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I. INTRODUCTION

There are increasing research efforts on the X-ray
optical devices to produce small X-ray spots with a
dimension of nanometers in the field of device fabrications
and applications such as micro, nano-imaging and micro-
diffraction experiments. A micron-sized X-ray spot can
be generated using conventional X-ray optic components
that consist of a compound refractive lens, a capillary
optic and a zone plate lens. The parabolic compound
refractive lenses (CRL) provide micron- to nano-sized
X-ray spots [1, 2]. Nanometer-sized focused beams have
been produced by using a Fresnel zone plate within the
soft X-ray spectrum range [3,4]. A spatial resolution
better than 30 nm is reached using a zone plate [5, 6].
But it is difficult to obtain a coherent nano-beam at
an X-ray energy of 8 keV and above because of strong
absorption and phase shifts with increasing photon
energy. However, recent theoretical and experimental

research results have shown that the linear zone plate
can be used to focus hard X-rays up to 20 keV [7-10].
A spot size of about 90 nm has been achieved with
glass capillary optics [11]. But the capillary optics did
not preserve the coherence of the X-ray beams. A
pinhole can also be used to generate a micron-sized
beam, but smaller, nanometer-sized coherent beams
could not be obtained by pinholes. Even if, hypothetically,
nano-sized pinholes were available, the output flux from
the pinhole would not be enough for most applications.
The first demonstration of sub-micrometer beam generation
was conducted with a planar and a 2-D waveguide [12].
A single mode X-ray waveguide was investigated for
feasibility in terms of generating a smaller X-ray spot
[13]. It provides X-ray spots of around 10 nm, with
high coherence [14].
Fully coherent X-ray beams are used to investigate

the nanostructure of materials with the coherent diffrac-
tion imaging technique [15, 16]. An X-ray waveguide
way for X-ray optics to generate a fully coherent beam
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of X-rays for use as a source in the diffraction imaging
process, because it produces a coherent and divergent
X-ray beam that is generated based on the principle
of resonant beam coupling. The flux of X-rays at the
exit of the waveguide is efficiently gained by the
enhancement of the internal resonant field in the
guiding layer [13]. An enhancement of the electric-field
intensity takes place in a guiding layer with lower
electronic density that is deposited between reflecting
surfaces with higher density [17]. When the incident
angle at the higher density is smaller than the critical
angle , it is proportional to the square root of the

phase drag coefficient  . The incident beam
penetrating into the layers with a lower electronic
density than that of air is refracted at the interface and
then totally reflected from the low-high electronic
density interface. In this case, the X-ray standing wave
is created at the lower electronic density layer, whose
thickness D is given by [18]:

r
D α

λ
sin2= (1)

where λ is the wavelength of the incident x-ray beam
and  is the grazing incident angle at the total reflected

interface. The incident X-ray beam can be directly
coupled into the waveguide aperture, and the spatial
acceptance depends on the cross-section of the core in
the waveguide. Then, several modes can be excited simulta-
neously in the waveguide, depending on the thickness
of the core. The waveguide parameter V can be described
by the refractive indices of the core and the cladding
n1, n2 (n1 > n2), respectively, and the thickness of the
guiding layer [19].

kdkdnnV 1221 22 δδ −≈−= (2)

The refractive index of the medium in the region of
X-rays is given by:

βδ in +−=1 (3)

The real part of the index of refraction for hard
X-rays is always slightly smaller than one. In order to
utilize the X-ray waveguide, the core material must
have a low electron density with a low absorption coeffi-
cient, and the cladding material has to have a high
electron density with a sufficiently high potential wall
for the formation of guided modes. To develop the X-
ray waveguide, it is necessary to understand the transmis-
sion and coherence properties of the waveguide depending
on the waveguide design parameters, such as the core
thickness and the optical constants of the materials.
In this paper, the mode transmission will be predicted

by computer simulations for various waveguide materials

and the core thickness of the X-ray waveguides. Then,
the specifications of the X-ray waveguides that are
fabricated from a beryllium (Be) core and an air core
with a tungsten (W) cladding are investigated for practical
utilization of the X-ray waveguides.

II. METHODS AND MATERIALS

The computer simulations were carried out based on
the numerical solution of the parabolic equation. The
simulation code for mode analyzing is developed using
a finite element method scheme based on Crank-
Nicolson [20]. Consider the confined X-rays propagating
along the x-direction in a guiding core with thickness
 where the refractive index n1 is larger than the refrac-
tive index n2 in the cladding. The coordinate used in
the numerical calculation is shown in Fig. 1. When X-
ray beams are incident on the front face of the wave-
guide, which is perpendicular to the direction of the
wave propagation, then the horizontal component of
the electric field is denoted by ϕ . The propagation of
a monochromatic X-ray is described by the Helmholtz
equation:

0),,(222 =+∇ zyxnkϕ (4)

where λπω /2/ == ck is the wave number in free space.

In this study, one-dimensional confinement is considered
i.e., the electric field and refractive index profiles are
independent of y. The refractive indexes in the wave-
guide are:

⎩
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For the electric field inside the waveguide:

)exp()(),( xizzx βϕϕ −= (6)

where  is called the propagation constant. Then, the
Helmholtz equation can be reduced thus:
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FIG. 1. A schematic of the X-ray waveguide coordinates
for the numerical calculations
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The horizontal component of the electric field )(zϕ
has to be continuous at the interface of the core and
the cladding surfaces. Now, consider confined X-rays
propagating along the x-direction of the core with a
thickness of . When the beam of X-ray waves is incident
on the entrance of the waveguide, one component propa-
gates in the core and the other component travels in
the cladding, which is quickly damped out. Thus, only
the guided modes contribute to the generation of the
electric field at the exit face of the waveguide. The
wave equation for the one-dimensional confinement is
independent of y and is given by:
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Where the wave vector  is less than the critical

angle of total reflection, ϕ and oscillates very fast in
the x-axis. Thus, the numerical calculation requires a
larger number of computing steps. In order to overcome

this problem, ϕ is written as the product of a function
 and exp which is given by:

)exp(),,(),,( ikxzyxuzyx −=ϕ (9)

where u=u0 exp(ikx). So, the function u oscillates much
slower than ϕ .
Then the Helmholtz equation becomes:
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This equation is known as the parabolic wave equation.
For convenience we define:

 

, (11a)
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Then Eq. (10) becomes:
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The parabolic wave equation in two dimensions can
be used for a waveguide confined to one dimension by
dropping any y-dependence:
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and the boundary conditions are given as:

   

    (14)

   

where   is an incident plane wave which is a

damping plane wave in the cladding layer. The initial
boundary value problem is solved numerically using a
finite-difference scheme which is based on the Crank-
Nicolson scheme, and has second-order accuracy of 
and  [20]. The electromagnetic wave propagates away
from the boundaries, so the partial derivatives in Eq.
(13) become:
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The source code of the numerical calculation is written
with the IDL programming language and is based on
Eq. (15). Each waveguide is confined to a finite number
of guided modes depending on the core dimension, so
that the number of modes propagating in a core can
be found by [ ]int/πVN = where V is obtained from Eq. (2).
The critical thickness has to be determined to fabricate
an X-ray waveguide for single mode generation. When
X-rays are passing through an aperture, the critical

width ccW θλ 2/= is dependent on the wavelength λ and
is weakly material dependent [14]. In particular, the

critical width for the slab waveguide 12 22/ δδλ −=cd is
defined using the parameters of the materials.

III. RESULTS AND DISCUSSION

Fig. 2 shows the calculated electric field intensities
inside the core for different thicknesses at an X-ray
energy of 8.0 keV. The waveguides consist of an air
channel as a guiding layer with Pt cladding. The wave-
guide length has to be long enough to ensure sufficient
absorption in the cladding. The cross section of the
incident X-ray beam is much greater than the core cross
section at the entrance. It causes a significant amount
of X-ray energy to be transmitted through the cladding,
leading to unwanted background, and it also affects the
far-field pattern. Consequently, the waveguide has to be

(a) 10 nm (b) 20 nm

(c) 40 nm (d) 80 nm

(a) 10 nm (b) 20 nm

(c) 40 nm (d) 80 nm

FIG. 2. The propagating modes in the air core wave-
guides with Pt cladding for different core thicknesses at
an X-ray energy of 8.0 keV.
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long enough to ensure that the ratio of transmission
through the core and cladding is enough to achieve
sufficient background reduction. The length of waveguide
in our investigation is 2 millimeters, based on the absorp-
tion of the cladding materials [14]. In Fig. 2, the E-field
intensities are shown for the air core waveguides with
Pt cladding to find the dependence of the thickness of
the core on the propagation modes. It is shown that
a single mode generates in the core at a thickness of
20 nm see Fig. 2 (b). The single mode is clearly formed
in a core of 10 nm, Fig. 2 (a), but the intensity is about
40% lower than that for the core thickness of 20 nm.
Fig. 2 (c, d) show that multimodes form at a thickness
of 40, and 80 nm at an X-ray energy of 8.0 keV.
The mode profiles in the beryllium (Be) core

waveguides with the platinum (Pt) cladding are shown
in Fig. 3. The single modes (TE0) propagate with a
core thickness of up to 20 nm see Fig. 3. The TE1 mode
appears at a core thickness of 30 nm in Fig. 3. The
TE2 mode is formed and the E-field intensity at the
exit is dramatically reduced with a Be core thickness
of 40 nm. The multimode propagations are observed for

core thicknesses of 60 nm and above. The intensities
from these waveguides reach 15% (60 nm) and 0.2%
(100 nm) of the single mode, respectively. The E-field
intensities of the air core X-ray waveguides with the
platinum cladding layers are shown in Fig. 4. The
highest E-field intensity of this waveguide is 65% of the
single mode, which radiates from the beryllium core
waveguide in Fig. 3. The unexpected results may be
caused by a large critical angle of the total reflection
between the air-Pt interface. A much larger number of
reflected rays at the interface of an air core and the
cladding layer of the waveguide bounce back and forth
within the core than in the Be core. So, more interference
that acts to cancel each other out while traveling along
the air core may occur in the air waveguide with Pt
cladding. Thus the E-field intensity at the exit of the
air channel waveguide is smaller than in the Be-cored
one, even though the absorption of air is 100 times
smaller than its Be equivalent. The trends of mode
propagation in the air core waveguide are similar to the
Be core waveguide, and are shown in Fig. 4.
The E-field intensities of the single mode at the exit
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FIG. 3. The mode profiles in the Be core waveguides
with Pt cladding at an energy of 8.0 keV.
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FIG. 4. The mode profiles in the air core waveguides
with Pt cladding at an energy of 8.0 keV.
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FIG. 5. The intensities at the exit of the Be core
waveguides with a core thickness of 20 nm for different
cladding materials.
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of the waveguide for different cladding materials are
shown in Figs. 5-6. The 20 nm thick Be core waveguides
with different claddings, i.e., Pt, Au, W, Ni, and Si,
are shown in Fig 5. The spot size of 7.3 nm in FWHM
is obtained from the waveguides with Pt, Au and W
cladding layers. The intensities of the E-field also
remain equivalent for those three cladding layers. The
intensities for the single mode radiating from theair
channel waveguides are shown in Fig. 6. In this case,
the two waveguides with Pt and Au cladding reached
about 65% of the Be core waveguide. The propagating
mode intensity in the W cladding waveguide is shown
to be far less than the intensity from the Be-W
waveguide. The low reflectivity and high absorption of
W may bring about the low intensity at the exit of the
waveguide. Unfortunately, the Si cladding waveguides
did not show good results either with an air or a Be
core. In Table 1, the thickness of the core layers is
determined for practical applications to fabricate the
X-ray waveguides of the Be-W and the air-W system.
A maximum thickness of 17.05 nm is obtained for the
Be core waveguide with W cladding, and the maximum
thickness of the air core waveguide with W cladding
is 15.96 nm.

IV. CONCLUSION

Propagation of modes in the X-ray waveguides are
investigated with numerical calculations based on
parabolic wave equations. The E-field intensities in the
core layer are calculated at an X-ray energy of 8.0 keV
for an air and a Be core withdifferent cladding layers
such as Pt, Au, W, Ni and Si to determine the
dependence of materials. The highest E-field intensity
at the exit is radiated at a thickness of 20 nm in the
Be waveguide with the Pt cladding. However, the
intensity from the waveguide with an air core-Pt
cladding reaches 64% of the Be-Pt waveguide. The
dependence on the thickness of the core, which is a
major parameter for generating a single mode in the
waveguide, is investigated for air-Pt, and the Be-Pt
waveguides at an X-ray energy of 8.0 keV. The mode

profiles at the exit show the single modes at up to a
thickness of 20 nm for the air-Pt and the Be-Pt wave-
guides. The maximum thicknesses of the core are also
determined for practical utilization of the waveguides
using tungsten as a cladding material.
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