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FUZZY PAIRWISE y-IRRESOLUTE HOMEOMORPHISMS
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ABSTRACT. We define and characterize a fuzzy pairwise y-irresolute open map-
ping (fuzzy pairwise y-irresolute closed mapping) on a fuzzy bitopological space.
We also characterize a fuzzy pairwise ~y-irresolute homeomorphism on a fuzzy
bitopological space. |
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1. Introduction

Azad [1], Singal and Prakash [9] introduced a fuzzy semiopen set and a fuzzy
preopen set and studied the characteristic properties of a fuzzy semicontinuous
mapping and a fuzzy precontinuous mapping on a fuzzy topological space. Later,
Sampath Kumar [7, 8] defined a (7;, 7;)-fuzzy semiopen set and a (7, 7;)-fuzzy
preopen set and characterized a fuzzy pairwise semicontinuous mapping and a
fuzzy pairwise precontinuous mapping on a fuzzy bitopological space as a natural
generalization of a fuzzy topological space.

Hanafy (2] defined a fuzzy <y-open set and studied a fuzzy y-continuous map-
ping on a fuzzy topological space. The first author and others [4, 5] devel-
oped Hanafy’s results. In particular, they defined and characterized a fuzzy
v-irresolute mapping and a fuzzy ~-irresolute open mapping on a fuzzy topolog-
ical space. They also [3, 6] extended their results to a fuzzy bitopological space,
that is, they defined and characterized a fuzzy pairwise y-continuous mapping
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and a fuzzy pairwise y-irresolute continuous mapping on a fuzzy bitopological
space.

In this paper, we define a fuzzy pairwise y-irresolute open mapping (a fuzzy
pairwise ~-irresolute closed mapping) on a fuzzy bitopological space and study
their properties. And we characterize a fuzzy pairwise -y-irresolute homeomor-
phism on a fuzzy bitopological space.

2. Preliminaries
Let X be a set and let ; and 72 be fuzzy topologies on X. Then we call
(X, T1,72) a fuzzy bitopological space [fbts].

A mapping f : (X,711,72) — (Y,17,75) is fuzzy pairwise continuous [fpc| if
and only if the induced mapping f : (X,7) — (Y, 7;) is fuzzy continuous for
k=1,2.

Notations. (1) Throughout this paper, we take an ordered pair (7;,7;) with
1,7 € {1,2} and i # j.
(2) For simplicity, we abbreviate a 7;-fuzzy open set u and a 7;-fuzzy closed
set 1 with a 7; — fo set u and a 7; — fc set u respectively. Also, we denote the
interior and the closure of u for a fuzzy topology 7; with 7, — Inty and 7; — Clp
- respectively.

Definition 2.1. [6, 7, 8] Let u be a fuzzy set on a fbts X. Then we call y;

(1) a (73, 7j)—fuzzy semiopen [(7;,7;) — fso] set on X if

p < 75 — Cl(1; — Int p),
(2) a (74, 75)—fuzzy semiclosed [(7;,7;) — fsc] set on X if

7; — Int(m; — Clu) < p,
(3) a (r:, 7;)—fuzzy preopen [(7;, 7;) — fpo] set on X if

| p < 7 —Int(r; — Clu),

(4) a (i, 7j)—fuzzy preclosed [(7;, ;) — fpc| set on X if

7; — Cl(7; — Int ) < u,
(8) a (7:, 75)—fuzzy y—open [(7;, T;) — fvo] set on X if

p < é'j — Cl(7; — Int u) V 7y — Int(7; —Cly) and
(6) a (7:, 7;)—fuzzy y—closed [(1i,7;) — fyc] set on X if
7 — Cl(1; — Int ) A 75 — Int(m; — Clp) < p.

It is clear that every (7, 7;) — fso set is a (73, 7;) — fyo set and every (i, 7;) —

fpo set is a (7, 7;) — fyo set from the above definition. But the converses need
not be true in general [6].
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Proposition 2.2. [6] (1) The union of (1;,7;) — fvo sets is a (7, 7j) — fyo set.
(2) The intersection of (1;,7;) — fvyc sets is a (7:,7;) — fyc set.
But the intersection (the union) of two (i, ;) — fyo sets ((7,7;) — fyc sets)
need not be a (7;, ;) — fyo set ((7:,7;) — fyc set) [6].

Proposition 2.3. [6] Let u be a fuzzy set on a fbts X.
(1) If u is a (74, 7;) — fyo and 7 — fc set, then u is a (1;, 1) — fso set.
(2) If p is a (74, 7;) — fyc and 7; — fo set, then u is a (7, 7;) — fsc set.

Definition 2.4. [6] Let u be a fuzzy set on a fbts X.
(1) The (7, 7;) — y—interior of u, (7;,7;) — vInt 4, is

\/{u|v <u, visa (m, 1) — fyo set}.

(2) The (7i, ;) — y—closure of u, (7;,7;) — yCly), is

/\{u|u >, visa (n, 1) — fyc set}.

Obviously, (7;,7;) — ¥Clu is the smallest (7;,7;) — fyc set which contains
u, and (7;,7;) — vyInty is the largest (7:,7;) — fyo set which is contained in p.
Therefore, (7;, 7;) —vCly = u for every (7;, 7;) — fycset pand (75, 7;) —vInty = p
for every (7;,7;) — fyo set p. ;

- Moreover, we have

T; — Intu < (Ti,Tj) —slnty < (Ti,Tj) — vyIntp < p,

p < (1, 75) —vClp < (13, 75) = sClp < 73 — Clp

and |
7 — Intp < (7, 75) — pIntu < (73, 75) — viIntp < 4,

p < (7i,13) —yClp < (7i,73) — pClp < i — Clp.

We also have the following lemma from the above definition, which will be
used later.

Lemma 2.5. Let yu be a fuzzy set on a fbts X. Then

(73, 75) — vInt(p°) = (73, 75) — vClp)*

and
(73, 75) — yClp) = ((1i, 73) — vIntp)®.
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Proof. Let u be a fuzzy set on a fbts X. Then

(7, 75) —Clp = /\ {yc v >u, v Iis. a (1, 75) — fyo set} S
= (V {Nc |u>p, visa (m,7) — fyo -Set})%
= ((rr5) = Int(u9)) e

Hence (7;, 7j) —vInt(u®) = (((Ti, 75) u'yCl,u) . Similarly we ca,nl prove the second
equality. I | | S

Definition 2.6. [6] Let f : (X, 7, 72) — (Y,77,75) be a mapping. Then f is
called a fuzzy pairwise y—continuous {fpyc|] mapping if f~}(v) is a (13, 7;) — fyo
set on X for each 7 — foset von Y.

Definition 2.7. [6] Let f : (X, 7, 7) — (Y,7],75) be a mapping. ‘Then f is
called;

(1) a fuzzy pairwise y—open [fpy open| mapping if f(u) is a (7, 7]) — ffyo
set on Y for each ; — fo set u on X and

(2) a fuzzy pairwise y—closed |fpy closed] mapping if f(p)isa (75, 75) = fre
set on Y for each 7; — fcset u on X. . -

Definition 2.8. [3] Let f : (X,11,72) — '(Y,I'ri" ,To) be a'mappi_ng.."' ‘“Theh
f is called a fuzzy pairwise v-irresolute continuous [fp'y-lrresomte continuous|
mapping if f~'(v) is a (7, 7;) — fyo set on X for each (77,7) — froset vonY.

It is clear that every fp~y-irresolute continuous mapping is fpvyc from the
above definitions. But the converse is not true in general [3].

Proposition 2.9. [3] Let f : (X, n,m2) — (Y,7},75) be a mapping. Then the
following statements are equivalent:
(1) f is fpy-irresolute continuous. . R
(2) The inverse image of each (7], 77) — fvc set on Y is a ('rz, 7;) — fyc set on

(3) -f.((Tz', Tj) — 70@) < (1) — 'yCI( (p,)) for each fuzzy_ set u on X.
(4) (1i,75) — 'yCI(f'" (z/)) < f7Y((r?, 73) — yClv) for each fuzzy set v onY.
(5) f~((77, ;) — vIntv) < (Tt,’TJ) 'yInt( (V)) for each fuzzy set v on Y

Proposition 2.10. [3] Let f : (X, 71,72) — (Y,7,73) be a bijection. Then f
is fpy-irresolute continuous if and only if for each fuzzy set p on X,

(8,75) = YInt(f (W) < f( (73 75) = vIntu).
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3. Fuzzy pairwise ~vy-irresolute homeomorphisms

In this section, we introduce a fuzzy pairwise vy-irresolute open mapping (a
fuzzy pairwise vy-irresolute closed mapping) which is stronger than a fuzzy pair-
wise y-open mapping (a fuzzy pairwise v-closed mapping). And we characterize
a fuzzy pairwise «y-irresolute open mapping (a fuzzy pairwise ~y-irresolute closed
mapping) and a fuzzy pairwise y-irresolute homeomorphism.

Definition 3.1. Let f: (X, 7, 72) — (Y, 75, 75) be a mapping. Then f is called
(1) a fuzzy pairwise 7y-irresolute open [fp~y-irresolute open| mapping if f(u)
isa (7],77) — fyoset on'Y for each (7i,7;) — fyo set u on X and
(2) a fuzzy pairwise vy-irresolute closed [fpy-irresolute closed] mapping if f(u)
isa (77,77) — fycset on Y for each (7;,7;) — fycset pon X.

It is clear that every fpy-irresolute open mapping and every fpy-irresolute
closed mapping are fpy open and fp7y closed respectively. But the converses are
not true in general as the following example shows.

Example 3.2. Let yy, uo, pg and pg4 be fuzzy sets on X = {a,b,c} with

pa(a) = 0.9, pa1(b) = 0.9, u; = 0.9,
po(a) = 0.4, ua(b) = 0.4, u3 = 0.4 and
uz(a) = 0'7”“’3.(1)) =0.7,u3 =0.7.

Let -
11 = {0x,p1,1x}, 72 ={0x,1x} and

_ | T;‘={Ox’u3a1X}aTg:{OXaanlX}-
be fuzzy topologies on X. - - .
‘Then we can show that the identity mapping ix : (X, 71, 72)— (X, 7{,79) is

fpy open. But ix is not fpy-irresolute open since p§ is not a (77, TJ‘-") — fvo set.

Theorem 3.3. Let f(X,m,m) — (Y, 'ff,ré") be a mapping. Then the foll_owé
ing statements are equivalent: - |
(1) f is fpy-irresolute open.

(2) f ((Ti, Tj) — fyIntu) < (_Ti*,fj*) — yInt(f(u)) for each fuzzy set pon X.
(3) (13, 75) — ’)’Int(f“l(y)) < f-'-l' ((Ti*, T;) — fnyjtV) for each fuzzy set. v on

Proof. (1) implies (2): Let u be a fuzzy set on X. Then f((7;,7;) — yIntu) is a
(r7,77) — fyoset on Y and f((7,7;) — vyIntu) < f(u). Hence

f((Ti,Tj) —--'yIntu), = ('r:','r;) — ~Int (f((ﬂ;,*rj) — 'ylntp,))‘ |

< (r7,7) = Int (£ ().



762 Hyo Sam Lee, Joo Sung Lee and Young Bin Im .. . . -

(2) implies (3): Let v be a fuzzy set on Y. Then

£ (7, 7) = vnt(F 7 ())) <

Therefore,

(73, 75) = yInt(f 71 (v)) < f7 (f(('r,-, Tj) — ’Ylnt(f*l('/))))
< f7H{7f,75) — yIntw).
(3) implies (1) Let u be a (73,7;) — fyo set on X. Then

p = (7i,75) — yInty
< (7i,75) — vt (£ (f (1))
< F7H( L 75) = vInt(£(w)-
Therefore,
£() < £ (£ ((70075) — VInt(F (1))
< (1) — AInt(F ().
Hence f(u) = (77,77) — vInt(f(u)). Consequently, f(u) is a (77, 7]) — fyo set
on Y and therefore f is fpy-irresolute open. []

Proposition 3.4. A mapping f : (X,n,72) — (Y, 7], 73) is” fpy-irresolute
closed if and only if (v},7}) —vCI(f(u)) < f ((T-;,, ;) — 'yCIp) for each fuzzy set
ponX. |

Proof. Let u be a fuzzy set on X. Then f{(r;,7;) —Cly) is a (77, 77) — fyc set
onY and f(u) < f((7,7j) — ¥Clu). Hence | |
(75, 73) = 4OUF () < (77,77) = 7CU£((72,75) = 7CU))
= f((ri,73) = 1Clp).

Conversely, let u be a (73, 7j) — fyc set on X. Then
(75, 7) = YCUf () < f ((Ti, ;) — 'yClp.)
= f(n).

Consequently, f(u)isa (77,7;)— fycset on Y and therefore f is a fpy-irresolute
closed mapping. U
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Theorem 3.5. Let f: (X, 7, 7)) — (Y, 71,73) be a bljectzon Then the follow-
ing statements are equivalent:

(1) f is fpy-irresolute closed.

(( T T) — ‘yCIU) (15, 75) — YCIf~*(v)) for each fuzzy set v on'Y.

(2) f
(3) f is fpy-irresolute open.
(4) f~* is fpy-irresolute continuous.

Proof. (1) implies (2): Let v be a fuzzy set on Y. Then, by Proposition 3.4,
(7,75 = QU £ W) < £((ny) = 1QUF T @),
Hence |
() = 1)) < £ (A ) = QD) -
Since f is a bijection,
£, 75) = 1CW) < (73, 73) = ¥CUSFTHW)).
(2) implies (1): Let u be a fuzzy set on X. Then
£, 1) = ¥CUF (1)) < (s 75) = YCUS (A (W))
Hence -
U ((7,75) = QU )) < () = YU FW)).
Since f is a bijection,
(7f,75) = ¥CUF (W) < £((7i,75) = 7Cls).

Therefore, by Proposition 3.4, f is fpy-irresolute closed.
(2) implies (3): Let v be a fuzzy set on Y. Then

£7((r2075) = 7010 < () = vOUS T 9)),

By Lemma 2.5,

() = Int(f ) = () = 1O D)
Fa (CRAREEIN
= f~ (( )——'yIntu).
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Hence f is fpy-irresolute open from Theorem 3.3.
(3) implies (4): Let v be a fuzzy set on Y. Then

(15, 75) = yInt(f 7} (v)) < f7F ((T;, T;)\— 'yIntV). -

Since f is a bijection, by Proposition 2.10, f~! is fﬁy-irfeSolute.continuous-;
(4) implies (2): It is clear from Proposition 2.9. [

We have the following corollaries from Proposition 2.9, Proposition 3,4 and
Theorem 3.3.

Corollary 3.6. Let f : (X, 1, m2) — (Y, 7], 7)) be amapping. Then, f isa fpy-
irresolute closed and fpry-irresolute continuous if and only if f ((T,,, 'rJ) 'yCIy,)
(77, 77) — 'yCI(f( )) for each fuzzy set p on X. |

Corollary 3.7. Let f : (X,71,72) — (Y,7],75) be a mappiﬁg. Then, f‘ is
fpv-irresolute open and fpy-irresolute continuous if and -inyi__if f1 (('r yT5) —

vClv) = (13, 7;) —yCI(f~1(u)) for each fuzzy set v on Y.
j H _ y -

A bijection f : (X, 11, m2) — (Y, 77,75) is called a fuzzy pairwise y-irresolute
homeomorphism if f and f~! are fuzzy pairwise ~y-irresolute continuous map-
pings.

Theorem 3.8. Let f: (X, 71,72) — (Y, 77, 73) be a bijection. Then the follow-
ing statements are equivalent: |

(1) f is a fuzzy pairwise y-irresolute homeomorphism.

(2) 7! is a fuzzy pairwise y-irresolute homeomorphism.

(3) f and f~! are fpy-irresolute open (fpy-irresolute closed).

(4) f is fpvy-irresolute continuous and ‘fp'y—irresolme open (fpy-irresolute
closed). - \

(5) f((Ti,Tj) — 'yCIu) - .(’r. 7)) - ~vCI(f (p)) for each fuzzy set | on X

(6) f((n,r,) 'yIntu) (17, J) 'yInt( (p)) for each fuzzy set puon X.

(7) f~ (( T T]) 'yIntV) = (1, 7j) —yInt(f~*(v)) for each fqzzy set v on Y.
(8) (13, 15) —yCIf 1 (v)) = ((T;‘,TJ’.“) — “)/CIV) for each fuzzy set vonY.
| Proof. (1) implies (2): .'It follows immedia;tely fro}h the deﬁni:tion of a fuzzy
pairwise 7y-irresolute homeomorphism.

(2) implies (3) and (3) implies (4): It follows from Theorem 3.5.
(4) implies (5): It follows from Theorem 3.5 and Corollary 3.6.
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(5) implies (6): Let u be a fuzzy set on X. Then, by Lemma 2.5,

£(r2,75) = vlmts) = (f((75,75) = YOUw)) )

= ((2,7) =2 ()~
= (T;a T;) - YInt f(u). o

(6) implies (7): Let v be a fuzzy set on Y. Then

f((rs,75) = YInt(f 1 (v))

i

(55 75) = YInt(F(f 1 ()

(177, TJ’-") — yIntv.

Hence

£ (£ ) = At @) = £ ) — o)
Therefore, | - S
(7i,75) = AInt(f 7 (v)) = F7H(7, 7)) — 7Intw).

(7) implies (8): Let v be a fuzzy set on Y. Then, by Lemma 2.5,

(15,75) = YCUf () = (f‘l((n-*, i) = 'YInt(V")))C

= ((r75) = yInt(F (%))
= 17H((73, 7)) = 7CW).

(8) implies (1): It follows from Theorem 3.5 and Corollary 3.7. O
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