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SUPERQUADRATIC FUNCTIONS AND REFINEMENTS OF
SOME CLASSICAL INEQUALITIES

SENKA BANIC, Josip PECARIC, AND SANJA VAROSANEC

ABSTRACT. Using known properties of superquadratic functions we ob-
tain a sequence of inequalities for superquadratic functions such as the
Converse and the Reverse Jensen type inequalities, the Giaccardi and the
Petrovi¢ type inequalities and Hermite-Hadamard’s inequalities. Espe-
cially, when the superquadratic function is convex at the same time, then
we get refinements of classical known results for convex functions. Some
other properties of superquadratic functions are also given.

1. Introduction

Let I be an interval in R and ¢ : I — R a convex function on I. If (z,, ..., 2,)
is any n-tuple in I (n > 2) and (p,,...,pn) is any non-negative n-tuple such
that P, = Z?:l p; > 0, then the well known Jensen’s inequality
(L) o\ om) < 5 Soeten

. ¥ P, £ bixi ) > P, 2 bip\z;
holds.

Under the same conditions as above, for x; € [m,M] C I (i = 1,...,n),

where —co < m < M < oo, a converse of Jensen’s inequality gives an upper
bound for the right side of (1.1):

1 & M
(1.2) P, ;pisﬁ(mi) <

- T—m
M—-—m

m@(M),

p(m) +
where T = P% S piz;. This result remains valid under a weaker condition on
¢, i.e., it is sufficient that either (¢(z)—¢(m))/(x—m) or (p(M)—p(z))/(M —z)
is a non-decreasing function of z on (m, M] and [m, M), respectively (see [5,
p.105]).

An integral analogue of the above inequality in the measure space (), A, p)
with 0 < p(2) < oo states that if f: @ — [m,M] is a function such that
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f’(P © f € Ll(u)7 then
(13) i e nau < 3L otm) + L= o0

holds for any convex function ¢ : [m, M] — R, where f = mlv) Jo fdp.
The result of the following theorem ([5, p.152]) is a simple consequence of
inequality (1.2).

Theorem A. Let (p,,...,p,) be a non-negative n-tuple and (z,,...,z,) be a
real n-tuple such that Y ._, prxx € [0,a,

n n
D pezk 2o, (i — o) (Zpkxk—iﬂi) 20, i=1,...,n,

k=1 k=1

where zo € [0,a]. If (p(x) — ¢(20))/(xz — o) is a non-decreasing function on
[0,a], then

(1.4) > peo(zi) < Ap (Zpkzk) +B <2Pk - 1) ¢(o)
k=1 k=1 k=1

holds, where
4 = 2oe=1Ph{Tk ~ To) B o _ 2k=iPkTE
2 k=1PkTk — Tp Y r—1PkTE — o
The Giaccardi type inequality (1.4) can be obtained from (1.2) by setting
m =zo and M = Y 7_ pexr (if Zo < 3 p_, PrTk, or M = xo and m =
> k1 PrZi in the reverse case).

Moreover, for zp = 0 we have A = B = 1 in (1.4), so in that case we get
Jensen-Petrovié’s inequality:

(1.5) Y _peo(ar) <o <§:pkxk> + (Zn:pk - 1) ©(0).
k=1 k=1 k=1

Furthermore, under the following assumptions on a real n-tuple (py, ..., pn):

p1>07 pz_<.0 (i=27"'7n)7 Pnzzpz>07
=1

ife; €I (i=1,...,n) and Pl_,, S piz; € I, the reverse of Jensen’s inequality
(1.6) ® 1 zn:piﬂfz’ 2 > Zn:l’z’(,ﬁ(l‘z')
P, i=1 ~ P i=1

holds for any convex function ¢ : I = R.
In this paper we refine all the above inequalities and we also refine the
following pair of inequalities, that is called Hermite-Hadamard’s inequalities:

b
(1.7) f(“b)sﬁ/ Or ESACER AU

2 2 ’
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which holds for any convex function f: I — R and a,b € 1.
Now we quote some definitions and state a list of basic properties of su-
perquadratic functions established in [2] and [3].

Definition A ({2, Definition 2.1]). A function ¢ : [0, 00) — R is superquadratic
provided that for all 2 > 0 there exists a constant C'(z) € R such that

(1.8) p(y) — o) — o(ly —z|) > Cla)(y — z)

for all y > 0. We say that ¢ is subquadratic if —¢ is a superquadratic function.

Jensen’s inequality for a superquadratic function is given in the following
theorem:

Theorem B ([2, Theorem 2.3]). The inequality

(1.9) go( /Q fdu> < /Q (0(£(8)) = 9(1F(5) — oy Sdul)) diu(s)

holds for all probability measures yu and all non-negative, p-integrable functions
f if and only if ¢ is superquadratic.

A discrete version of the above theorem is also used in the sequel. It can
be obtained by choosing a discrete measure p on {1,...,n}, defined by u(i) =
Pi/Pn, pi >0, P, =3 " p; >0 and the function f defined by f(i) = =; :

Lemma A ([3, Lemma 2.3]). Suppose that ¢ is superquadratic. Let x; > 0,
i=1,...,n and let T = P%Z?ﬂpixi where p; > 0 and P, = Y. p; > 0.

Then
1 & _ 1 — _
(1.10) 7 > pig(e) = 9@ 2 5 D_piplla: ~ 7)) -
" oi=1 " oi=1

Lemma B ([2, Lemma 2.2]). Let ¢ be a superquadratic function with C(z) as
in Definition A. Then:
(i) (0) <0,
(i) If ¢(0) = ¢'(0) = 0 then C(z) = ¢'(z) whenever ¢ is differentiable at
z > 0.
(i) If ¢ >0, then ¢ is convex and ¢(0) = ¢'(0) = 0.

Lemma C ({2, Lemma 3.2])). Suppose ¢ is differentiable and ©(0) = ¢'(0) = 0.
If © is superquadratic then p(x)/x? is non-decreasing on (0, 00).
It is interesting to see some examples of superquadratic functions.

Examples. (1) [2] Function ¢(z) = zP is superquadratic for p > 2 and sub-
quadratic for p € (0, 2].
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(2) [1] Let A : (0,00) = R be a continuous and a non-decreasing function
with lim; 04 th(t) = 0. Then the function f :[0,00) — R defined by

f(t):/0 sh(s)ds,

is superquadratic.
(3) [1] Let A : (0,00) = R be a continuously differentiable and a non-
decreasing function with
lim th(t)=0 and lim ?h'(t) =0
t—0+ t—0+
such that the function ¢ +— ¢h'(t) is non-decreasing. Then the function f :
[0,00) = R defined by

F(&)y =th(),

is superquadratic.

The rest of this paper is divided into four parts. The first part is devoted
to the Converse of Jensen’s inequality, the Giaccardi and the Jensen-Petrovié
inequalities for superquadratic function and its refinements in the case when
the considered function is convex and superquadratic simultaneously. In the
second part the reversals of Jensen’s and Hélder’s inequality for superquadratic
function are considered. If moreover, we know that ¢ is superquadratic and
¢'(0) = ¢(0) = 0, then ¢(x)/z? is non-decreasing and such kind of functions
are considered in the third part. And finally, the last part is devoted to the
Hermite-Hadamard inequalities and its refinements.

2. Converse of Jensen’s and related inequalities

The first theorem that we prove here is the Converse of Jensen’s inequality
for superquadratic functions.

Theorem 1. Let (2, A, p) be a measure space with 0 < pu()) < oo and let
¢ 1 [0,00) = R be a superquadratic function. If f : © — [m,M] C [0, 00) is
such that f, po f € Li(u), then we have

f-m

P oy + L2 o),

@) o pdutAcs
where f = ﬁ Jo fdp and
Ao = s [ = £)p( = m) + (7 = oM = )] d.
p(§) M —m Jq

Proof. It can be easily obtained, from Definition A, that for a superquadratic
function ¢ the following inequality

(22) @) < LT (o) - gz — yr)) + —— L

= -n Yo — (ply2) — oly2 — 2))
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holds for all z,y1,y2 > 0, such that y1 < = < y2 (see [2]). Setting x = f(t),
y1=m, y> = M and for all t € O, we get

o)+ 5T oy —my + L= s g
< S vtm s SEEaon

Integrating this over © we obtain

oo Nt 5= [ 104 = 1ot = m) + (£ = m)p(as - Pl

QM — [, fdu Jo fdp — p()m
- M-m w(m) + M—-m
and after dividing with () we get (2.1). O

(M),

Remark 1. Under the assumptions of the Theorem 1, and if ¢ is a non-negative
and superquadratic function (and therefore convex) we have both of the results,
(1.3) and (2.1). Since the term A, is non-negative in this case, then the in-
equality (2.1) refines the inequality (1.3).

If p is a discrete measure we have a discrete version of the previous result
i.e., we have the following theorem.

Theorem 2. Let ¢ : [0,00) — R be a superquadratic function. Let (z,,...,T,)
be an n-tuple in [m, M]" (0 <m < M < 00) and (p,,...,pn) be a non-negative
n-tuple such that P, = 3" | p; > 0. Then

1 & M-z T—-m
. =S pepla < M
(2.3) o ;pzw(xz) + Aae < gr——(m) + 37— (M),

where T = B > i pix; and

Dac = g =y DM ol = m) + (o = (M ).

In particular, under the assumptions of the above Theorem, for m = zy and
M =30 pexe (if o < 3p_, Pk, or reversely in case To > >, PrTk) We
get the following Giaccardi type inequality for superquadratic function:

Corollary 1. Let ¢ : [0,00) = R be a superquadratic function and xo > 0. Let
(py,---pn) and (z,,...,z,) be non-negative n-tuples such that

n n
Zpkl’k # Zo, (l’i—ﬂvo)(ZPkwk—iﬂi)ZO, t=1...,n
k=1 k=1

Then

(2.4) Y pip(zi) + Ag < A@(ki przi) + BOY_ pe — Dplao),
i=1 =1 k=1
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where
1 i n
Ag = pi( 2 przr — zi)@(|Ts — 20l)
pray —To \i=1 K=l
k=1
+ > pilai — Z0)<P(|k2110k90k - xi|)>
=1 =
(2.5)

and A and B are defined in Theorem A.

In the special case of Corollary 1, when 29 = 0, and s0 Y p_; pp&r > ; > 0,
we get Jensen-Petrovié’s type inequality for superquadratic functions:

> i)

=1

1 ld n n
B Y as— i Tr — x;)p(x;) + x5 T — T;
> h=1DkT Zp [(kzz:lpk k Jo(zi) w(k;pk k )]

i=1

(26) < (Zn:pk - 1) (0) + ¢ (ipkwk> :
k=1 k=1

Remark 2. Considering the case when ¢ is a non-negative superquadratic func-
tion, by Lemma B (iii) ¢ is also convex, so (1.2) is also valid for such func-
tion. Since the term Ay, in (2.3) is non-negative in this case, we conclude
that inequality (2.3) refines the inequality (1.2). Similarly, a non-negative su-
perquadratic function ¢ is convex and therefore

(o(z) — p(20))/(z — z0)

is an increasing function, so (1.4) is also valid for that function. Under the
assumptions of Corollary 1 we have

n
Y. DRk — T o
k=1 i — Zo .
- 2>0 and — : >0, i=1,...,n,
prk — Xy PreZr — Zo
k=1 k=1

so in this case the term A in (2.4) is non-negative. Hence, in this special case,
inequality (2.4) represents a refinement of inequality (1.4). Finally, in the same
way as above, we conclude that if ¢ is non-negative and superquadratic, then
(2.6) refines (1.5).

3. Reversal of Jensen’s inequality and Popoviciu’s type inequality

In this section we obtain Popoviciu's type inequality. As we know that
inequality is a reverse version of Holder’s type inequalities which are given in
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articles [2] and [6]. For this purpose we need one more general result which is
called the Reversal of Jensen’s inequality.

First, we will prove a discrete Rewversal of Jensen’s inequality for super-
quadratic functions.

Theorem 3. Let (p,,...,pn) be a real n-tuple such that
p>0,  pi<0 (i=2...,n), P,=> pi>0

If 2, >0(=1,...,n) and T= p% S pizi > 0, then for a superquadratic
function ¢ : [0,00) = R the following inequality

( szxz> > _szﬁo +Q0 |CL' 1'1 ———szcp |£L'1—IL'1|)

=2
holds.
Proof. After making the substitutions:
n
p, = Py, xlﬁf:ﬁl—z it
p, = —p,, T, >z, 1=2,...,m

in Lemma A, we get

i( Pao® — 3 i xz>—¢<z1>

=2
1
> — | Pap(|T — m1) szcp |z — 1)) | -
Yyl
Multiplying the above inequality by p;/ Pn we obtain (3.1). O

Remark 3. As in the previous cases, we are considering the case of Theorem
3 when ¢ is a non-negative superquadratic function. In that case ¢ is also a
convex function, so inequality (1.6) holds too. Since ¢ > 0, P, > 0 and p; <0
for i = 2,...,n, we have

o(|7 — 1)) - —me |z — @1]) > 0.
=2

Hence, in Theorem 3 we get the following refinement of the Reversal of Jensen’s
inequality (1.6):

¢ (Pi me) szw )+ (| —a1]) - —ZZW lzi — 1)
" i=1

n =2
> P— ZP#P(&?:').
o=
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Using the previous Theorem we are able to prove an integral version of the
Reversal of Jensen’s inequality.

Theorem 4. Let (2, A, u) be a measure space with 0 < p{)) < oo and let ¢ :
[0,00) = R be a superquadratic function. If p,g : Q — [0,00) are functions and

a,u € [0,00) are real numbers such that p,pg,pcp(g),pap(|£ﬂpg—w —g|) € Li(p),

Jo pdu
0< Jopdp <u and ua — [, pgdp > 0, then
ua — d — d
(32) (p( a— Jopg u) 5 up(a) — Jo pp(g)du .
u = Jopdp u = Jopdu
where
Apy

= i Lo ([P o) ane (L) o
+(u_/0pdu)(p( Jo pdp prgdu_am'

Jopgdp aD

Jo pdu

u— fopdu | Jopdp
Proof. Putting in Theorem 3 n = 2, py = u, po = — [ypdp, 1 = a, 23 =
1}3% we obtain the following
Q
d (fnpgdu
(ua ~ fgpgd,u) S up(a) = (Jo pdp)e 1, pan )
u— fopdp u— Jopdp
d d
+¢( Jopdp | o pgdu _a')
u— [opdy | [ pdp
Jo pdp < Jopgdn aD
u=Jordp \| Jopdp

Using Jensen’s inequality for superquadratic function (Theorem B) we get

Ja pgdu) Jo pgdp
pdu)w(—— S/pcp d —/pcp 9—F——1)dp.
</o Jo pdp Q (9)dy Q | Jo pdu |
Combining these two inequalities we get inequality (3.2). O

Considering the superquadratic function ¢(z) = zP, p > 2, and applying
result (3.2) we obtain the Popoviciu type inequality.

Theorem 5. Let (0, A, 1) be as in Theorem 4. Let p > 2 and q be real
numbers such that 11—7 + % =1.If f,g:Q — [0,00) are functions and fo,go are

positive real numbers such that f?, g%, fg,|g"" [, fgdu — f [, 9%dulP € Li(p),
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= Jog%dp >0, f§ — [ fPdp > 0 and [, g%dp > 0 then

(3.3)  fogo — /Q fgdu > [(fé’ - /Q f”du> <93 - /Q quu>p/q +AP]
1/p 1/q
> (fé’ - /Q f”du> (98 - /Q quu) ,

L/p

where
— [ 9%dp) ”/"/
Ap = q/p/ d / TqulPd
P ngqdu lg fodp — f plPdu
B g _f quu)p/q
n q/p/ g%d _/ dul - 1+( §2 .
ng() o 2 0 fg H (fQ quﬂ)p/q

Proof. By applying the substitutions: ¢(z) = z?, p > 2,
u=gl pog' a9, fo, g g VS

in (3.2) we obtain inequality (3.3), while the second inequality follows from the
positivity of Ap. a

As we can see, the result of the previous theorem is, in fact, the refinement
of the classical Popoviciu’s inequality, [5, p.125].

4. The case ¢(0) = ¢’(0) =0

Here we state another versions of the considered inequalities for superquad-
ratic functions. First we give a result which is, in special case, a refinement of
the Converse of Jensen’s inequality (1.2) for m = 0.

Theorem 6. Let ¢ : [0, M] = R (M > 0) be a differentiable superquadratic
function with ©(0) = ¢'(0) = 0 and let (Q, A, ) be a measure space with
0<p() <oo. If f: 2 — (0, M] is such that f, -‘%f € Li(p), then we have

pof (M)
(1) i< 25 | fan

Proof. Under the given assumptions on ¢ and according to Lemma C the func-
tion ¢(x)/z? is non-decreasing on (0, M]. So, for any ¢ €  we have

Plf) _ p(M)

f@? - M2
Then we obtain

bt




522 SENKA BANIC, JOSIP PECARIC, AND SANJA VAROSANEC

Remark 4 (A refinement of the Converse of Jensen’s inequality). Especially, if
the superquadratic function ¢ is additionally non-negative, then (by Lemma
B) it is also a convex function with ¢(0) = ¢’(0) = 0. In that case, beside (4.1),
the Converse of Jensen’s inequality (1.3) for m =0:

1 pof f
(4.2) oA W < qEeM),

holds too.
Since f(t) < M for all t € Q we get

pof pof (M)
[ ans [ S lan< B0 | pau

So, inequality (4.1) represents a refinement of the Converse of Jensen’s inequal-
ity.

Let us point out a corresponding result for a discrete measure.

Theorem 7. Let ¢ : [0, M] - R (M > 0) be a differentiable superquadratic
function with ©(0) = ¢'(0) = 0. If p; >0, z; € (0,M] (i =1,...,n), and
Sr pi>0, then

szf‘f—l) < %\(‘%—) Zpiwi
i=1

? i=1

holds.

Remark 5 (A refinement of the discrete Converse of Jensen’s inequality). Sim-
ilarly as in the previous remark if the superquadratic function ¢ is additionally
non-negative, then we have a refinement of the Converse of Jensen’s inequality

(1.2)
n n n
p(xi) plai) _ o(M)

sz‘ S Zpi Z, < szl‘z

i=1 =1 i=1
Remark 6 (A refinement of Jensen-Petrovié’s inequality). In a particular case,
by setting M = 3"7 | p;x; in Theorem 7, as we already have m = zy = 0, we get
one more version of Jensen-Petrovié’s inequality for superquadratic function:

ZpiSO(l'i) < <P(Eni=1 pi-'L'i),
i=1 T Zi:l piZ;

and multiplying it by > | p;z; > 0, the following equivalent inequality:

(4.3) me Zpif% < w(zpm)-
i=1 i=1 ’ i=1

In case when ¢ is (beside the above assumptions) also a non-negative func-
tion, as we mentioned earlier, ¢ is a convex function too, and we have (0) =
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©'(0) = 0. So, in that case, Jensen-Petrovié’s inequality

(4.4) SO(Z piwi) > > pip(ws)

holds.
Let us consider the inequalities (4.3) and (4.4). They are not comparable
for any choice of weights p;, but if p; > 1 (i =1,...,n), then we have

n

n n n
Zpimi Zpi'yi = Zp?ﬂ?iyi + Z Pip;iTiyY;
=1 =1

=1 i#£j

i,j=1

n n
2 Z;Dfﬂfiyi > sz‘wiyz’,
=1 =1
where y; = p(z;)/z;
So, using (4.3) we get
45 SRS o W NN CORNE o v
(4.5) P (Q_pizi) 2D _piwiy pit— > ) pigla),
i=1 i=1 i=1 ’ i=1

which is a refinement of the Jensen-Petrovié inequality (4.4).

Corollary 2. Inequalities for sums of order p Let (z1,...,2,) and (p1,...,Pn)
be non-negative n-tuples with p, > 1 (i =1,...,n). If r > 2p, then

(zn: pizp)'" < (Zn: piz? ipixf-"’)l“ < (Zn: piah)' /P
=1 =1 i=1 =1

Proof. Tt is a simple consequence of the inequality (4.5) for a superquadratic
function (z) = z"/?. O

It is a refinement of the well-known inequality for sums of order p, [5, p.165],
which states that

(\imﬁ)”r < (ipiwi’)””
=1 i=1

for r > p.

5. Hermite-Hadamard’s inequality

The following theorem gives to us an analogue of the inequalities in (1.7) for
superquadratic functions. As we shall see, in the special case for non-negative
superquadratic functions, we obtain the refinements of these inequalities.
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Theorem 8. Let ¢ : [0,00) — R be an integrable superquadratic function,

0<a<b Then
a+b 1 b a+b
o(5) i [ e (-2

(5.1) < 5= | et
< p(a) + ¢(b)
1 b
(5.2) e / (b — D)p(t — a) + (¢ — a)p(b — )] dt.

Proof. First we prove (5.1), the left Hermite-Hadamard inequality for super-
quadratic functions. Since the function ¢ is superquadratic, then for f(t) = ¢
and measure p on {1 = [a,b], defined by dpu = 31-dt, inequality (1.9) shows

that
(e [r) iy [Fowar i [ofe- 2 [ oo
Also, as ¢ is superquadratic, by setting z = ¢, y1 =a and y2 = b in (2.2)

holds. Hence, we get (5.1).
we get, that

b
t— —— sds

L~

P) < 7 (p(@) ~ plt — @) + T

(p(b) — p(b—1))

holds for all ¢,a,b > 0 such that a < ¢t < b. After integrating this expression
over the segment [a, b] :

b 1 [
[ et < = [ ibela) - ap(t) + o) ~ e e

1
b—a

b
[ 1= 06t - a)+ (¢~ ayolo - )

a
and dividing with (b — a) we get (5.2). a
Remark 7. If ¢ is superquadratic and non-negative, then by Lemma B, ¢ is
also a convex function. In this case the second term on the left side in (5.1) and

the last term in (5.2) are non-negative, so we have the following refinements of
Hermite-Hadamard’s inequality (1.7):

a+b a+b 1 b a+b 1 b
< _ar? .
() 2o () e Lo (b5 st [oom
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and
1 b
. / o(t)dt
b 1 b
< AU L T gt - a) + (6 aelh - )t
2 (b—a)” Ja
L gl e
— 2 -
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