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Abstract 

The radiation potential of a ship advancing in waves is studied using the 3D time-

domain forward-speed free-surface Green function and the Green integral equation. 

Numerical solutions are obtained by making use of the 2nd order BEM(Boundary Element 

Method) which make it possible to take account of the line integral along the waterline in a 

rigorous manner. The 6 degree of freedom motion memory functions of a hemisphere and 

the Wigley seakeeping model obtained by direct integration of the time-domain 3D 

potentials over the wetted surface are presented for various Froude numbers. 

※Keywords: Three-Dimensional Time-Domain Forward-Speed Free-Surface Green Function 

(3DTFFG: 3 차원 시간영역 전진속도 자유표면 그린함수), Green integral equation(Green 적분방정

식), Time-domain radiation potential(시간영역 방사파 포텐셜), Radiation memory function(운동

이력함수), 2nd order BEM(Boundary Element Method) (2 차경계요소법)  

 

1. INTRODUCTION 

A damaged ship advancing in waves suffers  

 

접수일: 2008 년 2 월 15 일, 승인일: 2008 년 5 월 30 일 

교신저자: dchong@cnu.ac.kr, 042-868-7588 

varying sinkage, trim and heel due to the flooded 

compartments. Therefore, it is difficult to analyze 

the ship motion and wave-loads by using the 

frequency-domain method (Hong and Hong 

2005). A surface-piercing floating body in an 

arbitrary motion can be analyzed by using the 
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transient free-surface Green function presented 

by Stoker (1957). He has also proved the 

uniqueness of unsteady motions in unbounded 

domains when surface-piercing obstacles are 

present, by making use of the free-surface 

Green function. In the frequency domain, the 

three-dimensional forward-speed free-surface 

Green function has been presented by Brard 

(1948) under integral form, where it has been 

shown that the behavior of far-field waves is 

distinct according as the Brard number Bn, the 

product of the Froude number Fn and the non-

dimensional encounter frequency of the ship 

with regular incident waves, is greater or smaller 

than 1/4 known as the critical Brard number. The 

application of the three dimensional frequency-

domain forward-speed Green function to the 

radiation potential boundary value problem has 

been attempted by Chang (1977) using a source 

integral equation. The frequency-domain three-

dimensional forward-speed free-surface Green 

function in the frequency domain approximated 

by using the complex exponential integral has 

been presented by Guevel et al. (1979). Some 

numerical results using the frequency-domain 

forward-speed free-surface Green function 

have been presented (Inglis and Price 1981,  

Maury et al. 2003). Liapis and Beck (1985) have 

presented the Green integral equation for the 

radiation problem of a ship advancing with a 

constant forward-speed using the three-

dimensional time-domain forward-speed free-

surface Green function (3DTFFG) approximated 

by series obtained by using the principle of 

stationary phase. King et al. (1988) have shown 

the added mass and wave-damping coefficients 

obtained by using the Fourier transforms of the 

time-domain numerical results. The above two 

methods are fully linear and presented in the 

moving coordinate system fixed in the mean 

position of the ship advancing with zero or 

constant speed of unidirectional velocity. Lin and 

Yue (1990) have presented a three-dimensional 

time domain approach formulated in an earth-

fixed coordinate system in order to predict the 

large-amplitude arbitrary motions and wave 

loads of a ship in a seaway. The body boundary 

condition is satisfied on the instantaneous 

wetted surface while the free surface condition is 

linearized. Bingham et al. (1993) have presented 

the memory functions as well as the impulse 

response functions of ships using 3DTFFG 

approximated by Newman (1992). All the above 

mentioned methods make use of the free-

surface Green function which satisfies the 

linearized free-surface condition and the 

constant panel method are employed to obtain 

numerical solutions. In the present paper, the 

Neumann-Kelvin linearization is adopted. The 

radiation potential of ships advancing with a 

constant speed in waves are calculated using 

3DTFFG approximated by Newman (1992). The 

linear potential problem is solved by using the 

Green integral equation discretized according to 

a second-order boundary element method. The 

Green integral equation at each time-step is 

solved following the time-stepping procedure 

presented by Beck and Liapis (1987).  

2. FORMULATION 

A three-dimensional surface-piercing body of 

arbitrary shape undergoes arbitrary six-degree-

of-freedom motion in the presence of incident 

waves in a water of infinite depth, the fluid 

motions can be described by a velocity potential 

as follows, assuming that the fluid is 

incompressible, the flow is irrotational and the 

capillarity is negligible: 

 

 ( , ) ( , ) ( , )I PP t P t P tΦ = Φ +Φ                  (1) 
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where IΦ  denotes the incident wave potential, 

PΦ  the disturbance potential due to the body 

expressed in an earth-fixed cartesian coordinate 

system ( , , )x y z . The disturbance potential at a 

point ( , , )P x y z  at a time t in the fluid region R(t) 

bounded by the mean free surface F(t)  and the 

boundary at infinity S∞ , can be found using the 

transient free-surface Green function associated 

with a source located at a point ( , , )Q ξ η ζ , of a 

certain disturbance introduced at the time τ  

(Stoker 1957). The transient free-surface Green 

function ( , , ; : , , ; )G G x y z tξ η ζ τ=  satisfies the 

following initial and boundary conditions: 

 

0 0G G in z for t
t

τ∂
= = = =

∂
               (2) 

2

2 0 0G Gg in z
t z

∂ ∂
+ = =

∂ ∂
               (3) 

, , 0G GG G and at S for t
t t

τ∞

∂ ∂
∇ ∇ → >

∂ ∂
  (4) 

 

The Green function G  has been found as 

follows; 

 
0( , , ) SG P Q t G Gτ− = +                       (5) 

0
1( , ) 1/ ( , ) 1/ ( , )G P Q r P Q r P Q= −      (6) 

0

( )
0

( , , ) 2 [1 cos ( )]

( )

S

k z

G P Q t gk t

e J k R dkζ

τ τ
∞

+

− = − −∫          (7) 

 

where 

 

2 2 2( , ) ( ) ( ) ( )r P Q x y zξ η ζ= − + − + −     (8) 

2 2 2
1( , ) ( ) ( ) ( )r P Q x y zξ η ζ= − + − + +     (9) 

2 2( ) ( )R x yξ η= − + −               (10) 

 

and g the gravitational acceleration and 0J  the 

Bessel function of order 0. 

When the incident wave is absent, the 

disturbance potential is identical to the radiation 

potential RΦ . The initial and boundary 

conditions for RΦ  are the same as the 

conditions given by Eqs. (2)-(4). In addition, 

RΦ  satisfies the body boundary condition on 

the wetted surface of the body S(t). 

 

( ) ( , ) ( ) ( , ), ( )Rt M t t M t M on S t⋅∇Φ = ⋅n n V    (11) 

 

where ( )tn is the unit vector normal to S(t)  

pointing out of the fluid region R(t) and ( , )M tV  

the velocity of S(t). Applying the Green theorem 

to RΦ  and G  in R(t), the following Green 

integral equation can be found after some 

arrangements using the transport theorem as 

well as the boundary conditions (Lin and Yue 

1990). 

 
0

0

( )

0 ( )

( )

( , )2 ( , ) [ ( , ) ]

( , ){ [ ( , ) ]

1 ( , )[ ( , ) ] ( ) }

R
R R

S t
St

SR
R

S t

S SR
R

G Q tP t Q t G dS
n n

G Qd Q G dS
n n

QQ G G dL
g

τ
τ

ττ τ
τ

π

ττ τ

ττ
τΓ

∂ ∂Φ
Φ + Φ −

∂ ∂

∂ ∂Φ
= Φ −

∂ ∂
∂Φ

+ Φ − ⋅
∂

∫∫

∫ ∫∫
∫ V N

 (12) 

 

where ( )tΓ  is the waterline of the body and 

N the unit normal to ( )tΓ  on the free surface 

F(t) pointing out of the fluid region R(t). Here, 

assuming that the body advances with a 

constant speed U in the positive x-direction 

accompanying small amplitude six-degree-of-

freedom motion, the potential can be expressed 

in a moving coordinate system ( , , )x y z  attached 

to the mean position of the body with the origin 

in the waterplane of the body and the z-axis 

vertically upwards, as follows. 

 
6

1
( , ) ( ) ( , )W k

k
P t U x P P t

=

Φ = − + Φ + Φ∑    (13) 

 

where U x−  is the free-stream potential, WΦ  

the steady disturbance potential due to the 

constant forward motion of the body and 
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( 1,2,,,6)k kΦ =  the radiation potentials due to 

the six-degree-of-freedom motion. We will 

adopt the Neumann-Kelvin linearization which 

assumes that each disturbance potential, steady 

or unsteady, as well as the amplitude of the six-

degree-of-freedom motion has a magnitude of 

order ε , a quantity as small as the linear wave 

slope, for example, while the free-stream 

potential has a magnitude of order 1. By making 

use of the perturbation analysis, the disturbance 

potentials and the motions of the body can be 

developed in powers of ε . In the present 

linearized problem, all terms smaller than the 

term of order ε  are neglected. Then the 

linearized body boundary condition for the 

unsteady potential ( 1,2,,,6)k kΦ =  can be 

expressed as follows in the moving coordinate 

system. 

 

, 1,2,,,6k
kk k kn x m x on S k

n

⋅∂Φ
= + =

∂
   (14)  

 

where 

 

1 2 3 4 5 6( , , ), ( , , )n n n n n n= × =n r n      (15) 

3 2(0, 0, 0, 0, , )Un Un= −m     (16) 

 

and ,( 1,2,,,6)kx k =  denotes the displacement 

of the six rigid-body modes of motion from its 

mean position and the overdot the time 

derivative. 

The integral equation for the unsteady potential 

kΦ  can be written as follows 

 
0

0

0

1

( , )2 ( , ) [ ( , ) ]

( , ){ [ ( , ) ]

( , )1 [ ( , )( ) (

( , ) ) ] }, 1,2,,,6

k
k k

B
St Sk

k
B

S
S k

k

Sk

Q tGP t Q t G dS
n n

G Qd Q G dS
n n
G QQ G U

g
QU G U n dL k

τ
τ

τ
ττ

τ

π

τ
τ τ

ττ
ξ τ

τ
ξ

Γ

∂Φ∂
Φ + Φ −

∂ ∂

∂ ∂Φ
= Φ −

∂ ∂

∂ ∂Φ
− Φ − −

∂ ∂
∂Φ

− =
∂

∫∫
∫ ∫∫
∫

(17) 

where n, S and Γ  denote ( )tn , S(t ) and ( )tΓ  

at their mean positions respectively. The Green 

function G  expressed in the body fixed 

coordinate system is as follows. 

 
0( , , ) SG P Q t G Gτ− = +     (18) 

0
1( , ) 1/ ( , ) 1/ ( , )G P Q r P Q r P Q= −               (19) 

0

( )
0

( , , ) 2 [1 cos ( )]

( )

S

k z

G P Q t gk t

e J k R dkζ

τ τ
∞

+

− = − −∫         (20) 

 

where 

 

2 2 2( , ) ( ) ( ) ( )r P Q x y zξ η ζ= − + − + −    (21) 

2 2 2
1( , ) ( ) ( ) ( )r P Q x y zξ η ζ= − + − + +        (22) 

2 2( ( ) ) ( )R x U t yτ ξ η= + − − + −      (23) 

 

Introducing nondimensional variables s  and υ  

as follows; 

 

/ ' ( ), ( ) / 's g r t z rτ υ ζ= − = − +              (24) 

with 

2 2 2' [ ( ) ] ( ) ( )r x U t y zτ ξ η ς= + − − + − + +    (25) 

 

the time derivative of SG  ,denoted by fG , can 

be written as follows: 

 
3( , , ) 2 / ' ( , )fG P Q t g r f sτ υ− =         (26) 

 

The function ( , )f s υ for small s can be 

expanded as follows (Lamb 1932): 

 

( )
1 2 1

1

!( , ) ( 1) ( )
2 1 !

n n
n

n

nf s s P
n

υ υ+ −

=

= −
−∑    (27) 

 

When s is large, it can be written as follows 

(Newman 1992): 

 

( , ) a bf s f fυ = +                     (28) 
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( ) 2 3

0

2 2 !
2 ( )
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n

a n
n

n
f s P

n
υ− −

=

+
= − ∑     (29) 

21( / 2 / 4)
4

1 2( )
2

0 0

2 Re{
2sin

( ) }
sin

is e i i
b

n
n m n im

mn
n m

f i e

i d e

θ θ π

θ

θ

ω
θ
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− + −
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−
=

∑ ∑
        (30) 

 

Where 

 
1cosθ υ−=                         (31) 

2

(2 2 2)!
(2 2)!2 !nm n m

m nd c
n m

+ −
=

−
              (32) 

2 ( 1/ 2)
2 !n n

nc
nπ

Γ +
=          (33) 

2 2
ii s e θω −=                                (34) 

 

Representing kΦ  by the following convolution. 

 

0
( ) ( ) ( )

t
kk kt x t dφ τ τ τΦ = −∫                     (35) 

 

The body boundary condition due to an 

impulsive body’ s velocity can be obtained as 

follows 

 

( ) ( ) ( )k k kt n t m H t on Sφ δ⋅∇ = +n               (36) 
 
In this case, kφ  can be written as follows 

 

( , ) ( ) ( ) ( ) ( ) ( , )k k k kQ t Q t Q H t Q tφ ϕ δ μ ψ= + +    (37) 

 

Then the integral equation (17) can be split into 

three integral equations as follows by using fG , 

the time derivative of SG  (Liapis and Beck 

1985). 

 
0

0

( , )2 ( ) ( )

( ) ( , ) , 1,2,,,6
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S

k
S

G P QP Q ds
n

n Q G P Q ds k

πϕ ϕ ∂
+

∂

= =

∫∫

∫∫
             (38) 

 

0

0
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S
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∂
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+

∂
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+

∂

∂ −
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∂
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− −
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− −

∂
= − +

∂
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∫∫

∫ ∫∫

∫ ∫

∫ ∫
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0

0

( ) ( , , )
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t
f

k
S

ft
k
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d m Q G P Q t dS

G P Q td Q dS
n

τ τ

ττ μ

−

∂ −
−

∂

∫ ∫∫

∫ ∫∫

   (40) 

3. DISCRETIZATION OF INTEGRAL 

EQUATION 

In this paper, the integral equations are 

discretized spatially by using a second-order 

boundary element method (SOBEM). It is a 

modified version of the second-order boundary 

element method (HOBEM) developed by Hong 

and Choi (1995). In HOBEM, the collocation 

points are located at the boundary nodes of the 

second-order element while they are inside the 

boundary in SOBEM. The position vector of the 

lth point on the ith element can be written as 

follows:   

 
8

1
( ),l m m l

i i i i
m

x x N νϖ ϖ ν σ
=

= = +∑ σe e
uur uur uur uur

            (41) 
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where ( , )ν σ  denote a local orthogonal 

curvilinear coordinates of a eight-node 

Serendipity second-order quadrilateral boundary 

element and m
iN  the quadratic interpolation 

functions. A six-node second-order triangular 

boundary element has also been used in SOBEM. 

The potential at the lth point on the ith element 

can be written as follows: 
 

8

1
( ) ( )l m m l
i i i i

m
x Nϕ ϕ ϖ

=

=∑
uur uur

                        (42) 

 

Where m
iϕ  denotes the unknown potential at the 

mth node of the ith element. For example, the 

integral equations (38) discretized by using 

SOBEM can be written as follows: 
 

,

,

8

1

8
0

1 1

8
0

1 1

2 ( )

( ) ( , )

( ) ( , )

1,2,,, ; 1,2,,, ; 1,2,,,

n

j

n

j

m m l
i i i

m

Nb
m m l l
j j j i j

j m dS

Nb
m m l l
j j j i j

j m dS

N

N G x x dS

n N G x x dS

for i Nd l Nc j Nb

π ϕ ϖ

ϕ ϖ

ϖ

=

= =

= =

+

=

= = =

∑

∑∑ ∫∫

∑∑ ∫∫

uur

uur uur uur

uur uur uur
  (43) 

 

The integral equations (38) and (39) can be 

solved by using the constant panel method. But 

Eq. (40) cannot be solved completely by that 

method since they have unknown spatial 

derivatives of potentials along the waterline. By 

using SOBEM, the unknown derivatives can be 

represented by a linear combination of the 

unknown potentials and their given normal 

derivatives as follows: 

 

8

,
11

, 8, , ,

, , , , ,
1, , ,,

,

m m

m

m m

m

n

N

N
n n n

ν

ξ ν ν ν

η σ σ σ σ

ξ η ζζ

ψ

ψ ξ η ζ
ψ ξ η ζ ψ

ψ
ψ

=−

=

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

∑

∑    (44) 

The SOBEM makes it possible to avoid implying 

the body boundary condition and the free 

surface condition at the same point on the 

waterline nodes. The Eq. (40) discretized by 

using SOBEM with the aid of Eq. (44) yield 

overdetermined linear systems for unknown node 

values. The numerical integration in time has 

been carried by using the temporal discretization 

presented by Beck and Liapis (1987). 

4. NUMERICAL RESULTS AND 

DISCUSSIONS 

The equations of motion of a ship advancing 

in waves can be written as follows: 

 
6

1

0

[( ) ( ) ( )

( ) ( ) ( ) ( )

( ) , 1,2,,,6

jk jk k jk k
k

t

jk jk k jk k

j

M a x t b x t

C c x t d K t x

X t j

τ τ τ

=

+ + +

+ + −

= =

Σ

∫    (45) 

 

Where the coefficients on the left-hand side are 

as shown by Liapis and Beck(1985). The 

coefficients jkC  denote the well-known 

hydrostatic restoring coefficients and jkM the 

ship’ s inertia matrix. In particular, the radiation 

memory functions can be obtained as follows: 

 

,

1

( ) ( , ) ( , )

( , ) , ( )

j k k t j k j
S S

k l j lW

K t Q t n dS Q t m dS

dl Q t U n U U

ρ ψ ρ ψ

ρ ψ

= −

− = − ×

∫∫ ∫∫

∫ e l n
  (46) 

 

The ( ),( 1,2,,,6)jX t j =  on the right-hand side 

of Eq.(45) are the six components of the exciting 

forces and moments due to the diffraction 

potential which will be presented in the near 

future. 

Numerical tests have been done for a 

hemisphere and the well known Wigley 

seakeeping model as shown in Figs.1 and 2 
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respectively for various Froude numbers. Figs. 

3-4 show surge-surge and heave-heave 

memory functions of the hemisphere. It should 

be noted that small scale fluctuations persist 

indefinitely at zero forward speed as shown in 

Fig. 5. These fluctuations may be due to the 

numerical errors caused by the spatio-temporal 

discretization of the time-domain integral 

equations. In Figs. 6-7, the wave damping 

coefficients at zero forward speed, calculated by 

using the improved Green integral equation 

(IGIE ) which is free of the irregular frequencies 

(Hong 1987) and the same coefficients 

calculated from the memory functions by using 

the Fourier transforms, have been compared 

with each other. As shown in these figures, the 

wave damping coefficients via Fourier transform 

agree quite well with the frequency-domain 

coefficients but small fluctuations of the former 

coefficients are seen in the neighborhood of the 

irregular frequencies which can be found in the 

solution of the source integral equation. Since 

the uniqueness of the present problem has 

already been proven by Stoker (1957) by making 

use of the transient free-surface Green function 

as mentioned earlier, the fluctuations must be 

due to relaxation of the initial conditions caused 

by the spatio-temporal discretization of the 

time-domain integral equation and the truncation 

of the memory functions at /t g a =35 where a 

denotes the radius of the hemisphere. The 

wetted surface of the hemisphere is discretized 

by 224 six- or eight-node second-order 

boundary elements and a non-dimensional 

time-step 0.05 /t a gΔ =  has been used.  

The memory functions at nonzero forward speed 

present slowly decaying oscillations with critical 

period tc which can be obtained by using the 

critical Brard number of 1/4 as follows: 

 

/ 2 2 /1/ 4, / 2ct g a Fn Fn U agπ= =        (47) 

 

In Fig. 3, it can be seen that the greater the 

forward speed the longer the critical period. The 

large-time oscillation of the memory function at 

nonzero forward speed can be fitted to a curve 

of the following form (Bingham et al. 1994): 

 

0 1 2( ) [ cos( ) sin( )]/

, 2 /
j k c c

c c

K t a a t a t t

t

ω ω

ω π

+ +

=
       (48) 
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Fig. 1 Second-order panel representation of 

hemisphere 
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Fig. 2 Second-order panel representation of 

Wigley model 
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Fig. 3 Surge-surge memory function of 

hemisphere 
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Fig. 4 Heave-heave memory function of 

hemisphere 
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Fig. 5 Large-time behavior of surge-surge 

memory function of hemisphere 
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Fig. 6 Surge-surge damping coefficients of 

hemisphere at Fn=0 
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Fig. 7 Heave-heave damping coefficients of 

hemisphere at Fn=0 
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Fig. 8 Surge-surge memory function of Wigley 

model 
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Fig. 9 Sway-sway memory function of Wigley 

model 
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Fig. 10 Heave-heave memory function of 

Wigley model 
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Fig. 11 Roll-roll memory function of Wigley 

model 
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Fig. 12 Pitch-pitch memory function of Wigley 

model 
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Fig. 13 Yaw-yaw memory function of Wigley 

model 
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Fig. 14 Large-time behavior of pitch-pitch 

memory function of Wigley model 
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In a two-dimensional study for a submerged 

body advancing in waves, the added mass and 

wave damping coefficients have been shown to 

be finite and continuous but their derivatives are 

discontinuous at the critical Brard number (Hong 

1988). If the nature of the two-dimensional study 

is similar to the present three-dimensional study, 

the Fourier transforms should present slowly 

decaying oscillations with critical period tc. 

Figs.8-13 show memory functions for the six 

modes of the Wigley seakeeping model. The 

wetted surface is discretized by 150 eight-

node second-order boundary elements and a 

non-dimensional time-step 0.075 /t L gΔ =  

has been used. The pitch-pitch memory 

functions at Fn=0.15 and 0.3 show slowly 

decaying oscillations with critical period tc and 

they tend to nonzero constants as shown in 

Figs.14. Here, the constants have been 

evaluated by using Eq.(48) and subtracted off 

and added to the restoring coefficient jkc  in 

the equations of motion (45) as proposed by 

Bingham et al. (1994). 

5. CONCLUSIONS 

The radiation potential of a ship advancing in 

waves is calculated in the time-domain using the 

three-dimensional time-domain forward-speed 

free-surface Green function and the Green 

integral equation on the basis of the Neumann-

Kelvin linear wave hypothesis.  

The integral equation for the potential is 

discretized according to a second-order 

boundary element method (SOBEM) where the 

collocation points are located inside the panel. 

The SOBEM makes it possible to take account of 

the line integral along the waterline in a rigorous 

manner. 

The wave damping coefficients of a 

hemisphere at Fn=0, calculated from the 

memory functions by using Fourier transform, 

have been shown to agree quite well with the 

frequency-domain coefficients.  

The numerical results of the memory functions 

related to the six-degree-of-freedom motions 

of a hemisphere and the Wigley seakeeping 

model have successfully been obtained for 

various Froude numbers.  
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