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STRONG CONVERGENCE OF COMPOSITE IMPLICIT
ITERATIVE PROCESS FOR A FINITE FAMILY OF

NONEXPANSIVE MAPPINGS

Feng Gu

Abstract. Let E be a uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {Ti}N

i=1 be N nonexpansive

self-mappings of K with F = ∩N
i=1F (Ti) ̸= ∅ (here F (Ti) denotes the set

of fixed points of Ti). Suppose that one of the mappings in {Ti}N
i=1 is

semi-compact. Let {αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1) and {βn} ⊂ [τ, 1]

for some τ ∈ (0, 1]. For arbitrary x0 ∈ K, let the sequence {xn} be
defined iteratively by

(

xn = αnxn−1 + (1 − αn)Tnyn,

yn = βnxn−1 + (1 − βn)Tnxn, ∀n ≥ 1,

where Tn = Tn(modN). Then {xn} convergence strongly to a common

fixed point of the mappings family {Ti}N
i=1.

The result presented in this paper generalized and improve the corre-

sponding results of Chidume and Shahzad [C. E. Chidume, N. Shahzad,
Strong convergence of an implicit iteration process for a finite family of
nonexpansive mappings, Nonlinear Anal. 62(2005), 1149-1156] even in
the case of βn ≡ 1 or N = 1 are also new.

1. Introduction and preliminaries

Let K be a nonempty subset of a normed linear space E. Let T be a self-
mapping of K. Then T is said to be nonexpansive if, for all x, y ∈ K, the
following inequality holds:

(1.1) ∥Tx − Ty∥ ≤ ∥x − y∥.

Convergence theorems for nonexpansive mappings have been established by
a number of authors ([1]-[4] and the references therein).
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Let K be a closed subset of real Banach space E and T : K → K be a
mapping. T is said to be semi-compact (or hemicompact) if for any bounded
sequence {xn} in K such that ∥xn − Txn∥ → 0 (n → ∞), there exists a
subsequence {xni} ⊂ {xn} such that xni → x∗ ∈ K.

A mappings family {Ti}N
i=1 of N self-mappings of K with F = ∩N

i=1F (Ti) ̸= ∅
is said to satisfy condition (B) on K if there exists a nondecreasing function
f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that, for
all x ∈ K,

(B) max
1≤l≤N

{∥x − Tlx∥} ≥ f(d(x, F )).

In 2001, Xu and Ori [6] introduced the following implicit iteration process for
a finite family of nonexpansive mappings {Ti : i ∈ I} (here I = {1, 2, · · · , N}),
with {αn} a real sequence in (0, 1), and an initial point x0 ∈ K:

x1 = α1x0 + (1 − α1)T1x1,

x2 = α2x1 + (1 − α2)T2x2,

· · · · · ·
xN = αNxN−1 + (1 − αN )TNxN ,

xN+1 = αN+1xN + (1 − αN+1)T1xN+1,

· · · · · · ,

which can be written in the following compact form as follows:

(1.2) xn = (1 − αn)xn−1 + αnTnxn, ∀n ≥ 1,

where Tn = Tn(modN) (here the mod N function takes values in I). Xu and
Ori proved the weak convergence of this process to a common fixed point of
the finite family defined in a Hilbert space. They further remarked that it
is yet unclear what assumptions on the mappings and/or the parameters {αn}
are sufficient to guarantee the strong convergence of the sequence {xn}.

In 2002, Zhou and Chang [7] studied the weak and strong convergence of
this implicit iteration process to a common fixed point for a finite family of
nonexpansive mappings.

Recently, Chidume and Shahzad [2] improved the result of Zhou and Chang
[2] and proved the following result.

Theorem CS1. ([2, Theorem 3.2]) Let E be a uniformly convex Banach space
and K be a nonempty closed convex subset of E. Let {Ti : i ∈ I} be N
nonexpansive self-mappings of K with F = ∩N

i=1F (Ti) ̸= ∅ (here F (Ti) denotes
the set of fixed points of Ti). Suppose that {Ti : i ∈ I} satisfy condition (B).
Let {αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1). From arbitrary x0 ∈ K, define the
sequence {xn} by (1.2). Then {xn} convergence strongly to a common fixed
point of the mappings family {Ti : i ∈ I}.

Theorem CS2. ([2, Theorem 3.3]) Let E be a uniformly convex Banach space
and K be a nonempty closed convex subset of E. Let {Ti : i ∈ I} be N
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nonexpansive self-mappings of K with F = ∩N
i=1F (Ti) ̸= ∅ (here F (Ti) denotes

the set of fixed points of Ti). Suppose that one of the mappings in {Ti : i ∈ I}
is semi-compact. Let {αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1). From arbitrary
x0 ∈ K, define the sequence {xn} by (1.2). Then {xn} convergence strongly to
a common fixed point of the mappings family {Ti : i ∈ I}.

In this paper we will extend the implicit iteration process (1.2) to a new
composite implicit iteration process as follows:

(1.3)

{
xn = αnxn−1 + (1 − αn)Tnyn,

yn = βnxn−1 + (1 − βn)Tnxn, ∀n ≥ 1,

where Tn = Tn(modN), x0 is a given point in K and {αn}, {βn} ⊂ [0, 1].
Especially, if βn ≡ 1 for all n ≥ 1, then (1.3) become the non-implicit form

as follows:

(1.4) xn = αnxn−1 + (1 − αn)Tnxn−1, ∀n ≥ 1.

The purpose of this paper is to study the strong convergence of iterative
sequence {xn} defined by (1.3) and (1.4) to a common fixed point for a finite
family of nonexpansive mappings in Banach spaces. The results presented in
this paper generalized and improve the corresponding results of Chidume and
Shahzad [2] and Zhon and Chang [7].

In order to prove the main results of this paper, we need the following
Lemmas:

Lemma 1.1. ([5]) Let p > 1 and R > 0 be two fixed numbers and E be
a Banach space. Then E is uniformly convex if and only if there exists a
continuous, strictly increasing, and convex function g : [0,∞) → [0,∞) with
g(0) = 0 such that

∥λx + (1 − λ)y∥p ≤ λ∥x∥p + (1 − λ)∥y∥p − Wp(λ)g(∥x − y∥)
for all x, y ∈ B(0, R) = {x ∈ E : ∥x∥ ≤ R} and λ ∈ [0, 1], where

Wp(λ) = λp(1 − λ) + λ(1 − λ)p.

Lemma 1.2. ([4]) Let {λn} and {σn} be two sequences of nonnegative real
numbers such that

λn+1 ≤ λn + σn, ∀n ≥ 1,

where
∑∞

n=1 σn < ∞. Then limn→∞ λn exists. Moreover, if there exists a
subsequence {λnj} of {λn} such that λnj → 0 as j → ∞, then λn → 0 as
n → ∞.

2. Main results

In order to prove our main results, the following lemma is needed.

Lemma 2.1. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {Ti : i ∈ I} be N nonexpansive self-mappings of
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K with F = ∩N
i=1F (Ti) ̸= ∅ (here F (Ti) denotes the set of fixed points of Ti).

Let {αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1) and {βn} ⊂ [τ, 1] for some τ ∈ (0, 1].
For arbitrary x0 ∈ K, define the sequence {xn} by (1.3). Then

(a) limn→∞ ∥xn − x∗∥ exists for all x∗ ∈ F ;
(b) limn→∞ ∥xn − Tlxn∥ = 0 for all l ∈ I.

Proof. For any given x∗ ∈ F , it follows from (1.3) that

(2.1)

∥yn − x∗∥ = ∥βn(xn−1 − x∗) + (1 − βn)(Tnxn − x∗)∥
≤ βn∥xn−1 − x∗∥ + (1 − βn)∥Tnxn − x∗∥
≤ βn∥xn−1 − x∗∥ + (1 − βn)∥xn − x∗∥

and so that
∥xn − x∗∥ = ∥αn(xn−1 − x∗) + (1 − αn)(Tnyn − x∗)∥

≤ αn∥xn−1 − x∗∥ + (1 − αn)∥Tnyn − x∗∥
≤ αn∥xn−1 − x∗∥ + (1 − αn)∥yn − x∗∥
≤ αn∥xn−1 − x∗∥ + (1 − αn)[βn∥xn−1 − x∗∥ + (1 − βn)∥xn − x∗∥]
= (αn + βn − αnβn)∥xn−1 − x∗∥ + [1 − (αn + βn − αnβn)]∥xn − x∗∥.

This implies that

(2.2) ∥xn − x∗∥ ≤ ∥xn−1 − x∗∥

and so, by Lemma 1.2, limn→∞ ∥xn − x∗∥ exists. Substituting (2.2) into (2.1),
we have

(2.3)

∥yn − x∗∥ ≤ βn∥xn−1 − x∗∥ + (1 − βn)∥xn − x∗∥
≤ βn∥xn−1 − x∗∥ + (1 − βn)∥xn−1 − x∗∥
= ∥xn−1 − x∗∥.

On the other hand, since limn→∞ ∥xn −x∗∥ exists, and so {xn} is bounded.
Thus there exists R > 0 such that xn − x∗ ∈ B(0, R). Form (2.3) it follows
that yn − x∗ ∈ B(0, R). Further, by ∥Tnyn − x∗∥ ≤ ∥yn − x∗∥, we know that
Tnyn − x∗ ∈ B(0, R). By (2.3) and Lemma 1.1 with p = 2, for any x∗ ∈ F , we
have

(2.4)

∥xn − x∗∥2 = ∥αn(xn−1 − x∗) + (1 − αn)(Tnyn − x∗)∥2

≤ αn∥xn−1 − x∗∥2 + (1 − αn)∥Tnyn − x∗∥2

− W2(αn)g(∥Tnyn − xn−1∥)
≤ αn∥xn−1 − x∗∥2 + (1 − αn)∥yn − x∗∥2

− W2(αn)g(∥Tnyn − xn−1∥)
≤ αn∥xn−1 − x∗∥2 + (1 − αn)∥xn−1 − x∗∥2

− W2(αn)g(∥Tnyn − xn−1∥)
= ∥xn−1 − x∗∥2 − αn(1 − αn)g(∥Tnyn − xn−1∥).
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Since {αn} ⊂ [δ, 1 − δ], it follows from (2.4) that

δ2g(∥Tnyn − xn−1∥) ≤ αn(1 − αn)g(∥Tnyn − xn−1∥)
≤ ∥xn−1 − x∗∥2 − ∥xn − x∗∥2.

Therefore, for any positive m, we have

δ2
m∑

n=1

g(∥Tnyn − xn−1∥) ≤ ∥x0 − x∗∥2 − ∥xm − x∗∥2 ≤ ∥x0 − x∗∥2.

Letting m → ∞, we have

δ2
∞∑

n=1

g(∥Tnyn − xn−1∥) ≤ ∥x0 − x∗∥2 < ∞,

which implies that limn→∞ g(∥Tnyn − xn−1∥) = 0. But g is a continuous and
strictly increasing function with g(0) = 0 and so we have

(2.5) lim
n→∞

∥Tnyn − xn−1∥ = 0.

Moreover, since ∥xn − xn−1∥ = (1 − αn)∥Tnyn − xn−1∥ and so, from (2.5), we
obtain

(2.6) lim
n→∞

∥xn − xn−1∥ = 0.

Therefore, it follows that

(2.7) lim
n→∞

∥xn − xn+l∥ = 0, ∀l ∈ I.

It follows from (2.5) and (2.6) that

∥xn − Tnyn∥ ≤ ∥xn − xn−1∥ + ∥xn−1 − Tnyn∥ → 0 as n → ∞,

which implies that

(2.8) lim
n→∞

∥xn − Tnyn∥ = 0.

Since {βn} ⊂ [τ, 1] for some τ ∈ (0, 1], from (1.3), we have

∥yn − xn∥ ≤ βn∥xn−1 − xn∥ + (1 − βn)∥Tnxn − xn∥
≤ ∥xn−1 − xn∥ + (1 − τ)∥Tnxn − xn∥

and so

(2.9)

∥xn − Tnxn∥ ≤ ∥xn − Tnyn∥ + ∥Tnyn − Tnxn∥
≤ ∥xn − Tnyn∥ + ∥yn − xn∥
≤ ∥xn − Tnyn∥ + ∥xn−1 − xn∥ + (1 − τ)∥Tnxn − xn∥.

Hence it follows from (2.6), (2.8) and (2.9) that

τ∥xn − Tnxn∥ ≤ ∥xn − Tnyn∥ + ∥xn−1 − xn∥ → 0 as n → ∞,

which implies that

(2.10) lim
n→∞

∥xn − Tnxn∥ = 0.
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Now, for all l ∈ I

∥xn − Tn+lxn∥
≤ ∥xn − xn+l∥ + ∥xn+l − Tn+lxn+l∥ + ∥Tn+lxn+l − Tn+lxn∥
≤ ∥xn − xn+l∥ + ∥xn+l − Tn+lxn+l∥ + ∥xn+l − xn∥.

It follows from (2.7), (2.10) and the above inequality that

lim
n→∞

∥xn − Tn+lxn∥ = 0, ∀l ∈ I.

Consequently, we have

(2.11) lim
n→∞

∥xn − Tlxn∥ = 0, ∀l ∈ I.

This completes the proof. ¤
Theorem 2.2. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {Ti : i ∈ I} be N nonexpansive self-mappings of
K with F = ∩N

i=1F (Ti) ̸= ∅ (here F (Ti) denotes the set of fixed points of Ti).
Suppose that {Ti : i ∈ I} satisfy condition (B). Let {αn} ⊂ [δ, 1 − δ] for some
δ ∈ (0, 1) and {βn} ⊂ [τ, 1] for some τ ∈ (0, 1]. For arbitrary x0 ∈ K, define
the sequence {xn} by (1.3). Then {xn} convergence strongly to a common fixed
point of the mappings {Ti : i ∈ I}.

Proof. Let x∗ ∈ F . Then, as in Lemma 2.1, {xn} is bounded, limn→∞ ∥xn−x∗∥
exists and

∥xn − x∗∥ ≤ ∥xn−1 − x∗∥, ∀n ≥ 1.

Taking infimum over all x∗ ∈ F , we have d(xn, F ) ≤ d(xn−1, F ) and so, by
Lemma 1.2, limn→∞ d(xn, F ) existe. Also, by Lemma 2.1, we obtain

lim
n→∞

∥xn − Tlxn∥ = 0, ∀l ∈ I.

Since {Ti : i ∈ I} satisfy condition (B), we conclude that limn→∞ d(xn, F ) = 0.
Next we prove that the sequence {xn} is a Cauchy sequence in K. In fact,

since limn→∞ d(xn, F ) = 0, for any given ϵ > 0, there exists a natural num-
ber n0 such that d(xn, F ) < ϵ

3 for all n ≥ n0 and, in particular, we have
d(xn0 , F ) < ϵ

3 . Therefore, there exists y∗ ∈ F such that ∥xn0 − y∗∥ < ϵ
2 .

Consequently, for any n ≥ n0 and m ≥ 1, we have

∥xn+m − xn∥ ≤ ∥xn+m − y∗∥ + ∥xn − y∗∥

≤ ∥xn0 − y∗∥ + ∥xn0 − y∗∥ <
ϵ

2
+

ϵ

2
= ϵ.

This implies that {xn} is a Cauchy sequence in K. By the completeness of K,
we can assume that limn→∞ xn = z∗ ∈ K.

It remains to show that z∗ is a common fixed point of T1, T2, · · · , TN . Let
ϵ̂ > 0 be given, then there exists a natural number n1 such that ∥xn − z∗∥ <
ϵ̂
4 for all n ≥ n1. Since limn→∞ d(xn, F ) = 0, there exists a natural number
n2 ≥ n1 such that d(xn, F ) < ϵ̂

5 for all n ≥ n2 and, in particular, we have
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d(xn2 , F ) < ϵ̂
5 . Therefore, there exists w∗ ∈ F such that ∥xn2 − w∗∥ < ϵ̂

4 .
Hence, for any i ∈ I and n ≥ n2, we have

∥Tiz
∗ − z∗∥ ≤ ∥Tiz

∗ − w∗∥ + ∥w∗ − z∗∥
≤ 2∥w∗ − z∗∥ ≤ 2(∥w∗ − xn2∥ + ∥xn2 − z∗∥)

< 2
(

ϵ̂

4
+

ϵ̂

4

)
= ϵ̂,

which implies that Tiz
∗ = z∗ for all i ∈ I. Hence z∗ ∈ F (Ti) for all i ∈ I and

so z∗ ∈ F = ∩N
i=1F (Ti). This completes the proof. ¤

Corollary 2.3. Let E be a uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {Ti : i ∈ I} be N nonexpansive self-
mappings of K with F = ∩N

i=1F (Ti) ̸= ∅ (here F (Ti) denotes the set of fixed
points of Ti). Suppose that {Ti : i ∈ I} satisfy condition (B). Let {αn} ⊂ [δ, 1−δ]
for some δ ∈ (0, 1). For arbitrary x0 ∈ K, define the non-implicit iterative se-
quence {xn} by (1.4). Then {xn} convergence strongly to a common fixed point
of the mappings {Ti : i ∈ I}.

Proof. Taking βn = 1 for all n ≥ 1 in Theorem 2.2, then the conclusion of
Corollary 2.3 can be obtained from theorem 2.2 immediately. This completes
the proof. ¤
Theorem 2.4. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {Ti : i ∈ I} be N nonexpansive self-mappings
of K with F = ∩N

i=1F (Ti) ̸= ∅ (here F (Ti) denotes the set of fixed points of
Ti). Suppose that one of the mappings in {Ti : i ∈ I} is semi-compact. Let
{αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1) and {βn} ⊂ [τ, 1] for some τ ∈ (0, 1]. For
arbitrary x0 ∈ K, define the sequence {xn} by (1.3). Then {xn} convergence
strongly to a common fixed point of the mappings {Ti : i ∈ I}.

Proof. Without loss of generality, we can assume that T1 is semi-compact. By
Lemma 2.1, we have limn→∞ ∥xn − T1xn∥ = 0. So there exists a subsequence
{xnk

} ⊂ {xn} such that xnk
→ x∗ ∈ K as k → ∞. Now, Lemma 2.1 guarantees

that limk→∞ ∥xnk
− Tlxnk

∥ = 0 for all l ∈ I and so ∥x∗ − Tlx
∗∥ = 0 for all

l ∈ I. This implies that x∗ ∈ F . Since limn→∞ d(xn, F ) = 0, it follows, as
in the proof of Theorem 2.2, that {xn} convergence strongly to some common
fixed point in F . This completes the proof. ¤
Corollary 2.5. Let E be a uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {Ti : i ∈ I} be N nonexpansive self-
mappings of K with F = ∩N

i=1F (Ti) ̸= ∅ (here F (Ti) denotes the set of fixed
points of Ti). Suppose that one of the mappings in {Ti : i ∈ I} is semi-compact.
Let {αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1). For arbitrary x0 ∈ K, define the
non-implicit iterative sequence {xn} by (1.4). Then {xn} convergence strongly
to a common fixed point of the mappings {Ti : i ∈ I}.
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Proof. Taking βn = 1 for all n ≥ 1 in Theorem 2.4, then the conclusion of
Corollary 2.5 can be obtained from theorem 2.4 immediately. This completes
the proof. ¤
Proposition 2.6. ([2, Proposition 3.4].) Let E be a uniformly convex Banach
space and K be a nonempty closed bounded convex subset of E. Suppose T :
K → K. Then T is semi-compact if T satisfies any of the following conditions:

(a) T is either set-condensing or ball-condensing (or compact);
(b) T is a generalized contraction;
(c) T is uniformly strictly contractive;
(d) T is strictly semicontractive;
(e) T is of strictly semicontractive type;
(f) T is of strongly semicontractive type.

Remark 2.7. (1) A mappings family {Ti : i ∈ I} of N self-mappings of K
with F = ∩N

i=1F (Ti) ̸= ∅ is said to satisfy condition (C) on K if there exists a
nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all
r ∈ (0,∞) such that, for all x ∈ K,

(C)
1
N

N∑
l=1

∥x − Tlx∥ ≥ f(d(x, F )).

It is possible to replace condition (B) in Theorem 2.2 and Corollary 2.3 by
condition (C).

(2) In view of Proposition 2.6, it is possible to replace the semi-compactness
assumption in Theorem 2.4 and Corollary 2.5 with any one of the contractive
assumptions (a)-(f).

(3) Theorem 2.2 and Theorem 2.4 generalize Theorem CS1 and Theorem
CS2, and the implicit iterative process {xn} defined by (1.2) is replaced by the
new composite implicit iterative process {xn} defined by (1.3).

(4) Corollary 2.3 and Corollary 2.5 generalize Theorem CS1 and Theorem
CS2 and the implicit iterative process {xn} defined by (1.2) is replaced by the
non-implicit iterative process {xn} defined by (1.4).

(5) Theorem 2.4 and Corollary 2.5 generalize Theorem 3 of Zhou and Chang
[7] by weakening the requirement that {Ti : i ∈ I} is a semi-compact family.

(6) The result presented in this paper even in the case of N = 1 is also new.

References

[1] C. E. Chidume, Iterative algorithms for nonexpansive mappings and some of their gen-

eralizations, Nonlinear Anal. and Appl., R. P. Agarwal, et al. (Eds.), Kluwer Academic
Publishers, 2003, pp. 383–429.

[2] C. E. Chidume and N. Shahzad, Strong convergence of an implicit iteration process for
a finite family of nonexpansive mappings, Nonlinear Anal. 62(2005), 1149–1156.

[3] N. Shahzad, Approximating fixed points of non-self nonexpansive mappings in Banach
spaces, Nonlinear Anal. 61(2005), 1031–1039.

[4] K. K Tan and H. K. Xu, Approximating fixed points of nonexpansive mappings by the
Ishikawa iteration process, J. Math. Anal. Appl. 178(1993), 301–308.



STRONG CONVERGENCE OF COMPOSITE IMPLICIT ITERATIVE PROCESS 43

[5] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16(1991),
1127–1138.

[6] H. K. Xu and M. G. Ori, An implicit iterative process for nonexpansive mappings,
Numer. Funct. Anal. and Optimiz. 22(2001),767–773.

[7] Y. Zhou and S. S. Chang, Convergence of implicit iteration process for a finite family
of asymptotically nonexpansive mappings in Banach spaces, Numer. Funct. Anal. Appl.
23(2002), 911–921.

Institute of Applied Mathematics and Department of Mathematics, Hangzhou

Normal University, Hangzhou, Zhejiang 310036, People’s Republic of China
E-mail address: mathgufeng@yahoo.com.cn


