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ABSTRACT. We determine maximal space-like hypersurfaces which are the images of sub-
bundles of the normal bundle of m-dimensional totally geodesic space-like submanifolds
of an (m + 2)-dimensional Lorentzian space form M. ™¥2(¢) under the normal exponential
map. Then we construct examples of maximal space-like hypersurfaces of ]\N/flm+2(c).

1. Introduction

A maximal hypersurface in a Lorentz-Minkowski n-space L™ is a space-like
hypersurface with zero mean curvature. It is well known that the maximal and con-
stant mean curvature space-like hypersurfaces are important in both mathematics
and physics points of view. They play some important roles in general relativity
(see for instance [12] and references therein).

One of the most important global results about maximal surfaces in L? is Calabi-
Bernstein’s theorem, which states that the only complete maximal surfaces in the
Lorentz-Minkowski space L3 are the space-like planes. This theorem was first proved
by Calabi in [4], and later it was extended to n-dimensional case by Cheng and Yau
in [5]. As a generalization of this result, complete space-like hypersurfaces with
constant mean curvature in a Lorentz manifold have been investigated in [1], [15],
[14], [10], [18], [3].

Recently, maximal space-like surfaces in the Lorentz-Minkowski 3-space L3 has
been studied in [9], [11], [2], [13]. For instance, in [11], maximal surfaces in L>
which are foliated by pieces of circles were classified; in [9], maximal rotation and
ruled surfaces in L? were investigated, and also, maximal helicoidal surfaces in L3
were studied in [13].

In [8], Kimura determined minimal hypersurfaces M foliated by geodesics of

a 4-dimensional space forms M* that given by M = {exp,(t)|p € X, t € R},

where ¥ is a minimal surface of a 4-dimensional space form M* and ¢ is a local
unit normal vector field on 3. As a partial generalization of Kimura’s work, in
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[7] we constructed the minimal hypersurfaces which are the image of a subbundle,
spanned by a nonparallel unit normal vector field £, of the normal bundle of an m-
dimensional totally geodesic submanifold of an (m+2)-dimensional space form under
the normal exponential map. These hypersurfaces are foliated by the geodesics of
the space forms.

Then, it is natural to construct the similar hypesurfaces of an (m + 2)-
dimensional Lorentzian space form M{”H(c). However, in a Lorentzian space vec-
tors with different causal characters usually turn into a wider variety of cases to
consider. In this work, for a space-like non-parallel unit normal vector field £, we
build up space-like hypersurfaces of a Lorentzian space form M"*?(c) under a con-
strain condition. More precisely, we start with a totally geodesic immersion f from
an m-dimensional connected Riemannian manifold M™ into an (m+2)-dimensional
Lorentzian space form Mf’“ (¢) and a non-parallel space-like unit normal vector
field £ to define a map F' : M x I — Mlmﬁ(c) by F(z,t) = exp(z,tf), where
x € M, t € T which is an open subset of R. The image F (M x I) is a space-like
hypersurface of M{"JFQ(C) foliated by the geodesics of M{”“ (¢) under a constraint
condition, which does not appear in the Riemannian space form [7]. We show that
F' is a maximal immersion under some conditions on the components of the normal
connection form of f. We also construct some examples.

2. Preliminaries

Let M;” be an m-dimensional pseudo-Riemannian manifold with pseudo-
Riemannian metric tensor g of index ¢. Denoting by (, ) the associated nonde-
generate inner product on Mg", a tangent vector X to M;” is said to be space-like
if (X, X) >0 (or X =0), time-like if (X, X) < 0 or light-like (null) if (X,X) =0
and X # 0. s

Let M™ be a submanifold of a pseudo-Riemannian manifold M;"*”. If the
pseudo-Riemannian metric tensor g of M ;’H‘” induces a pseudo-Riemannian metric
g on M™, then M™ is called a pseudo-Riemannian submanifold of M;” If the
index of g is zero then M is called a space-like submanifold.

Let X and Y be tangent vector fields on M™ and let £ be a normal vector
field on M™ in M;”*". Then the Gauss formula and the Weingarten formula are,
respectively, given by

VxY =VxY +h(X,Y) and Vxé&=—A(X)+ V%E,

where V is the Riemannian connection of M. , V and V' are, respectively, the
induced Riemannian connection of M and the normal connection of M™ in M, h
is the second fundamental form of M in M;"*" and Ag¢ is the shape operator of M
with respect to the normal vector £. Also the Gauss and Weingarten formulas yield

(2.1) {(Ae(X),Y) = (MX,Y), ).



Maximal Hypersurfaces of (m + 2)-Dimensional Lorentzian Space Forms 111

Let M™ be a submanifold of a pseudo-Riemannian manifold M ;”J“”. Let &1, - --

&, be an orthonormal local basis for T+ M. Then the mean curvature vector is given
by

)

1 n
— Z ei(traceAe,)&;,
m =1

where ¢; = (;,&;) = +1. For a space-like submanifold M of qu*", if H =0 on
M, then M is called a maximal submanifold of ]’\\/[/;””.

Let Mg”(c) be an m-dimensional connected pseudo-Riemannian manifold of
index ¢ and of constant curvature ¢, which is called an indefinite space form. Ac-
cording to ¢ > 0,c = 0 or ¢ < 0, it is a pseudo-Riemannian sphere S}*(c), a
pseudo-Euclidean space Ri* or a pseudo-hyperbolic space H;”(c), respectively. For
the index ¢ = 1, ST*(¢), RT* and HT*(c) are, respectively, called the de Sitter space-
time, Minkowski space-time and the anti-de Sitter space-time. Hence the indefinite
space form Mi"(c) is called a Lorentzian space form. 1f ¢ = 0, then M;"(c) is a
Riemannian space form. For simplicity, we suppose that the constant curvature c
of ]\/[1 (¢) is equal to 1, 0, —1 according to whether ¢ > 0,¢ =0, ¢ < 0.

Let Ry be an m-dimensional pseudo-Euclidean space with metric tensor given
by

q m
== (dw:)’+ ) (dz)?,
=1 1=q+1
where (x1,--+,7,,) is a rectangular coordinate system of Rj*. So (R}, g) is a flat

pseudo-Riemannian manifold of index g. For the pseudo-Riemannian sphere and
pseudo-hyperbolic space, we put

Sy (1) ={z € RZT+1| (z,z) =1} and HJ'(-1) ={r € Rgfll (x,x) = —1}.

Also the hyperbolic space H™(—1) is defined by
H™(-1) = {z € R"™| (z,2) = —1 and z; > 0},

where x; is the first coordinate in ]R;"'H.

Let f : M™ — M{“"’Q(c) be a smooth isometric immersion from an m-
dimensional connected Riemannian manifold M™ into an (m + 2)-dimensional
Lorentzian space form ]\A/[/f"‘*'z(c). Let &, 1 be a local orthonormal normal basis
of M™ in ]TJ/{”“(C) with signature ¢; = (€,€) and €2 = (n,7). Let X1,---, X, be
a local tangent basis on M and s be the normal connection form for V+ defined
by s(X;) = (Vx,&n). Since (§,7) = 0, then we see that Vi & = e25(X;)n and
VX n = —e18(X;)€. Here it is seen that if either £ or n is parallel in the normal
space then the normal connection form for V= is zero. We therefore suppose that
¢ and n are nonparallel.
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Denoting by s; the components of the connection form s, the covariant deriva-
tive of the 1-form s is defined by

sij = (Vx;8)(Xi) = Xj(si) — s(Vix,; Xi).
Then it is easily seen that
sij = (Vx, VX6 = Ve, x,.610)-
As the ambient space is a space form, the Ricci equation can be written as
(RH(X,Y)E,m) = ([Ae, A)X,Y), ([16, p.125]),

where R+ denotes the normal curvature tensor of the normal connection V4 and
[Ae, Ay) = Ac A, — Ay Ae. So we express the Ricei equation as

(2.2) sji — sij = (RE(Xi, X;5)6,m) = ([Ae, A) X;, X;).

If the normal curvature tensor R+ of the normal connection V+ vanishes identically,
then the normal connection is said to be flat.

Henceforth, for the sake of simplicity of the computations we take a local isother-
mal coordinate system (x1,--- ,2,,) of M such that 9; = B%i =pX,i=1,--,m,
where X7,---,X,, form an orthonormal tangent basis on M and ¢ is a positive
function on some open set in M. Thus the components of the first fundamental
form g on M are (fi, f;) = ¢0ij, i,j = 1,--- ,m. In terms of the chosen tangent
basis it is easily seen that

m 1
(2.3) Vi, Xi =Y A5 X Al = —> (X5 ~T),
k=1

where TI'}; are the Christoffel symbols of M. Hence s(Vx, X;) = Y.L, vfisk, and
we have

(24) XJ(SZ) = Sij + Z’yfjsk.
k=1

Let £ be a unit space-like normal vector field on M™ in M{"H(c). Then 7
is time-like, 1 = 1 and €2 = —1. The normal exponential mapping of M™ in
M{""2(¢) in direction ¢ is given by

exp(z, t§) = a(t) f(x) + b(t)¢(x),

where x € M and t € R. The functions a(t) and b(t) are given by a(t) =1, b(t) =t
if ¢=0;a(t) =cost, b(t) =sint if ¢ =1; and a(t) = cosht, b(t) = sinhtif ¢ = —1.
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3. Maximal hypersurfaces of M{"+2 (¢)

Let f: M™ — M{”“ (¢) be a smooth totally geodesic isometric immersion from
an m-dimensional connected Riemannian manifold M™ into an (m+2)-dimensional

Lorentzian space form Mlmﬁ (c). Let I be an open interval containing zero such
that I C (—n/2,7/2) when ¢ = 1. We then define a map F : M x I — M""?(c) by

(3.1) F(z,t) = exp(z, t).

The hypersurface F'(M x I) is the part of the image of the subbundle, spanned by
the space-like nonparallel unit normal vector field £, of the normal bundle T+-M
under the normal exponential mapping of M in M]""2(c).

The tangent vectors to the hypersurface at (1, -, x,,t) are expressed as

oF oF
:8 :afl+b§za i:17---7m7andthizalf—}—blf,
T

F;
ot

where F;, Fi, fi, &,... denote the derivatives of F, f, and & with respect to x;
and t; o’ and b’ are, respectively, the derivatives of a(t) and b(t). As f is totally
geodesic we have A¢ = 0 and A, = 0. So,

where D is the covariant differentiation in RTJFQ or RZ”?’, d =1,2. Hence
(3.2) (Fi, Fy) = ©*(a®6ij — Vsis;), (Fi, Fy) =0, (F, F) =1,

where 7,5 = 1,--- ,m. The tangent vector F} is space-like, and the tangent vectors
F;, i=1,---,m, are space-like if (F}, F;) = ¢*(a® — b?s2) >0, i = 1,--- ,m, that
is, the map F is space-like. Therefore we have the metric G on M x I induced by

F as 5 o )
G:(gp (a (Sij—b SiSj) ‘ O\
\ 0 A
Note that when the normal vector £ is time-like, then the tangent vectors F;’s
are space-like without any restriction and the tangent vector F; is time-like, and

hence F' is Lorentzian, which was studied in [6].
We need the following Lemma to show that the map F' is an immersion.

Lemma 3.1. Let E = I + pwv be an m x m matriz, where I is the m x m identity
matriz and v = (v1,- - ,Uy) € R™. Then E has two distinct eigenvalues 1 and
L4-p||v||* with multiplicities m—1 and 1, respectively, and further det E = 14-pu||v||>
and the matriz I — pdetEvTv is the inverse of E, where u = £1 and det E # 0
when = —1.

For 1 = 1, the Lemma was proved in [7] and the Lemma can be proved similarly
for p = —1.
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Proposition 3.2. Let f: M™ — Mlmﬁ(c) be a smooth totally geodesic isometric
immersion from an m-dimensional connected Riemannian manifold M™ into an

(m + 2)—dimensional Lorentzian space form M{”“ (c). If a® =a® —b%(s2 + -+ +

52.) > 0 on some connected open subset U C M x I, then the map F : U C M x I —
M 2(c) defined by (3.1) is a space-like immersion.

Proof. As f is totally geodesic, using the Lemma 3.1, the determinant of G is
calculated as

b2
det G :det(¢2(a25ij - b25i5j)) = (CLQQDQ)m det(&j — —25¢5j)
a

2452} = a2V (62 - 1282,

where §2 = s7+- - -+s2,. Since ¢ is a positive function, a? = a?—b?(s3+- - +s2) > 0
on the open subset U and the functions a(t) and b(¢) have no zeros simultaneously,
then det G = 0 if and only if a(tf) = 0. Therefore F' is an immersion if and only if
a(t) # 0. In fact, for ¢ = 0 and ¢ = —1, respectively, a(t) = 1 and a(t) = cosht,
which have no zeros for all ¢ € R, and for ¢ =1, a(t) = cost # 0on I C (—7n/2,7/2).

From the condition a?—b%(s3+- - -+s2,) > 0, we have a?—b%s2 > 0, i = 1,--- ,m.
Thus the coordinate vectors F;, ¢ = 1,--- ,m, are all space-like. As F; is also space-
like, then F' is a space-like immersion. ]

If F is an immersion, then from the Lemma 3.1, the inverse of G is obtained as

6 =

a2£2a2 (Oézfsij+b28i8j) ‘ 0\
0 A

By considering (2.3) and (2.4), the second derivatives of F' are calculated as

0?°F
(91‘1‘81}]‘
O

= %j(aXi —bs;n) + 302(aDXin —bX;(s:)n — bS¢V§‘<]77)

(3.3) F; =

= X;(Q)Fi+ ¢ {D_ v5(aXy — bsgn) — acdi; f + b(sis;& — sim)}
k=1

(X;(0)0ik + ©V85) i + bp* (si5,€ — si5m) — acp®Sij f

NE

E
Il
-

Fi'chk + b902(5i5j€ - 51]77) - CLC(pz(Sijf, 7’5] = 15 e, M,

NE

ES
Il
—

Fy = X; —Vsim), i=1,---,m, and Fy = (a"f+b"¢) = —cF.



Maximal Hypersurfaces of (m + 2)-Dimensional Lorentzian Space Forms 115

Let AN denotes the second fundamental form of I’ relative to the unit normal

vector N to F in M{"*?(c). So, for the coordinate vector fields 0y, ..., O, d;, if we
use the Gauss formula for F', then we have
}_LN(a’iaa]) <FZJ7N> (87,78t) < Zt7N>7 }_LN(ataat) = <Ftt7N>'
O

We prove the following theorem.

Theorem 3.3. Let f : M™ — Mm+2( ) be a smooth totally geodesic isometric
immersion from an m-dimensional connected Riemannian manifold M™ into an
(m+2)-dimensional Lorentzian space form Mm+2( ). Ifa? = a?—b? (s34 +s2) >

0 on some connected open subset U C M x I, then the immersion F: U C M xI —
Mlmﬁ(c) defined by (3.1) is mazimal if and only if the components, s;, of the
normal connection form s of f satisfy the following equations

(34) isii =0 and i S$i8585i = 0.
i=1

ij=1

Proof. Let Ay denote the shape operator of F' in Mlmw(c). By virtue of (2.1), it
is given by Ay = G~ 'h. Hence we can write the mean curvature vector H of F' in
M"*2(c) as

1
H‘Wz (0783 + Vsisg ) (i, N)N
,j=1

m

1 2 1
= T Datargr 2 @0 i) (F)”

1,j=1

where (Fj;)* denotes the projection of F}; on the normal space of F in M{”+2(C).
If ¢ # 0, then F' is maximal if and only if

(35) f/\f/\Fl/\/\Fm/\ Z(a25”+b23z51)Fﬂ:0,

ij=1

as FAF, = fNE If ¢ =0, then Fy = £ and thus F' is maximal if and only if

(36) 5/\F1/\/\Fm/\ Z(O&26W+b251$J)Fﬂ = 0.
i,j=1

Note that (3.5) and (3.6) do not depend on the chosen local coordinate system. For
¢ # 0, using (3.3) we obtain

m
fAENFLAN---NFp A Z (CYQ(SZ‘J‘ + bZSiSj)QOQbQSjiT] =0

4,5=1



116 Ugur Dursun

m m m
<~ Z (Ckz(sij + b28i8j)8ji =0« Z si; = 0 and Z 8i8j85i = 0.
i,j=1 i=1 i,j=1
Since M is totally geodesic, then we have s;; = s;; from the Ricci equation (2.2).
Similarly, the conditions (3.4) are valid for ¢ = 0. O

Note that the hypersurface F(U), which is the part of the image of the subbun-
dle, spanned by the unit space-like nonparallel normal vector field £, of the normal
bundle T+ M under the normal exponential mapping of M in M!"*?(c) is equiva-
lent the following two conditions: (1) F(U) is foliated by the geodesic of M{”“ (¢),
(2) m-dimensional distribution on F'(U) orthogonal to the geodesics in (1) is locally
integrable.

4. Construction of examples

Here we construct some examples of the maximal immersion, defined as in the
previous section, into space forms M{"2(c). We consider a totally geodesic isomet-
ric immersion f : M™(c) — M{”+2(C) from an m-dimensional Riemannian space
form M™(c) into an (m + 2)-dimensional Lorentzian space form Mlmﬁ (¢) defined
by

0,21, - ,Zm,0 if ¢=0,
f@rswm) = { ;(032(7«2 —g),z)xl,.-- ,20,,0) if ¢=F1,

where z1, -, 2y €R, 7?2 =1+c(@f+---+22)and for c=—1, 23+ +22 < 1.
We will do all computations for ¢ = F1. By a direct computations, the

components of the induced first fundamental form on M™(c) are obtained as

(fi, fj) = ;%5”', 1,7 =1,--+ ,m, which means that the chosen coordinate system on

M is isothermal and ¢ = %. Thus, X; = %%, i=1,---,m, form a local or-

thonormal tangent basis on M™(c). In terms of this metric the Christoffel symbols

are obtained as

k 2c

(4.1) Iy = —Tj(xﬂskj + 05k — £r05j).

For the normal space of M™(c) in ]T/.I'Jlm+2 (¢), an orthonormal local basis can, gen-

erally, be chosen as
& = (sinh 6,0,---,0,coshf), n=(coshb,0,---,0,sinh9),

where 6 = 0(x1,--- ,2,,) is a smooth function on some open subset of M. We
will find 6, which determines the unit nonparallel normal vector & on M™(c) such
that the immersion F' defined in previous section is maximal on some open subset
U C M x I under the condition a? = a?—b?(s2+---+52,) > 0. Now we will calculate
the components s; of the normal connection s and their covariant derivatives s;;.
From the definition of s;, we have
r? 0 r? 00
(42) 5= (V&) = (Dx&om = G (g = 5
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that is, s; = féﬁi, i=1,---,m, and hence
r2 0 r? r2 r?
Xi(s) = —=—(=6;) = ——(cx,;0;, + —0;;).

Using the equations (2.3) and (4.1), we have ’yfj = —c(x;0k; — x10;;). Therefore, by
considering (2.4), we obtain

2 2 m vt m
(43) Sij = 75[635‘]'01‘ + 59” + CZ(iL’i[;kj — xkéw)ﬂk] = I(*Qij + erﬂk)
k=1 k=1

Here it is clear that s;; = s;; if and only if 6;; = ;. Thus, by using (4.2) and (4.3),
the first equation of (3.4) turns out to be

(4.4) 2¢(2 — m)d + r? Z 0;; =0,

i=1

and the second equation of (3.4) becomes

m
(45) 205@2 + 7"2 Z 9749]9]1 = 0,
i,j=1
where = 3" x,0; and 6% = 3.7 62.

For ¢ = 0, by a straightforward computation we can see that the equations (4.4)
and (4.5) are valid.

The solutions of the partial differential equations (4.4) and (4.5), which were
studied for m = 2 in [8] give us the function 0, that is, the normal vector fields on
M™(c¢) which are not parallel in the normal space of f in M{”"’Q (c) unless 6 is a
constant function on M™(c). For m > 2, the following some special solutions of
the equations (4.4) and (4.5) were studied in [7]. In the domains of these solutions,
the map F' may not be a space-like immersion. For some solutions, we will obtain
some connected open subset of the domain of f to find an interval for ¢ with the
restriction a? = a? — 5252 > 0 such that F is a smooth maximal immersion.

Example 4.1. For ¢ = 0, we have a linear solution of the equations (4.4) and (4.5),
which is

(4.6) O(z1, - xpm) =Crzy + - + Crm,
and hence

F(xy, - ,xm,t) = (tsinh@,xl,--~ ,a:m,tcoshﬁ),
2

VC++CE

is a smooth maximal immersion for (z1, -+ ,z,) € R™ and |t <

which comes from the condition a2 = a2 — 252 >0 .
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Let ¢ be a positive integer such that £ < m/2, m > 2. For ¢ = —1,0,1, the
function

¢
(4.7) O(x1,- &) = Z C; arctan 2 ,
i=1

T2i—1

is a solution of the equations (4.4) and (4.5) in the open domain D, =
{(x1, - ,zm) ER™: @9; 1 #0, i=1,---,£}, where Cy,---C; € R. However, the
map F may not be a space-like immersion on Dgy. For the following examples, we
will consider some connected open subset of Dj to find an interval for the parameter
t such that F' is a smooth maximal immersion. Moreover, we will show that F is a

ruled immersion. Let ¢; # 0. Then 21 = 0 — Cowy — -+ — Crpvpn, Ci = C;/Cy, i =
2,---,m, and
FO,z9-- xpp,t) = (tsinh@, 0 —Coxg — - — Conym, Ta, - - - ,xm,tcoshﬂ).

This expression means that F is a ruled maximal immersion in R7**? because
To - ,Tm,t are linear parameters, which span totally geodesic m-planes R™.

Example 4.2. For ¢ = 0, a linear combinations of the solutions (4.6) and (4.7)
gives

4 m
T2
(4.8) O(x1,- -, @op, Tapg1, 1 Tm) = E C; arctanx — + E Cix;,
i=1 Zi—l o

which is also a solution of (4.4) and (4.5) in the open domain Dy, (see [7]). Now
let us consider the open set W(pg) = {(@1, " ,zm) € R™ : 2% + -+ + 23, > pi}
for some constant pg. Using (4.2), when we calculate 52 for the function (4.8) we
obtain

1

2 2
(0%4_...4’_9?”):4( % Ci

+ot L+ Cp -+ C
ot + 3 RE

§? =

=] =

On the set W(po), @3, 4 +3; > p¢ for i =1,2,--- (. Hence

o 1 [(C}+---4+CF
52<4( T Ot O )
0

Therefore we have

2 /0?2 4+...4+C?
Q21t2§2>14<ﬁ2ﬂ+022g+1++Cfn>>0,

Po
as a(t) =1 and b(t) = t. This implies that
2po

lt] < = t,.
VO + 4 CP 4 p3(CRpy ++ -+ CR)
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As a result, the map F' given by

¢
F(x1, -, Tm,t) = (t sinh(ZCi arctan + Z Cixi),T1, s Ty
i=1 i=20+41

+ Z sz>

1=20+1

¢
t COSh(Z C; arctan

T
i1 2i—1

is a smooth maximal immersion on each connected component of the open set
U = (Do N W(po)) x (—to, o).
For m =2 (¢ = 1), if we put u = y/2% + 22, then we can write the map F as

0 0
F(0,u,t) = (t sinh 0, ucos —, usin —, ¢ cosh §),
Cy’ Cy’
which shows that F' is a 2-ruled maximal immersion in R} as u and t are linear
parameters that span totally geodesic planes R2.

Example 4.3. For ¢ = 1, we consider the solution (4.7) of the equations (4.4) and
(4.5). Let W(popo) = {(x1, -+ ,xm) ER™ : p2 < a2+ -+ 22 < p3} for some
constants pg < 1 and pp > 1. Since 2 =1 + 2% + --- + 22, when we calculate 2
we get

2 2 22))? 2
2 _ T p2 2 (I+ a2y + &
== (071+---+0;,,)=
4 ( m) L=21 QZ’ —1 +x21
On the set W (popo) we can write 23, | + x3; > p2 for i = 1,--- ,{. Hence, on the

set Do N W (potio)

¢ ¢
2 < 1+ﬂo S, c? (1+M3)QZQ?_ 1+ p3)* ZCz
iz1 a3y + 33 4 =1 I 4pj im1

Therefore, using a(t) = cost, b(t) =sint, we have

a? = cos?t —sin®t §2 >cos2t—sin2t +MO ZCZ >0,

2po

(1+ pd)\/>oi, CF

14

which gives us |t| < arctan = 1. Thus the map F

o xo; . (r? —2)cost
F(xy, - ,xp,,t) = (smtsmh C; arctan , ,
( o) (32 Gravetan 220, =
¢
2x1 cost 2%y, cost
T sin ¢ cosh( ZC arctanxm 1) ,

=1
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is a smooth maximal immersion on each connected component of the open set
U= (DoNW(popo)) x (—to,t0), where r> =1+ 22 + - - + 22,

Example 4.4. For ¢ = —1, we reconsider the solution (4.7) of the equations (4.4)
and (4.5). Let W(pol) = {(z1, - ,2m) ER™: p2 <23+ .- + 22, < 1} for some

constants pg < 1. Since r? =1 — 2% — ... — 22 | when we calculate 52 we get
2 2 )2 2
2_ T (2 2 (l—ay—--- &
5:7(014»...4»9 ):
4 " ; x5 1+ 3
On the set W (pol) we can write z3;_; + x3;, > pg for i = 1,--- ,¢, and thus
(1- p )? ‘ C? (1- p )? L2 (1—p3)
52 < 0 Z 0 Z A/ R Rl Zcz
—ag_ +5”21 = PO 2

Therefore, using a(t) = cosht, b(t) = sinht, we have

1— p2)2 4
a? = cosh?t — sinh? ¢ 82 > cosh? t — sinh? ¢ # Z CZ >0,
45 4

2po

(1 p3)y/ 220 CF

‘
i 2—1r? ht
F(x1, 2, 1) =<sinhtsinh(z C; arctan T2 ), (2 —7%)cos

To;— r
i—1 2i—1

= 1o, and the map F becomes

which gives us [t| < tanh ™

¢
2 ht 2 ht
%,--- ,% sinh ¢ cosh ZC’ arctan )),

i=1

r T2i—1
which is a smooth maximal immersion on each connected component of the open
set U = (Do NW(pol)) x (—to,to), where r> =1 — 2% — .. — 22 .

For ¢ = —1,0,1 and m > 2, we have another solution of the differential equations
(4.4) and (4.5) from [7] as

Cix1+ -+ Chxp )
4.9 O(x1, - ,Tp, Tpat, ** ,Tm) = arctan
( ) ( 1 +1 ) <Cn+]_l'n+1+"'+cmxm
when Y ", CZ2 =>"" nHCQintheopendomainD—{(xl,--- Ty Tty > Tm) €
R™ 3" o1 Cizg #0, and if ¢ = 1,27 + - + 22, < 1}, where C},---Cp, € R,

As in the above examples, it can be Shown that for some connected open subset of
D, there is an open interval for ¢ for which F' is a smooth maximal immersion.



Maximal Hypersurfaces of (m + 2)-Dimensional Lorentzian Space Forms 121

References

[1]
2]

9]
[10]
11]
12]
13]

[14]

[15]

[16]
[17]

K. Akutagawa, On space-like hypersurfaces with constant mean curvature in the de
Sitter space, Math. Z., 196(1)(1987), 13-19.

L. J. Alias, R. M. B. Chaves, and P. Mira, Bjorling problem for maximal surfaces in
Lorentz-Minkowski space, Math. Proc. Camb. Phil. Soc., 134(2003), 289-326.

J. O. Baek, Q. M. Cheng, and Y. J. Suh, Complete space-like hypersurfaces in locally
symmetric Lorentz space, J. Geometry and Physics, 49(2004), 231-247.

E. Calabi, Examples of Bernstein problems for some nonlinear equations, Proc. Symp.
Pure Math., 15(1970), 223-230.

S.Y. Chehg and S. T. Yau, Mazimal space-like hypersurfaces in the Lorentz-Minkowski
spaces, Ann. Math., 104(1976), 407-419.

U. Dursun, On Minimal Hypersurfaces of Lorentzian Space Forms, Tirk Matematik
Dernegi XI. Ulusal Matematik Sempozyumu, Siilleyman Demirel Universitesi, Isparta,
Turkey, pp. 105-114, 1998.

U. Dursun, On minimal and Chen immersions in space forms, J. Geom., 66(1999),
104-111.

M. Kimura, Minimal hypersurfaces foliated by geodesics of 4-dimensional space forms,
Tokyo J. Math., 16(1993), 241-260.

O. Kobayashi, Mazimal surfaces in 3-dimensional Minkowski space L*, Tokyo J.
Math., 6(1983), 297-3009.

H. Li, On complete mazimal space-like hypersurfaces in a Lorentz manifold, Soochow
J. Math., 23(1)(1997), 79-89.

J. J. Lopez, R. Lopez, and R. Souam, Mazimal surfaces of Riemann type in Lorentz-
Minkowski space L*, Michigan Math. J., 47(3)(2000), 469-497.

J. E. Marsden and F. J. Tipler, Mazimal hypersurfaces and foliations of constant mean
curvature in relativity, Phys. Rep., 66(1980), 109-139.

P. Mira and J. A. PastorR, Helicoidal mazimal surfaces Lorentz-Minkowski space,
Monatsh. Math., 140(2003), 315-334.

S. Montiel, An integral inequality for compact space-like hypersurfaces in de Sitter
space and applications to the case of constant mean curvature, Indiana Univ. Math.
J., 37(4)(1988), 909-917.

H. Nishikawa, On mazimal space-like hypersurfaces in a Lorentzian manifold, Nagoya
Math. J., 95(1984), 117-124.

B. O’Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983.

S. H. Park, Sphere-foliated minimal and constant mean curvature hypersurfaces in
space forms and Lorentz-Minkowski space, Rocky Mountain J. Math., 32(2002), 1019-
1044.

[18] Y. J. Suh, Y. S. Choi, and H.Y. Yang, On space-like hypersurfaces with constant mean

curvature in a Lorentz manifold, Houston J. Math., 28(1)(2002), 47-70.



