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COMPLETE MOMENT CONVERGENCE OF MOVING
AVERAGE PROCESSES WITH DEPENDENT INNOVATIONS

Tae-Sung Kiv, MI-Hwa Ko, AND YoNG-KAB CHoI

ABSTRACT. Let {Y;;—00 < i < oo} be a doubly infinite sequence of
identically distributed and ¢-mixing random variables with zero means
and finite variances and {a;;—o0 < ¢ < oo} an absolutely summable
sequence of real numbers. In this paper, we prove the complete moment
convergence of {3 F_; S°%° _ _a;41Y;/n!/P;n > 1} under some suitable
conditions.

1. Introduction

We assume that {Y;; —oo < ¢ < oo} is a doubly infinite sequence of identi-
cally distributed random variables with zero means and finite variances. Let
{a;; —00 < i < 00} be an absolutely summable sequence of real numbers and

(1.1) Xp= Y auYik>1

Under independence assumptions, ie., {¥;;—oo < i < oo} is a sequence
of independent random variables, many limiting results have been obtained
for moving average process {Xy;k > 1}. For examples, Ibragimov [4] has
established the central limit theorem for {Xj;k > 1}, Burton and Dehling [2]
have obtained a large deviation principle for {Xj; k > 1} assuming E exp(tY1)
< oo for all ¢, and Li et al. [5] have obtained the following result on complete
convergence.

Theorem A. Suppose {Y;; —o00 < i < oo} is a sequence of independent and
identically distributed random variables. Let {Xy;k > 1} be defined as (1.1)
and 1 <p < 2. Then EY; =0 and E|Y{|** < oo imply

ZP{|ZXk| > n'/Pe} < oo for all e > 0.

n=1 k=1
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Zhang [9] extended Theorem A to the case of dependence as follows:

Theorem B. Suppose {Y;;—0c0 < i < oo} is a sequence of identicolly dis-
tributed and ¢-mizing random variables with > o, ¢% (m) < 00 and {Xi;k >
1} is defined as (1.1). Let h(z) > O(z > 0) be a slowly varying function and
1<p<2,7r>1. Then EY; =0 and E|Y1|"h(|Y1|P) < oo imply

o0 n
an/”_zh(n)P{l ZXk[ > en'/P} < oo for all € > 0.
n=1 k=1
Moreover, Baek, Kim and Liang [1] discussed the complete convergence of
moving average processes under negative dependence assumptions and Liang [7)
obtained some general results on the complete convergence of weighted sums of
negatively associated random variables, including moving average processes.

When {X;k > 1} is a sequence of i.i.d random variables with mean zeros
and positive finite variances, Chow [3] obtained the following result on the
complete moment convergence:

Theorem C. Suppose that {Xy; k > 1} is a sequence of i.i.d random variables
with EX1 =0. For1<p<2andr > p, if E{|X1|" +|X:1|log(1+|X1])} < o0,
then for any € > 0, we have

o0 o0
an/p—z—l/pE{l ZXkl _ enl/p}+ < 00.
n=1 k=1
Recently Li and Zhang [6] showed that this kind of result also holds for
moving average processes under negative association as follows:

Theorem D. Suppose {Xy;k > 1} is defined as (1.1), where {a;; —00 < i <
oo} is a sequence of real numbers with > > |a;| < 0o and {Y;;—o0 < i <
oo} is a sequence of identically distributed and negatively associated random
variables with EY; = 0, EY? < co. Let h(z) > 0(z > 0) be a slowly varying
function and 1 < p < 2,r > 1+ p/2. Then E|Yi["h(|Y1|?) < oo implies

S n'/P=21Ph(n)E{|S,| — en'/P}F < 00, where Sp = Yo p_y Xg,n > 1.

In this paper we shall extend Theorem D to the ¢-mixing case.

2. Results

We suppose {Yi; —00 < i < oo} is a sequence of identically distributed and
¢-mixing random variables, i.e.,

¢(m) = Sl;p &(FE,FS,.) = 0, asm = oo,

where FI* = o(Yy;n < k € m) and ¢(4, B) = sup(P(B|A) — P(B)) A €
A, BeB,P(A)>0.

Throughout the sequel, C will represent a positive constant although its
value may change from one appearance to the next and [z] will indicate the
maximum integer not larger than z.
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The following lemma comes from Burton and Dehling [2].

Lemma 2.1. Let 32 a; be an absolutely convergent series of real numbers
witha=3""_a; and k > 1. Then

0o i+n

(2.1) nllnéohl' Z 1S 4l = al*.

i=—o0 j=i+1
The following lemma will be useful. A proof appears in Shao [8].

Lemma 2.2. Let {Y,;n > 1} be a sequence of ¢-mizing random variables and
let S =>"7_, Yi,n > 1. Suppose that there exists a sequence {Cy,} of positive
numbers such that

(2.2) max ES? < C,.
1<i<n
Then, for any q > 2, there exists C = C(q, $(-)) such that
(2.3) E max |S;]? < C(C¥? + E max |V;|9).
1<i<n 1<i<n

Our main result is as follows:

Theorem 2.3. Set S, = >7_, Xj,n > 1, where {Xy;k > 1} is defined as
(1.1). Suppose {Yi;—00 < i < oo} is a sequence of identically distributed and
¢-mizing random variebles with EY; = 0, EY? < 00 and Y, $2(m) < oo
and {Xy; k > 1} is defined as (1.1), where {a;; —0o < i < 00} is a sequence of
real numbers with > .- ___|a;| < co. Let h(z) > 0(z > 0) be a slowly varying
function and 1 < p < 2,r > p. Then E|Y1|"h(|Y1]P) < oo implies

(2.4) > PP R(R) BY|Sa| — en/P} < 0o for all € > 0.
n=1

Remark. Let a;vp = 1,0 = kjaip = 0,4 # k,1 < k < n. Then X, =
Yi, Sn =35 1 Xk = >.7_; Y. Hence Theorem 2.3 holds when {X;k > 1}
is a sequence of identically distributed and ¢-mixing random variables.

Corollary 2.4. Under the conditions of Theorem 2.3, E|Y1|"h(|Yi|P) < o
implies

(2.5) Z n" P2 h(n) P{|S,| > en'/?P} < 0o for all € > 0.
n=1
Proof. By Theorem 2.3 we have

> w2V h(n) E|S,| — en/7}F
(2.6) " _
= 3 r/em2-1rp(n) / P{|Sa| - en® > z}de
n=1 0
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/ Z /P21 (n) PLISA] > (€ + y)nd Ind dy

/ Z"r/” 2h(n)P{)Sn| > (¢ + y)n }dy < oo.
Hence from (2.6) the result (2.5) follows. a

Remark. Note that Corollary 2.4 is Theorem B for 1 <p < 2,r > 1+ L.

3. Proof of Theorem 2.3
Recall that

where an; = Y p_; Gitr.

From Lemma 2.1, we can assume, without loss of generality, that 3 oo __|ay]
<Sn,n>landa=372 _ |a; <1.

Let S, =Y amYI{|amY| < z}.

First note that for z > nv ,

(o)
zE|S,| = z7Y Z an; EY;I{|an:Yi] > x}

i=—00

2™t Y lanil EIYi|H{laniY1] > 2}

z'nE\V1|{a|vh| > z}
nEWAII{Y] > o)

s 2P B\ | I{a|Y1] > =}
Eli|PI{|Y1] > 2z} - 0 as ¢ — 0.

IN

IA AN N A

So, for z large enough we have 71 E|S,| < ¢/2. Then

> ni BB 30 0] = en
n= k=1

= f: P25 h / . P{[ZXH > z}dz (letting =z = ex)
n= ? k=1

= i pT2 /l P{IZXkl > ex }do
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< C’Zni_Q‘%h(n) /; (P{sup lan:Y:| > x}

P

+P{|S, —ES,| >z 5})d

[
= CZn /L Il+12d$,
n=]1 ne

where I = P{sup; |an:Yi| > 2} and I, = P{|S, — ES,| > z5}.

Set I.; = {z el (] + 1)_% < ’am’ < j_%}7j =1,2,.... Then Uj>11,; =T.
Note that (cf. Li et al., [5])

k
3 # Ly <nlk+1)7.

i=1

For I; and 1 < p < 2,7 > p noting that E|Y1|"h(]Y1|P) < oo, we get

an’ vh(n /l Ldx

< Gin%—2—% (n) > PllanYi| > w}de

n=1 i=—00

o

oo

= CZn§_2_%h(n)/% > P{lanYh| > a}dz

n=1 i=—00

8

>3 P> jratds
j=li€l,;
D

IN IA
Q Q
NERNGE
3 3
’dli ’ﬁh
'a}»—‘ 'w|»—~
:\8 ﬁ\g

#1n;) > Plk< P <k+1}dz

n=1 j=1 k>jap
o0 oo 00 k/wp

< CY nePTER(n) [ >0 D (#L)PE< VP <k +1}de
n=1 NP k=[er] j=1
N o1 o = k 1

< CY ne TEh(n) [, Y n(= + D)7 Pk <M <k+1}de

< czn%~1—%h(n)/ ST kra Pk < Vi <K+ 1}dz

< C/ t3 1w h(t) / > krz ' P{k < V1|’ < k + 1}dzdt
1

k=[z?]

(letting y = t¥)
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IN

c/ =2 P)/ ! Z kEP{k < |Vi|P < k + 1}dedy

[-’“’J

C/ / "2 h(yP)dy)z ! Z k¥ P{k < |Vi[P < k + 1}dz

k=[z?]

IA

IA

C/ @™ 2h(zP) Z kr P{k < |V1|? < k + 1}d
1 _

(k+1)F
CkaP{k< |Y1|”<k+1}/ & 2h(aP)da
k=1

IN

IN

CZkrP{k< VilP < k+ 1}k +1)F h(k+1)
k=1

< CY (k+1)Fh(k+1)P{E< [VifP < k+1}
k=0
< CEM["AM(YiF) +1 < 0.

Now we estimate I, for r > p. For I, note that > .-, $2(m) < oo, we
have

sup E(Y_ anil{lanYi| <2} — B anYil{janVi] < 2})?

—oo<I<m<oo i—1 i—1
< C Z (aniY;)?I{|an:Yi| < 2}
= C Z (@niY1)?I{|an:Yi] < 2}

By Lemma 2.2, we have, for ¢ > 2,

P{|S, — ES,| > %x} < Cz79E|S, — ES,|*

Ca™(( Y aZEY?H{|anY1] < 2})?/?

t=—00

+Emax |an; Y;|'I{|a,:Y;| < z})

IA

IN

Ca™(( Y. a2 EY2I{|aniYi| < z})/?

i=—o0

+ 3 ElanYh|I{|anY1] < ).

1=—00
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Then
an;*?‘ph( )/l Lydz
n=1 Y
< Czn"%_ /l Y @l BY {|anYi| < z})ide
(3.1) i ) =
+Zn5‘2—;h /l T4 > ElaniVi|{|anY)| < x}de
n=1 i i=—oo

:CZn__z /l .[3+I4

If r > 2, by choosing ¢ large enough such that q(% —3) > &~ 1, for I3 we
get

= Zn£‘2—%h(n)/; z7( Z ap, EY? {janYi| < 2})2de
(3.2) " "

< czn%—2—%+%h(n)/ el

1
P

i=—00

= CZ 52 q(“_‘)h(n) < o0,
n=1

If p <7 <2 by choosing ¢ = 2 (3.2) still holds and ¢ > r.
Note that r > 2 and q(l — l) > E — 1 imply g > r because 1 < p < 2.
For I4, choosing ¢ such that q(— -1 > —landr>2

n=1 j=1i€l,;

< OZTLF 2 Ph(n) /L T - Z(#In])]‘;El}/l (] + 1)}dx
n=1 ne j=1

<CY i rhm) [ | @ qZ(#IW) ~r
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x Y EM|UI{k < |V < k+1}de.

0<k<(j+1)=?
<OY i hnm) [, 570 Y (#1)iF
n=1 ne =1
[227]
x Y EWVi|UI{k < |Yi[P < k+ 1}de
k=0
) . [(i+1)=?]

/l 7y (#L;)ir Y. E|UI{k < Y|P < k + 1}dz]

? j=1 k=[227]+1

= Czn% n)/l Is + Ig)dz.
n=1 P

Note that for ¢ > 1 and m > 1, we have

TLZ Z ,ani, =Z Z la/nz Z #In] ] +1)—_

t=—00 j=14€l,;
1 S 1
> Z(#InJ)J‘Fl—; Z #I.;)(G+1) E(m+1)§‘5,
j=m j=m

So

Y (#1,;)j~9? < Cnm~ (@ V/2,

j=m

Then, for I5 choosing ¢ such that g(1 ~ 3) > - —1landr > 2

ne 2" Ph(n)/l Isdx

[290”]

an ph(n)/ 1 Z #1,.;)7 Z EY\|'I{k < V1P < k + 1}dz

[22P]

< C'va ph(n)n/l —a Z E|V1|U{k < V1P < k + 1}dz

[% ]

<cC / P17 h(Y) / 274 Y EViI'I{k < V[P <k + 1}dodt
k=0
(letting t = y)
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(227]

< C/ y"‘gh(y”)/ 2 Y BV[UI{k < [Vi]P < k + 1}dzdy
1 Yy

k=0

(227]
<C/ / r— 2h )dy)x_qZE|Y1|qI{kS|Y1|p<k+1}dx
k=0
[22P]

<c/ 2" IR(zP) ZE|Y1|qI{k<|Y1|p<k+1}da:

< CZE|Y1|qI{k <P <k+ 1}/ "1 (2P )dx

k
k=1 (3)

< CZElYlqu{k < V1P < k+1}k7 h(k)

k=1

<CY (k+D)eh(k+1)P{k<|Vi]P <k+1}
k=1
< CEM|"A(IV11P) +1 < oo

For Ig, by choosing ¢ such that g(+ — %) > % —1and r > 2 we also get

1
p

n=1
= 2:71:_7_2_l /l qz #In] _%
n=1 ne =1
[(7+1)=P]
x Y EW|UI{k < |Vi|P < k+1}de
k=[227]+1

IN

CZ’HP Ph(n)/l
F 2zp]+1

x Yy (ﬁInj)]_;E|Y1|qI{k <Vl < k+ 1}da
i2l&]-1

= r_9_1 e _ > k _a
<cy ni? Ph(n)/nlx 1Y ()T BNk < [V < b+ 1}do

’ k=[22P]+1

< C/ 57 /; Y EF BV UI{k < V1P < k + 1}dodt
tr k=[22?]4+1
(letting t = yP)
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SC/ yhW) / 27t S KT BT < [VifP <k + 1}dady
! y k=[22P]+1

< c/ (/ yh(P)dy)et S kT Bk < VP < k+1}dz
1 1

k=[2zP]+1
<o [Tehen) Y KT B <GP <kt 1)de
1 k=[2zP]+1

<CY KRV < |Y11p<k+1}/ = 2h(zP)do
k=1

<CY KT h(R)E Ik < V1P < k+1)
k=1

<CY (k+1)sh(k+1)P{k < V[P < k+1}
k=1
< CEM|"A(JY1[P) +1 < 0.

So, for 7 > 2 and ¢ such that q(%— 3> r-1

(3.3) Zn__Q__ )/l Lidz < o0,

and then (3.1), (3.2) and (3.3) yield

(3.4) Zn_”" )/;o Lydx < oo.

If p < r <2, by choosing ¢ = 2, (3.2) still holds and (3.4) follows from (3.1)
1 1

and (3.2) since I3 = I;. Thus we have Y o0, n¥ 27 # h(n) E{|Sn| —enr }T < oo

for all € > 0.
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