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NOTES ON A NON-ASSOCIATIVE ALGEBRAS WITH
EXPONENTIAL FUNCTIONS II1I

SEuL HEE CHOI

ABSTRACT. For Fle*];5y, all the derivations of the evaluation alge-
bra F[ei“’]{a} is found in the paper (see [16]). For M = {81,6%},
Dernon(Flet®)a1)) of the evaluation algebra Fle®®, et¥],; is found in
the paper (see [2]). For M = {8%,853}, we find Derpon(Flet®, et¥]5r))
of the evaluation algebra Fle*®, eT¥],; in this paper.

1. Preliminaries

Let IF be a field of characteristic zero (not necessarily algebraically closed).
Throughout this paper, N and Z will denote the non-negative integers and
the integers, respectively. Let A be an associative algebra and M={é | is a
mapping from A to itself }. The evaluation algebra Ay, = {ad|a € A,é € M}
with the obvious addition and the multiplication * is defined as follows:

CL151 3k ag(sg = a,151 (02)52

for any a161,a205 € Axr (see (1], [3], [4], and [13]). For Apg, if M = {id}, then
the ring A); = A where ¢d is the identity map of A. Note that Ap; = (Aps, +, *)
is not an associative ring generally (see [15]). Using the commutator [,]| of
Apr, we can define the semi-Lie ring (see [1]). If the Jacobi identity holds in
Aprpy, then Apypy is a Lie ring (see [14]). Generally, Aprq) is not a Lie ring,
because of the Jacobi identity. Let Fle*®1, e*%2 . .,ei“’“] be a ring in the
formal power series ring F[[z,,z2,...,z,]] (see [6] and [7]). If we take the
subalgebra Fle**, e*¥] in F[[z1,22,...,2,]] and the map M = {87,0%}, then
we define the simple evaluation algebra Fle®® e*¥]; (see [5], [9], [10], [11], and
[12]). It is well known that the non-associative algebras Fle*, eiy]{a;ﬂ),ag} and
Fle**,e*¥] g, 52} are simple (see [1], [3], and [16]). Note that Fle™*, e*¥]g2 52
can be decomposed as follows:

(1) F[eiz;eiy]af,ag = A; © As
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where A; (resp. Ap) is the subalgebra spanned by {e**e¢¥df|a,i € Z} (resp.
{eP%ei¥H3|b, 4 € Z}) in F[ei‘”,eiy]a%,ag.

2. Derivations of F[e*®, eT¥] s
From now on, M denotes the set {52, 05}.

Lemma 2.1. For any D € Deryon (Fle*%,e¥] ) if D(8?2) = 0 and D(83) = 0,
then we have the followings:

D(e®e¥0?) = (a1,1,0 + b2,0,1)e"e¥0?,
where r € {1,2} with appropriate scalars.

Proof. Let D be the derivation of F[e*®,e®¥];; in the lemma. Since 87 is in
the left annihilator of e*97, we have that 2 x D(e®9?) = 0. This implies that
D(e®87) = 3", a1,4,0e0% + 3, as; 0€203 with appropriate scalars. Since 87 is
a left (multiplicative) identity of €*d% and by assumption, we have that

2 (S 2 x 92 iz o2 iz 02
(2) B % (D _a150€"07 + ) a2106703) = > a1,:,06" 07 + ) azi0"0;
i i i i

with appropriate scalars. By (2), we have that i = +1, i.e.,
D(e"0?) = al,l,oe‘“(')f + (11’_1}06_3:8% + ag’ljge:’:@% + az,_l,oe—xag.
Similarly, we can prove that
D(e¥83) = bl,o,leyaf +b1g_1e7Y07 + 62,0’16y3§ +byg 16 Y0

with appropriate scalars. Since e¥45 is in the right annihilator of e*0?, we have
that 21,0 = Qa2 —1,0 = 0, i.e.,

D(e"’@f) = al,l,oe‘”@f + a1,u1,0€_$812.

Symmetrically, we can also prove that D(e¥83) = bo g 1€Y05+ bag 1€ ¥02. By

D(e=*97xe“37) = 0, we have that D(e %0%)%e%0? = —a1 1007 —a1,_1 06~ 2%0%.
This implies that
D(e‘maf) = —a111,06_m812 — al,_l,ge_&”@f
(3) +) i eelV 0}
i,]

with appropriate scalars. Since 67 is a left identity of e %82, we have that
a1,—10 = 0, ie., D(e*8?) = a;10e°d?. Similarly, we can also prove that
D(e¥05) = bop1eY03. Since 92 is in the left annihilator of e %0%, we have
that either j =0 or ¢2; ; = 0. On the other hand, since 9% is a left identity of
e *97, we can prove that 7 € {1,—1}. If co;; = 0 holds for all 4,5 € Z, then
we have that D(e%97) = —a1,1,0e %07. If co;; # 0 for some 4,5 € Z, then
J = 0 and we have the following two cases, Case I: ¢ = 1 and Case II: 1 = —1.

Case 1. Let us assume that ¢ = 1 holds. We have that

—z 02 —x 02 T 02
D(e™*07) = —a1,10e” "0] + c2,1,0€"05.
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Since e*d% is in the left annihilator of e~%*6?, we can prove that c2.1.0 = 0.
Case 1I. Let us assume that i = —1 holds. We have that

—r a2 —x 02 —x 92
D(e "07) = —a11.0e 70] + co.—10€ 7 05.

By D(e*0? x e7*9?) = 0, we prove that ¢y, 19 = 0.
Thus, by the cases I and II, we have that D(e *0%) = —aj,1,0e *0%. Simi-
larly, we can prove that

(4) D(e*03) = a1.1,0e"05
D(e™*83) = —ay.1.0e “05.
By D(e*e¥d? xe7%93) = D(e¥93), we have that
D(e*e¥87) x e 705 = a1.1,0eY05 + by g.1eY05.
This implies that

(5) D(e*e¥d}) = (@110 + bao1)e”e?0f + th,i,jeixejyag

i,J
with appropriate scalars. Since e¥93 is in the right annihilator of e“e¥9?, we
also have that ), . to; ;e"elU+1¥d3 = 0. This implies that ta;; = 0 for
1,7 € Z.. Thus, we have that

(6) D(e‘”eyaf) = (a11,0 + bg,oﬁl)e‘r‘eyaf.
By D(e=03 * e%e¥03) = D(e¥02), we have that
e 83 * D(e"e¥03) = (a1.1.0 + ba.o.1)e¥05.
This implies that
(7)  D(e"e¥d3) = (ar1.0 + bag.1)e’e?0s + Z uy.;0e 07 + Z Uy ; 0e' " O3

with appropriate scalars. Since 03 is a left identity of e*e¥83, we have that

(8) D(e‘reyag) = (alqlgg + bg,oﬁl)e"’eyé?%
(6) and (8) are the required forms in the lemma. Therefore we have proven the
lemma. 0

Lemma 2.2. For any D € Derpo, (Flet™, e*¥]ar) and e"el¥0? cFle®?, et¥],y,
if D(6%) =0 and D(835) = 0, then we have the following equality

D(ei"rejyaf) = (ia-l._l,(_} + jb‘z?o,])eimejyaf
holds where r € {1,2} and a1.1.0,b20.1 €F .

Proof. Let D be the derivation of F[e®*, eT¥];; in the lemma. Since D(e*0? x
e*0%) = D(e?*0?), we have that D(e*0%) x €82 + 0% x D(e0?) = D(e?*6?).
Thus we have that D(e**9?) = 2a; 1 0€**0%. By D(e*0? x €2%9%) = 2D(e3%5?),
we can prove that D(e> 0%) = 3a;;.0¢°*0%. By induction on i of 8?2, we also
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prove that D(e?®0%) = ia1 10e*87. Similarly, we can prove that D(e’V93) =
jbo01€3%02. By D(eli=1)%02 x e%e¥0?) = D(e™®e¥8?), we have that
D(e¥e¥0?) = D(e(i"l)‘”é’f) * exeyai? + e(i_l)wé‘f o D(e“’eyﬁ%)
= (1 —1)a110e"e¥0% + %02 & {{a1.1.0 + boo1)e"e¥0?}
= (z’al,l,g + bg,g,l)eia’eyaf.
Since D(eVU—1Y92 x e®e¥H%) = D(e*®e’VH?), we prove that
D(e®el¥3?) = D(eVVY52) x ®e¥d2 + U 1YH2 x D(e7e¥57)
= (j — 1)62’0,1€m€jy612 + e(j'l)yag * (?:(1,1’1,0 + jbg,o,l)emeyc’)‘f
= (ia1,1,0 + jszo’l)eimeiyaf.
By D(e(*=D2a2 x %e¥82) = D(e*®e¥03), we also have that
D(e®e¥02) = D(el""D92) x %e¥32 + eli71792 x D(e"e¥03)
= (i— 1)a1,1,oe("‘_1)“’8f * emeyag
+6(i_1)$8f X (a,l,l,(} + b2,0,1)€$8y322
= (i— 1)al,l,oei‘”ey@z2 + (a1,1,0 + bg,g,l)e(i)xeyag
= (?:Cbl,1,0 + szg,l)ei‘”eyag.
Since D(el~1)¥52 x ¢'e¥02) = D(e**e/¥2), we can prove that
D(e®e¥92) = D(eVUD932) x e®e¥Z + eU~1Y92 & D(e™®e¥d3)
= (J — D)bo0,1€™e85 + (ia1,1,0 + b20,1)e "€’ 05
= (ta1,1,0 + Jba0,1)e" e ;.
Therefore we have proven the lemma. [
Lemma 2.3. For any D € Der,,,(Flet®,et¥] ), D(0%?) = D(85) = 0 holds.

Proof. Let D be any derivation of Fle*?,e¥]y,. By 8% * D(97) = 0 and 93 *
D(08%) = 0, we have that D(8%) = c10? + ¢202 for ¢1, ¢y € F. Similarly, we can
prove that D(03) = ¢30? + c403 for c3,c4 € F. By D(82 % €°9%) = 0, we have
that 03 x D(e*8?) = —c3e®d%. This implies that c3 = 0. Symmetrically, we can
prove that ¢y = 0, i.e., D(8?) = ¢10? and D(83) = c402. Since 67 is a left
identity of e*d?, we have that

(9) c1€%0? + 8% x D(e*0?) = D(e%9}).

If ¢; # 0, then there is no element D{(e®87) which holds (9). This contradiction
implies that ¢; = 0. Similarly, we can also prove that ¢4 = 0. This completes
the proof of the lemma. ’ O

Notes. For any basis element e®e¥d?, r € {1,2}, of F[e®®, e*¥]y and for
c1,¢2 € F, if we define [F-linear maps D, ., as follows:

DC]“C2 (ei“"ejyaf) = (’I:Cl + ng)BixBjya?.
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then D, ., can be linearly extended to a derivation of Fle®®, e¥¥],,.

Theorem 2.1. Der,,,(F[e*®,e*Y]5;) of the non-associative algebra
F[Eix, Biy]]w
is generated by D., c,, c1,¢c2 € F, which are defined in Notes.

Proof. Let D be any derivation of Fle**, e¥¥];. By Lemma 2.3, we have that
D(8?) = D(82%) = 0. So by Lemma 2.1 and Lemma 2.2, by taking appropriate
scalars ¢; and ¢y, we have that D = D, ., which is defined in Notes. Thus we
have proven the theorem. O

Corollary 2.1. For any D in Derpo, (Fle®®,e*¥]5), D is the sum of two outer

derivations D, g, and D.,s, where 01 and 0y are the usual partial derivatives
of the F-algebra Fle**,e*¥] and ¢;,co € F.

Corollary 2.2. For any D in Der,,on (]F[eix, eTY ), D(Ay) C Ar and D(As)
C As hold.

Proposition 2.1. If M, is either {0} or {6%}, then
Homnon (]F{e:ta:! e:l:y]‘M, F[eix}.fw’l ) = {0},

where 0 is the zero algebra automorphism and Hom, ., (FleT®, e™¥] 5, F|
18 the set of all non-associative algebra homomorphisms from the algebra

Fle™, e*¥]as

eim]Ml)

to the algebra Fle*~]a,.

Proof. Let us assume that there is a non-zero algebra homomorphism & from
the algebra Fle*®, e*¥]); to the algebra F[e**],y,. Since 8 is injective and the
right annihilator of FleT*, e*¥],, is spanned by 3¢ and 0%, we can derive a
contradiction easily. This completes the proof of the proposition. (]

Corollary 2.3. If M, is either {0,} or {82}, then there is no algebra isomor-
phism from the algebra Fle* et¥]y; to the algebra FleT*],y,.

Theorem 2.2. There is no algebra isomorphism from the algebra
rx &
F[ei , € y]al,ag
to the algebra Fle™*, eTY] o2 92 aS non-associative algebras.

Proof. Let us assume that there is an isomorphism 8 from F[e®®, e*¥], a2 to

Fle*", e*¥]g2 53 as non-associative algebras. We know that 6(81) = 107 +cp 03
where c¢1,c0 € F. Let us assume that ¢; and ¢y are non-zero scalars. This
implies that 8(92) = c387 + 403 such that cycy — cacy # 0 where c3,cq € F. By
(€107 + c20%) * 6(e¥0;) = 0, we have that

(10) 0(e?d)) = Y Clar,ir,u)e’ "ervo?
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such that cia, + coi, = 0 for r and 1 < u < 2. Since ¢; and ¢y are non-
zero scalars, a, and i, are non-zeroes. Since e¥d? annihilates itself, a7 + i2 =
0. Since a, and i, are integers, we have that 7, = 0. This contradicts the
assumption. Thus either ¢; is zero or ¢y is zero. Let us assume that c; = 0,
i.e., 8(01) = c18%. Similarly, we can prove that 8(82) = ¢4 for ¢4 € F*. Since
0, is a left identity of e*8; and it is in the right annihilator of 82, we have
that 6(e?01) = d,e%0? + d2e*03 where dy,ds € F. Similarly, we can prove that
6(e¥02) = d3e¥d? + dse¥d3 where d3,dy € F. Since €*9; and e¥d3 annihilates
each other, we can prove that do = ds = 0. By 8(e%0; x €%0,) = #(e**9,),
we have that 6(e®*0;) = d3e?*0%. By induction on €"*9;, we can prove that
0(e"*0;) = d7e?*0%. By 9(e™*0; * e™*8;) = nf(el™T™=9;), we can derive
a contradiction easily. Thus there is no isomorphism from F [ei“’,eiy]ahag
to ]F[ei“’,eiy]@%a% such that c; = 0. Thus let us assume that ¢; = 0, i.e,

6(0,) = c203. Similarly to the proof of c; = 0 case, we can derive a contradiction
easily. Thus there is no isomorphism between them. This completes the proof

of the theorem. ]
Open Question. Find all the derivations and all the non-associative algebra,
automorphisms of the non-associative algebra Fle=®!, e*?2, ... e*n] 52,...,92 T€

spectively.
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