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ON FORMANEK’S CENTRAL POLYNOMIALS

WOQOO LEE

ABSTRACT. Formanek([2]) proved that M,(K), the matrix algebra has
a nontrivial central polynomial when charK = 0. Also Razmyslov{[3])
showed the same result using the essential weak identity. In this article we
explicitly compute Formanek's central polynomial for M2(C) and M3(C)
and classify the coefficients of the central polynomial.
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1. Introduction.

Let K be a field of characteristic 0, A an K-algebraand R = K < z1,...,Zn >
the polynomial ring over K in noncommutative variables z,,...,z,

Definition 1.1. A polynomial F(z;,...,z,) € R is called a polynomial identity
of Aif F(ay,...,an)=0forallay,...,ap € A

Here are some examples.

Example 1.2. The ring of upper triangular n x n matrices over a field of
characteristic 0 satisfies [z1,y1] - - [Zn, yn] where [z,y] = zy — yz.

Example 1.3. The matrix algebra My(K) satisfies [[z,y]?, 2] = (zy —yz)? 2z —
z- (zy — yz)?.

Definition 1.4. A polynomial F(z;,...,z,) € R is called a central polynomial
for an algebra A if

(1) F(ay,.-.,an) belongs to the center of A for all a;,...,a, € A,

(2) F(xy,...,%,) is not a polynomial identity for A (i.e. F(ai,...,a,) #0
for some a,,...,a, € A),

(3) The constant term of F(zy,...,z,) is 0.

Received August 20, 2007.
© 2008 Korean SIGCAM and KSCAM .

751



752 Woo Lee

Remark 1.1. If an algebra A has a central polynomial F(zy,...,Zx), then
F(z1,...,Zn) Tnt1 — Tny1 - F(x1,...,%,) is a polynomial identity for A.

Amitsur-Levitzki([1])showed that M, (K) has the polynomial identity of de-
gree 2n, so called the standard polynomial. This standard polynomial is of

minimal degree. In other words, there is no polynomlal 1dent1ty of degree 2n — 1
or less for M, (K). | -

Example 1.5. The ring of upper triangular n x n matrices over K for n > 2 in
Examplel.2 does not have central polynomials.

Example 1.6. The matrix algebra M2(K) has a well known central polynomial
[z, y]?.

2. Formanek’s central polYnOmia]s.'

In the section, we briefly review Formanek’s construction of central polyno-
mial for M, (K). o |

Theorem 2.1. (Formanek [2], Razmyslov [3]) The matriz algebra M,(K) has
a central polynomial.

Proof. 1t’s sufficient to show that a polynomial P(X,Y;,...,Y,) is a scalar ma-
trix when X is an n X n generic matrix over K and Y1,...,Y, are arbltrary
n X n matrices. Let Kuy,...,Un, Uns1] be a commutative polynomlal ring over
K and let K < z,%1,...,¥n > be a noncommutative algebra over. K. Define a
K-linear map | | | | | |

¢ Klul,...,Un,Uny1] = K < TyYls s Yn >
on monomials by
¢>(“’? a U;fll) = 2T YT Yz Y o Y1 T YT
and extend by K-linearity. Set G(z,v1,...,¥n) = &(g(u1,..., un,un+1'--))' -where
g(u1, ..., Un,Upy1) = H (u1 — u)(Ung1 — ’uz') H (UJ - Uk)z

Now the central polynomial is

Pz, Y1, Yn) ZG(:U Yiy .- 'yn)'_[' G(z,y2,. . ’y"’yl)
-+ G(T,Yn, Y1, -y Yn—1)

We only need to verify that ’P(:c Yis..Yn) IS central when z = dlag('ul, +v ey Un)
and yx = ey, ;.. Then z - e;; = vie;; and ;5 - T = vjeq; 1mp11es " |
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™ T2 T3 Ty Ty . ry,.r To,Jn+1 . . .
T NT Y2l VY3 Yn—1T "Ypx T = e '01-22 t Uy, vj,: €i1,51€42,5k2 """ Cipdn

Thus G(x’ etl :jl 3 .eiZgjkz st eiu;jn) - g('vzl y e ’Uin E Uj'u )e"'l :jl ei2;jk2 "t ein’jﬂ- *
But g(vs,,...v,,v;, ) = 0 unless

(¢1,...,%n) is a permutation of (1,...,n) and 4, - jn a (2)
If (2) holds, then |
g(vil,...vin,vjn) = H (’Us - ’Ut)z = A,
" 1<js<t<n

where A = A(vy,...,v,) is the discriminant of vy, ..., vn.
Furthermore e;, j €, j.2---€i, j, = 0 unless j; =12, jo =13, ..., Jn—1 = in.
Therefore

G o - _ J Aey, 5,  if the matrix units are a cycle;
(x’ 611 sJ1? e?'? s.?k2 e ezn ;jn) : .

0 - otherwise.
Hence

AI if the matrix units are a cycle;
PLlT, iy ,510€ig,x20 -+ Cinin ) = 0 otherwise.

This implies that P(z, yl, . yn)' is a central po.lynomié,l for Mn(K ). O]

3. The coeflicients of the central polynomials.

Now we are ready investigate the coefficients of the central polynomials. First

of all, for n = 2, g(u1, u2,us) = (u1 — up)(us — uz) = Uruz — U Uz — Upuz + us.
Then |

G(2, 91, ¥2) = TY1922 — TY1TY2 — Y1TY2T + Y17y (3)
Lemma 3.1. The central polynomial of 2 variables for My(K) is [X,Y]2.

Proof. In (3); set y = y1 = y2. Then
G(z,y,y) = zy’z — zyzy — yzyz + yz'y
= (zy —yz)® = [X,Y]*.
Thus o | |
P(z,y,y) = G(z,y1,¥2) + G(z, Y2, Y1)
=26G(z,y,9) = 2(X,Y]*.

Lemma 3.2. The central polynomial of 2 variables for M3(K) is (4).
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Proof. If n =3, then

g((u1,uz, usz, ug) = (uy — uz)(uq — uz)(ul - uz)(ug — uz)(ug — u3z)>.

By expanding we have

Thus

3,,2

2,3 4 2,2 2
glu1, u2, us, uq) = uTUSU3 — UTUSU3 — 2UTUSUSZ + UITUSU3J
4,2 , 2 3 2,3 3,3
+ uqu3z + ujuguy + Uruzuz — 2UnuU3

— Uy uz'u,4 + wlud — U2U3U4 + uq u4U4
3 2U3 142 2

2
+ uusuzuy — ususug + uiusuiuy — 2u1u%u§u4

+ ugugm — ufugu,; + ugugm + ugusuy

— upuiug + viuiul — uyusul — 2uiuguzul
. 2
+ ul'u.%ugug + u‘gugui + ufu§u4 + uluguguff
2, 2 3 3,2

2 2
- 2U2U3U4 - UIUSU4 + UZU3U4

G(z,y1,¥2, v3) = T2y123pzys — i ztyezys — 2212 Yz ys + Ty 2P Y22y

= 201271 Y3z — TYiT YT + Y1TYT YsT

+ nztpzlys + Pyizyec’ys + apzycys — 2netyrtys

— oy xy2x’ys + n’yextys — Pyl pyse + zyiatypyse

+ $2y1$2y2$y3$ - Y1 a:4y2.:z:y3:c + .x2y1 :cyga:2y3m — 2:cy1x2y2:c2y3m
+ y123yx’ysz — 22 yriysz + Y122y riysz + Tyiyeztyse

— y1zyeziysT + L2 y1T0Yaysa® — T T Y2ysT — 282y TY2TY3T?

+ 1 22yozysz® + iz yozysz? + riyiyarlyazr? + Ty Tyariysa’

2

If we set y = yl':: Y2 = Y3, then

f:,;’P(:r,y,y,y) = G(z,9,%,Y)

= 22yxdyry - zyxtyry — 2rcyrliyxiy + ryriyzly
+ yxtyrly + LPyzyriy + zyz’yz’y — 2yziyzy
— zyzyz'y + yrlyaty - Pyz’yc + zyrty’s
2, .2 - 2 2, _ 2,2, (4)
+ rfyxyzyr — yx*yryr + ryryryr — 2xyxryryc
+ yrdyrlyr — 2y?3yx + yrlyxdyx + zylatyz
— yzyzlyz + 2?yz?y?a? — oyaly?s? - 2’yzyays?®

2,22

+ a:yxzy:z:ya:2 + _;:;:z:s'y:z:lr;:t:2 + Yy y:c2 + a:y.vz:y:zr:gy:c2

— yrlyziyx® — xy’23yx? + yryzyz®.
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The absolute value of the coefficients of the central polynomials in Lemma 3.1,
3.2 are less than or equal to n. o

1.
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