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DEFINABLE C” FIBER BUNDLES AND DEFINABLE C"G
VECTOR BUNDLES

TOMOHIRO KAWAKAMI

ABSTRACT. Let (¢ and K be compact subgroups of orthogonal groups
and 0 < r < =¢. We prove that every topological fiber bundle over
a definable " manifold whose structure group is A admits a unique
strongly definable (" fiber bundle structure up to definable C" fiber
bundle isomorphism.

We prove that every (& vector bundle over an affine definable C"G
manifold admits a unique strongly definable C'"G vector bundle structure
up to definable (""(; vector bundle isomorphism.

1. Introduction

J. Bochnak, M. Coste and M. F. Roy proved that every topological vector
bundle over a semialgebraic set admits a unique semialgebraic vector bundle
structure up to semialgebraic vector bundle isomorphism (12.7.8. [1}). They
also proved that any topological vector bundle over an affine Nash manifold ad-
mits a unique strongly Nash vector bundle structure up to Nash vector bundle
isomorphism (12.7.14. [1]). The proof of 12.7.14. [1] also showed that ev-
ery semialgebraic vector bundle over an affine Nash manifold admits a unique
strongly Nash vector bundle structure up to Nash vector bundle isomorphism.
An equivariant version of 12.7.8 [1] is studied in [2] and an equivariant C'*°
version of 12.7.14 [1] is studied in {8].

Let M = (R, +,-,<,...) be an o-minimal expansion of the standard struc-
ture R = (R, +, -, <) of the field of real numbers. The term “definable” means
“definable with parameters in M”. Many results in semialgebraic geome-
try over R hold true in the more general setting of o-minimal expansions of
M. This theory of o-minimal structures has presented a strong interest since
A. Wilkie [25] proved that Ry, = (R, <,+,-,exp) is o-minimal. See also [5],
(7], [19] for other examples and constructions of o-minimal expansions of the
field of reals. General references on o-minimal structures are [4}, [6], see also
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22]. It is known in [21] that there exist uncountably many o-minimal expan-
sions of R. Any definable category is a generalization of the semialgebraic
category and the definable category on R coincides with the semialgebraic one,

Let G and K be compact subgroups of orthogonal groups. In this paper
(G and K denote such groups unless otherwise stated. Then they are compact
algebraic groups (p.133 [20]). Hence it is definable. Everything is considered
in M, all definable maps are assumed to be continuous and 0 < r < oo unless
otherwise stated. In this paper we prove that every topological fiber bundle
over a definable C" manifold whose structure group is K admits a unique
strongly definable C" fiber bundle structure up to definable C™ fiber bundle
isomorphism. Moreover we prove that every G vector bundle over an affine
definable C"( manifold admits a unique strongly definable C"G vector bundle
structure up to definable C"G vector bundle isomorphism.

Definable fiber bundles, principal definable fiber bundles, definable C” man-
ifolds, definable C'" fiber bundles and principal definable C” fiber bundles are
studied in [10], [12], [14], [15].

By the construction (19.6 [24]) of the n-universal principal bundle Byx =
(Bk,pk,Xk) relative to K, it is a Nash fiber bundle and Ex and Xg are
compact affine Nash manifolds. Let F' be an affine definable C" manifold with
an effective definable C” K action. Then by Proposition 2.7, the associated fiber
bundle Bg[F] := (E,p, Xk, F, K) is a definable C" fiber bundle. A definable
C" fiber bundle n = (E,p, X, F,K) is strongly definable if there exist some
Bx = (Bk,pk,Xk) and a definable C™ map f : X — Xk such that 7 is
definably C" fiber bundle isomorphic to f*(Bg[F]). Strongly definable fiber
bundles are defined similarly.

Theorem 1.1. Letn = (E,p, X, F, K) be a strongly definable fiber bundle over
a compact definable C™ manifold.

(1) There exists a strongly definable C™ fiber bundle ( over X such that
is definably fiber bundle isomorphic to 7.

(2) If (' is another strongly definable C" fiber bundle over X such that ('
is definably fiber bundle isomorphic to n, then (' and { are definably
C" fiber bundle isomorphic.

In particular, (1) and (2) say that n admits a unique definable C” fiber bundle
structure up to definable C” fiber bundle isomorphism.

Theorem 1.2. Let n = (E,p, X, F, K) be a fiber bundle over a definable set.

(1) There exists a strongly definable fiber bundle ( over X such that ( is
fiber bundle isomorphic to 1.

(2) If (' is another strongly definable fiber bundle over X such that (' is
fiber bundle isomorphic to n, then (' and { are definably fiber bundle
isomorphic.

In particular, (1) and (2) say that 1 admits a unique definable fiber bundle
structure up to definable fiber bundle isomorphism.
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Corollary 1.3. Letn = (E,p, X, F,K) be a fiber bundle over a definable C"
manifold.

(1) There exists a strongly definable C” fiber bundle ¢ over X such that
is fiber bundle isomorphic to 7.

(2) If {' is another strongly definable C” fiber bundle over X such that (’
is fiber bundle isomorphic to n, then (' and ¢ are definably C” fiber
bundle isomorphic.

In particular, (2) and (3) say that n admits a unique definable C” fiber bundle
structure up to definable C” fiber bundle isomorphism.

We next consider definable C" G vector bundle versions of the above results.
Strongly definable C"G vector bundles and strongly definable G vector bundles
are defined similarly (see Definition 3.2).

Theorem 1.4. Let n = (E,p, X) be a definable G vector bundle over an affine
definable C"G manifold X .

(1) [1.2 [10]] n s strongly definable.

(2) There exists a strongly definable C™G vector bundle { over X such that
¢ is definably G vector bundle isomorphic to 7.

(3) If ¢’ is another strongly definable C™G vector bundle over X such that
¢’ is definably G wvector bundle isomorphic to 1, then (' and ( are
definably C'" G vector bundle isomorphic.

In particular, (2) and (3) say that n admits a unique definable C"G wvector
bundle structure up to definable C”™G vector bundle isomorphism.

Theorem 1.5 (1.3 [10]). Let X be a definable G set. Then every G vector bun-
dle over X admits a unique definable G vector bundle structure up to definable
G vector bundle isomorphism.

We have the following result as a corollary of Theorem 1.4 and 1.5.

Corollary 1.6. Letn = (E,p, X) be a G vector bundle over an affine definable
C™G manifold.

(1) There exists a strongly definable C" G vector bundle { over X such that
¢ s G vector bundle isomorphic to 7.

(2) If ¢' is another strongly definable C"G vector bundle over X such that
¢’ is G vector bundle isomorphic ton, then (' and ( are definably C™G
vector bundle isomorphic.

In particular, (1) and (2) say that n admits a unique strongly definable C™G
vector bundle structure up to definable C" vector bundle isomorphism.

2. Definable fiber bundles and definable C" fiber bundles

A definable set means a definable subset of some R™. A group ( is a definable
group it G is a definable set such that the group operations G x G — G and



260

TOMOHIRO KAWAKAMI

G — G are definable. Let G be a definable group. A definable G action on a
definable set X is a group action G X X — X such that it is definable.

A definable space is an object obtained by pasting finitely many definable
sets together along definable open subsets, and definable maps between defin-
able spaces are defined similarly (see Chapter 10 [4]). Definable spaces are

generalizations of semialgebraic spaces in the sense of [3].
Recall the definition of definable fiber bundles [14].

Definition 2.1. (1) A topological fiber bundle n = (E,p, X, F, L) is called

a definable fiber bundle over X with fiber F' and structure group L if

the fol.owing two conditions are satisfied:

(a) The total space E is a definable space, the base space X is a
definable set, the structure group L is a definable group, the fiber
F' is a definable set with an effective definable L action, and the
projection p: £ — X is a definable map.

(b) There exists a finite family of local trivializations {U;, ¢; : p~1(U;)
— U; x F}; of n such that each U; is a definable open subset of
X, {U;}; is a finite open covering of X. For any = € U;, let

Giz p"l(iv) — F, ¢i,:c(z) =T7;0 (bi(z)a

where 7; stands for the projection U; x F — F. For any ¢ and
j with U; N U; # 0, the transition function 6;; := ¢;. o ¢;, :
U;NU; — L is a definable map. We call these trivializations
definable.
Definable fiber bundles with compatible definable local trivializa-
tions are identified.

Let n = (E,p, X, F,L) and ( = (E',p’, X', F,L) be definable fiber

bundles whose definable local trivializations are {U,, ¢; }; and {V},4;};,
respectively. A definable map f: F — E’ is said to be a definable fiber
bundle morphism if the following two conditions are satisfied:

(a) The map f covers a definable map, namely there exists a definable
map f: X — X’ such that fop=p'o f.

(b) For any ¢,7 such that U; N f~Y(V;) # 0 and for any z € U; N
f7H(V;), the map fij(z) :=v; smyofod;, : F — Fliesin L, and
fi; : U; N f~H(V;) — L is a definable map.

We say that a bijective definable fiber bundle morphism f : E — E’ is

a definable fiber bundle equivalence if it covers a definable homeomor-

phism f : X — X' and (f)~! : B/ — E is a definable fiber bundle
morphism covering f~! : X’ — X. A definable fiber bundle equiv-
alence f : E — F’ is called a definable fiber bundle isomorphism if
X =X"and f =idyx.

A continuous section s : X — FE of a definable fiber bundle n =

(E,p, X, F,L) is a definable section if for any i, the map ¢; o s|U;

U, — U; x F is a definable map.
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(4) We say that a definable fiber bundle n = (E,p, X, F, L) is a principal
definable fiber bundle if F' = L and the L action on F' is defined by the
multiplication of L. We write (F,p, X, L) for (E,p, X, F, L).

A definable C™ manifold is a C" manifold with a finite system of charts
whose transition functions are definable, and definable C'" maps, definable C”
diffeomorphisms and definable C” imbeddings are defined similarly ([12], [15]).
A definable C" manifold is affine if it is definably C" imbeddable into some
R™. If M = R, a definable C*¥ manifold (resp. affine definable C* manifold)
is called a Nash manifold (resp. an affine Nash manifold). By [13], every
definable C" manifold is affine. The definable C* case is complicated. Even
if M = R, it is known that for every compact or compactifiable C* manifold
of positive dimension admits a continuum number of distinct nonaffine Nash
manifold structures (IV.1.3 [23]), and its equivariant version is proved in [16].

A definable C"G action on a definable C" manifold X is a group action
G x X — X such that it is a definable C” map.

Recall the definition of definable C7 fiber bundles [12].

Definition 2.2 ({12]). (1) A definable fiber bundle n = (E,p, X, F,L) is a
definable C™ fiber bundle if the total space E and the base space X are
definable C" manifolds, the structure group L is a definable C" group,
the fiber F is a definable C" L manifold with an effective action, the
projection p is a definable C'™ map and all transition functions of n are
definable C™ maps. A principal definable C" fiber bundle is defined
similarly.

(2) Definable C™ fiber bundle morphisms, definable C" fiber bundle equiv-
alences, definable C" fiber bundle isomorphisms between definable C”
fiber bundles and definable C" sections of a definable C" fiber bundle
are defined similarly.

Let f: X — Y be a definable map between definable sets. We say that f is
proper if for any compact subset C of Y, f=1(C) is compact.

Let E be an equivalence relation on a definable set X. We call E properit E
is a definable subset of X x X and the projection F — X defined by (z,y) — x
is proper.

Theorem 2.3 (Definable quotients (e.g. 10.2.15 [4])). Let E be a proper equiv-
alence relation on a definable set X. Then X/FE exists as a proper quotient,
namely X/E is a definable subset of some R™ and the projection X — X/E is
a surjective proper definable map.

The following is a corollary of Theorem 2.3.

Corollary 2.4 (e.g. 10.2.18 [4]). Let X be a definable set with a definable
G action. Then X/G is a definable subset of some R" and the orbit map
p: X — X/G is a surjective proper definable map.

By a similar proof of 2.10 [17] and Corollary 2.4, we have the following.
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Proposition 2.5. Let (F,p, X, K) be a principal definable fiber bundle and F
a definable set with an effective definable K action. Then (Exg F,p', X, F,K)
is a definable fiber bundle, where p' : E xx F — X denotes the projection

defined by p'([z, f]) = p(2).

We have the definable C™ version of Proposition 2.5 similarly.

Proposition 2.6. Let (E,p, X, K) be a principal definable C" fiber bundle over
a definable C™ manifold X, F an affine definable C™ manifold with an effective
definable C" K action. Then (Ex g F,p', X, F, K) is a definable C” fiber bundle,
where p' : E x g F'— X denotes the projection defined by p'(|z, f]) = p(2).

As a corollary of Proposition 2.6, we have the following proposition.

Proposition 2.7. Let By = (Bg,pk,Xk) be the n-universal principal bundle
relative to K, I an affine definable C" manifold with an effective definable
C"K action. Then the associated fiber bundle Bk [F] := (E,p, Xk, F,K) is a
definable C™ fiber bundle.

Definition 2.8. A definable C” fiber bundle (F, p, X, F, K) over a definable C”
manifold X is strongly definable if there exists a definable C" map f: X — Xg
such that 7 is definably C™ fiber bundle isomorphic to f*(Bx[F]). Strongly
definable fiber bundles are defined similarly.

Strongly definable C" fiber bundles have the following extension property.

Proposition 2.9. Let n = (E,p, X, F,K) be a definable C” fiber bundle over
a definable C™ manifold X in R™. Then n is strongly definable if and only if
there exists a strongly definable C™ fiber bundle ' over a definable C™ manifold
Y such that X CY and n is definably C™ fiber bundle isomorphic to n'| X .

To prove the above proposition, we need existence of a Nash tubular neigh-
borhood of an affine Nash manifold in R’. For later use, we state a definable
C" version of it.

Proposition 2.10 ([9], [11], [15]). Let 0 < r < w. Then every definable C"
submanifold X of R' has a definable C™ tubular neighborhood (U,8) of X in
R!, namely U 1is a definable open neighborhood of X in R and 0: U — X is a
definable C™ map with 0| X = idx.

Proof of Proposition 2.9. Assume that n is strongly definable. By the hypoth-
esis, there exists a definable C" map f : X — Xg such that n is definably
C" fiber bundle isomorphic to f*(Bx|F]). We may assume that Xy is a de-
finable C" submanifold of R? and j = (4, f) : X — R™"P is a definable C”
imbedding, where ¢ : X — R" denotes the inclusion. Identifying X with j(X),
we may suppose that f is the restriction to X of the canonical projection
7w : R™P — RP. By Proposition 2.10, we have a definable open neighborhood
A of X in RP with a definable C7 retraction 8§ : A — Xx. Thus we ob-
tain a definable C" manifold U := 7~1(A) in R"? and a definable C™ map
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F:=0o(xU):U — Xg such that F|X = f and F*(Bg[F]) is a strongly
definable C™ fiber bundle over U. L]

Proposition 2.11. Let X, X5 be definable C" manifolds, n1,ms principal de-
finable C" fiber bundles over X1, Xo whose structure groups are K, respectively.
Let f1: X, — X5 be a definable C" map.

(1) There exists a definable C™ fiber bundle (n1,n2, f) over X1 such that its
definable C” sections are in bijective correspondence with the definable
C" fiber bundle morphisms m — 1o covering f.

(2) If m1,n2 are strongly definable, then (n1,n9, f) is strongly definable.

Proof. (1) Let {U;} and {V},} be coordinate neighborhoods of 7, and 75, re-
spectively, {g; : UiNU; — K} and {g;, : Va NV — K} cocycles of n; and ng,
respectively. Then its cocycle of f*(n2) is {g}, := grof : FH{(Va)NfH( Vi) —
K}. The definable open sets {W, := U; N f~1(V4)} {a = (i, h)) is a refinement
of (Ui} U{f~'(Vh)}.

By construction, (n;,7m2, f) has K as fiber and K x K as structure group,
acting on K, (ki,k2)k = ki kk, 1A family of coordinate neighborhoods such
a bundle is given by {W,} and a cocycle by {g,, := ¢;;|Wa N Wy x g} :=
g Wan W, —» K x K},a = (i,h),b=(j,k).

Suppose that there exists a definable C" section s of (91,72, f). Then there
exists a family {c, : W, — K} of definable C" maps such that c,(z) =
(gab(x), g5 (x))cp(z), z € W, N W;,. Namely, g* (z) = ¢ (z)gap(z)cs(z). This
means that n; and f*(n,) are definable C'" fiber bundle equivalent. Then com-
posing this equivalence with the canonical bundle map f*(n2) — 12, we have a
definable C” fiber bundle morphism F': n; — 12 covering f.

Conversely let F' be a definable C'" fiber bundle morphism covering f. There
exists a family {c¢, : W, — K} of definable C” maps such that g%, (z) =
ci H(x)gan(z)ep(z). Hence co(x) = (gas(z), g5 (2))er(z), 2 € W, N Ws holds.
This implies that (n1,72, f) has a definable C'" section s. Since the functions
s+ F and F — s are inverse to each other, (1) is proved.

(2) By assumption, there exists a definable C" map h; : X; — X, (I =1,2)
such that 7; is definably C" fiber bundle isomorphic to hf(Bg). Let {A,,} be
a family of coordinate neighborhoods of Xy and {g/,,} the relative cocycle.
Then a cocycle of n; is {g' =~ := g/ . oh;} on the definable open covering
{hl*l(Am)} of X;. Consider the definable C" fiber bundle Bx x Bx = (Bg X
Bi,PKk X Pr, XK X Xg). It is universal and a cocycle on {4,,, x A, } is given
by {(anagm’n’) P (A X Ay )N (A, X Apr) — K X K}, (Gmn, Gma )W, Y') =
(9mn(¥)s 9mn(y')). If we consider the fiber bundle (Bx x By ){K] associated
with Bx x Bx and with fiber K (the group K x K acting on K in the previous
manner), then (71,7, f) is induced from it under the map H = (hy,hso f) :
X1 — XK X XK. (]

Proposition 2.12. Let n = (F,p, X.F,K) be a strongly definable C" fiber
bundle over a definable C" manifold X in R™ whose fiber I is a definable
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C™ manifold in R™. If n has a continuous section, then it has a definable C”
section.

To prove Proposition 2.12, we need the following definable approximation
theorem.

Theorem 2.13 ([11]). If0 < s < r < 00, then every definable C° map between
definable C™ manifolds is approximated in the definable C® topology by definable
C" maps.

Proof of Proposition 2.12. By the hypothesis, there exists a definable C" map
f: X — Xk such that 7 is definably C" fiber bundle isomorphic to f*(Bx[F]).
Moreover we can suppose that X g is imbedded into RP.

Consider the definable C" imbedding 9 : X — R™*P defined by ¢ =
(idx, f). Identifying X with ¥(X), f is identified with the restriction to X
of the canonical projection 7 : R™*? — RP. Let A’ be a definable open tubular
neighborhood of X in RP and 8 : A’ — Xk a definable C" retraction. Thus
A = n71(A") is a definable open neighborhood of X in R™*? and we have
a definable C™ map H := 6o (w|A). Consider the definable C” fiber bundle
H*(Bk[F]) over A. Then its restriction to X is definably C” fiber bundle iso-
morphic to 1 and hence we can identify these two bundles. A section s can be
identified with a section of H* (B ([F])|X.

The next step is to extend s to a section defined on a definable open neigh-
borhood U with X Cc U C A. Let {Uj};-:l be a finite definable open cover

of X given by definable open sets of A such that the closure U; of each U
is contained in some coordinate neighborhood V), of H*(Bk[F]). Assume
that U; C Vi,. Let ¢p : Vi X F — p~ ' (V%) be a coordinate function and
ph : p (Vi) — F,pn(b) = qo ¢; ' (b), where q : Vi, x F — F denotes the
projection. Consider the function ppos|lUNX : U;NX — F C R™. Let W
be a definable C™ tubular neighborhood F of R™ and 6 : W — F a definable
C" retraction.

Extend py o s to a map s} : U; — R™. Shrinking U, if necessary, we may
assume that s} (U1} C W. Thus we can define a local section of H*(Bg[F]) on
U, U X by setting

51(x) = s(x), z € X,
YT dn(z, 8 08 (z), xe U
Continuing this process, we have a sequence {s;} of local sections such that
X CU:=U,_ Uy, s; is defined on X U (Ui_,U;) and ;| X U (UZZ1U;) = si-1,
where sg = s. Then 5 := s; is a section defined on U extending s.
Consider now the strongly definable C” fiber bundle H*(Bg[F])|U, which

has a continuous section 5. Using Theorem 2.13, a similar proof of I11.2.3 [23]
provides a definable C" section. ]

Proof of Theorem 1.1. (1) Since 7 is strongly definable, there exist the n-univ-
ersal bundle Bx and a definable map f : X — Xg such that f*(Bg[F]) is



DEFINABLE C" FIBER BUNDLES 265

definably fiber bundle isomorphic to . By Theorem 2.13, we have a definable
C" map h : X — Xk as an approximation of f. In particular A is definably
homotopic to f. Since X is compact and by [14], ¢ := h*(Bg[F]) is definably
fiber bundle isomorphic to f*(Bx[F]) and ¢ is a strongly definable C” fiber
bundle.

(2) Let ¢’ be another strongly definable C” fiber bundle over X such that ¢’
is definably fiber bundle isomorphic to 7. Consider the strongly definable C”
fiber bundle ({, (’,id x ) whose sections represent the fiber bundle isomorphisms
between ¢ and (’. It has a continuous section and by Proposition 2.12, it
admits a definable C'" section. This section gives a definable C” fiber bundle
isomorphism between ¢ and (’. O

Theorem 2.14 (3.3 {9]). Let X be a definable set. Then there exist a compact
definable subset Y of X and a definable map p: X — Y with p|Y = idy.

Proof of Theorem 1.2. (1) By Theorem 2.14, there exist a compact definable
subset Y of X and a definable retraction p : X — Y. By this fact and by
[18], the sets of fiber bundle isomorphism classes of fiber bundles over X and
Y coincide. Thus we may assume that X is compact at the beginning.

By 19.3 [24], there exist the n-universal bundle By and a continuous map f :
X — Xk such that n > dim X and 7 is fiber bundle isomorphic to f*(Bg[F]).

Since X is compact, applying the polynomial approximation theorem, we
have a polynomial map h’' : X — R™, where X C R". If this approximation
is sufficiently close, h(X) is contained in a some definable open neighborhood
(U, ¢) of X in R™. Thus we obtain a definable map h : X — Xk approximat-
ing f. In particular 2 is homotopic to f. Thus 7 is fiber bundle isomorphic to
a strongly definable fiber bundle A*(Bx[F)).

(2) A similar proof of Theorem 1.1 proves (2). ]

Proof of Corollary 1.3. (1) By Theorem 1.2 (1), there exists a strongly de-
finable fiber bundle ¢ which is fiber bundle isomorphic to . Namely there
exists a definable map f : X — X such that n is fiber bundle isomorphic to
f*(Bx|F]). By Theorem 2.13, we have a definable C” map h: X — X as an
approximation of f. In particular, h is homotopic to f. By [18], h*(Bk[F]) is
fiber bundle isomorphic to f*(Bx[F]). Thus n is fiber bundle isomorphic to a
strongly definable fiber bundle ¢ := h* (B [F]).

(2) A similar proof of Theorem 1.1 proves (2). []

3. Definable G vector bundles and definable C"G vector bundles

A representation of G means a group homomorphism from G to some O, (R)
which 1s a definable C'" map and the representation space of this representation
is R™ with the linear action induced from the representation. In this paper,
we always assume that every representation is orthogonal. A definable G set
is a G invariant definable subset of a representation space of G. A definable
C"G submanifold of a representation space {2 of G is a G invariant definable
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C™ submanifold of ). We say that a definable C"G manifold is affine if it
is definably C"G diffeomorphic (definably G homeomorphic if » = 0) to a
definable C" & submanifold of some representation space of G.

Recall universal G vector bundles.

Definition 3.1 ([12]). Let © be an n-dimensional representation space of G
induced by a definable C” group homomorphism B : G — O,(R). Suppose
that M(Q) denotes the vector space of n x n-matrices with the action (g, A) €
G x M(Q) — B(g)AB(g)~! € M(R). For any positive integer k, we define the
vector bundle v(Q, k) = (E(Q, k), u, G(£2,k)) as follows:

GLk)={Ac M(Q)A*=A,A=A"TrA =k},
E(QL, k) = {(A,v) € G(Q, k) x Q|Av = v},
u: B(Q k) — G(Q,k),u((A,v)) = A,

where A’ denotes the transposed matrix of A and Tr A stands for the trace
of A. Then (2, k) is an algebraic vector bundle. Since the action on y(Q, k)
is algebraic, it is an algebraic G vector bundle. We call it the universal G
vector bundle associated with Q@ and k. Remark that G(2,k) C M(Q) and
E(Q, k) C M(€2) x  are nonsingular algebraic G sets.

Definition 3.2. A definable C” G vector bundle 7 over an affine definable C"G
manifold is strongly definable if there exist a representation space €2 of G and
a definable C"G map f : X — G(£1,k) such that n is definably C"G vector
bundle isomorphic to f*(v(€2, k)), where k denotes the rank of 7. Similarly a
strongly definable G vector bundle over a definable G set is defined.

To prove Theorem 1.4, we need the following equivariant version of Theo-
rem 2.13.

Theorem 3.3 ([11]). If0 < s < r < 00, then every definable C°*G map between
affine definable C"™G manifolds is approximated in the definable C* topology by
definable C"G maps.

Proof of Theorem 1.4. (2) By (1), there exist a representation space (2 of G
and a definable G map f : X — G(Q, k) such that 7 is definably G vector
bundle isomorphic to f*(v(€2, k)), where k denotes the rank of . By Theorem
3.3, we have a definable C"G map h : X — G(Q,k) as an approximation of
f- In particular, f and h are G homotopic. By [18], f*(v(€2,k)) is G vector
bundle isomorphic to A*(y(£2, k)). Thus by Theorem 1.5, they are definably G
vector bundle isomorphic. Therefore 7 is definably G vector bundle isomorphic
to a strongly definable C"G vector bundle ¢ := h*(v(£2, k)).

(3) By a way similar to the proof of 3.1 [8], Hom((, (') is a strongly definable
C"G vector bundle. Since ¢ and {’ are definably G vector bundle isomorphic,
it gives a definable G section s of Hom(({,{’). Using Theorem 3.3, by a similar
proof of 3.3 [8] proves that s is approximated by a definable C"G section s'.
On the other hand, Iso((,(’) is open in Hom(({,(’). If this approximation
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is sufficiently close, then s’ gives a definable C"G vector bundle isomorphism

between ¢ and (’. ]
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