

(3.10) f(z) = B1(2)f1(2) + Ba2(2) f2(2) + - - - + Br(2) fu(2),
where By(z),- -+, Bi(z) are suitable meromorphic functions determined by

Bi(2)f1(2) + By(2) f2(2) + -+ + By(2) fu(2) = 0,
Bi(2)fi(2) + By(2) f5(2) + -+ + Bi(2) fi(2) = 0,

(3.11)
B () V() + By SV () + -+ B2) £V (2) = F ().

Since the Wronskian W (f1, fo, -, fx) is a differential polynomials in f1, fo, -, fk
with constant coefficients, it is easy to deduce that op11(W) < opi1(f;) = 0p(Ao) =
o. From (3.11),

(312) B;:FG](fh’fk)W(fhafk)_la j:175k7
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where G;(f1,---, fx) are differential polynomials in fi, fa,-- , fr with constant
coefficients, thus
(3.13) op+1(Gj) < 0pta1(fi) = 0p(Ag) = 0.

Since i(F) < p+ 1 or i(F) = p+ 1 while 0p41(F) < 0,(Ap), by Lemma 2.7 and
(3.13), for j =1,--- , k, we have

(3.14) op+1(Bj) = Up+1(B§‘) < max{op1(F),0p(A0)} = 0p(Ao) = 0.
Then from (3.10) and (3.14), we get
(3.15) opt1(f) < max{op1(f;), op11(B))} = 0p(Ao) = 0.

This and the assumption 0,41 (f) > o yield op41(f) = 0. If f is a solution of the
equation (1.8) satisfying op41(f) = o, by Lemma 2.8, we have

Ap+1(f) = Ap11(f) = op1a(f) = 0.
(ii) From the hypotheses of Theorem 1.6 and (3.10)-(3.15), we obtain
(3.16) 0q(f) < 0q(F).
From (1.2), a simple consideration of order implies

Uq(f) > Uq(F)-

By this inequality and (3.16), 04(f) = 04(F"). This completes the proof of Theorem
1.6. O
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