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STABILITY OF THE MULTI-JENSEN EQUATION

WOLFGANG PRAGER AND JENS SCHWAIGER

ABSTRACT. Given an m € N and two vector spaces V and W, a function
f.: V™ — W is called multi-Jensen if it satisfies Jensen’s equation in
each variable separately. In this paper we unify these m Jensen equations
to obtain a single functional equation for f and prove its stability in the
sense of Hyers-Ulam, using the so-called direct method.

1. Introduction

Throughout this paper we assume that V and W are vector spaces over Q
and that m is a natural number.

Definition 1. A function f : V™ — W is called multi-Jensen (or m-Jensen)
if it satisfies Jensen’s equation in each of its m arguments,

1
f(:L‘l,...,:L‘iﬁl, —(al'i +yi),xi+1,...,wm)

2
1 1 1
D - SF@L, T, 2 g, ) S (B Ui T B,
2 2
i=1,...,m,
forall z1,...,zi,9:,...,2m € V.

All solutions of (1) have been characterized in detail in [4]. The present
paper deals with a proof of Hyers-Ulam stability of (1) without referring to
any knowledge of solutions. In [1] the stability problem was treated for the
bi-Jensen equation in the sense of Hyers-Ulam-Rassias. As a result the authors
obtain boundedness of f(z1,z2)— f(0,29) — F(z1,22) and f(z1,z2) — f(21,0) —
F'(z1,22), F, F' being bi-Jensen functions, by functions with three arguments.
To get a general idea of stability concepts for functional equations, see, for
instance, [3] and [2].

For our purpose it will be convenient to introduce the following notation.
For n € Ny the boldfaced symbol n shall denote the set of all natural numbers
from 1 ton,ie,n={l,...,n} incasen > 1 and n = @ in case n = 0. For
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a subset S = {j1,72,...,5i} Cmwith 1 < j; < jo < --- < 5 < m and for
z=(T1,...,&m) EV™,
zs :=(0,...,0,2;,0,...,0,2;,0,...,0,z;,,0,...,0) € V™

denotes the vector which coincides with z in exactly those components, which
are indexed by the elements of S and whose other components are set equal zero.
It follows immediately that 9 = 0, 2y, = x and that (zs)r = (z7)s = Tsnr
for any S,T C m. The cardinality of a set S will be denoted by |S]|.

As a first step system (1) of m functional equations is unified into one func-
tional equation characterizing multi-Jensen functions.

Lemmal.1. A function f:Vvm— W is multi-Jensen if and only if it satisfies

(2) f( (x+y)) Z f(@s + ym\s)

SCm
for all x,y e V™,

Proof. Necessity of (2) is shown by proving
1
() ( (w+y) 5% fx5+yk\S+ (xm\k‘l'ym\k)) k=071;-'-ama
2 SCk

by induction on k, the number of equations of (1) taken into account. For
k =0, (3) is obviously true. Assuming that (3) holds true for any k € m — 1,
one obtains by (1)

ﬂ§m+y»

1
= % Z fes+yas + 5 (w{k+1} + Yiry1}) + (fvm\k+1 + Ym\k+1))
SCk

1
= o Z (Ts + Y\S + T{r11} + Yo + 5 (@miict1 + Ymier 1))
SCk

1 1
+ —f(xs + Yi\s + Tg + y{k+1} + —(ﬂfm\k+1 + Ym\k+1)))

= 2k1+1 Z Fzs +yrns + (Il'm\k+1 + Ym\k+1))-
SCk+1
Sufficiency of (2) is shown by taking an ¢ € m, defining 7 := (z1,...,%i—1, ¥,
Tit1,...,Tm) and splitting up the argument on the left hand side of the i-th
equation of (1) by (z1,...,%i—1, $(Ti + ¥), Tit1,- .., Tm) = 3z + 3. Then for
any S C m it follows zg + Zm\s =z incasei € S and z5 + &\ 5 = Z in case

i ¢ S. Hence
m}:fws+%ms (> f@+ > f@)

1 -
FGa+8)
SCm SCm,ieS SCm,i¢S

= 7@+ @)
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showing that f satisfies the i-th equation of (1). O

Equation (2) is utilized now to define functions which are approximately
multi-Jensen in the following sense.

Definition 2. Let (W, (- ) be a Banach-space and let £ > 0. A function f :
V™ — W is called e-multi-Jensen if there exists a function ¢ : V" x V™ — W
satisfying ||¢(x,y))| < e for all z,y € V™, such that

G+ ) = 50 3 Fles +vms) +ole)
SCm

for all z,y € V™.

The remainder of the paper deals with the proof of the following theorem.

Theorem 1.2. Let f : V™ — W be an e-multi-Jensen function. Then there
exists a multi-Jensen function g : V™ — W, such that

(4) If(z) — g(x)|| < 2me
for all x € V™. Moreover, g is uniquely determined up to o suitable constant.
2. Proof of the theorem

Our proof is based on the so-called direct method. For a given function
f:V™ = W let a sequence of functions g, : V™ — W be defined by

(5) gn(@) = 3 278 pneg) wevT, n=12,...
SCm

Lemma 2.1. Let f: V" — W be e-multi-Jensen and let g, be defined by (5).
Then g, is 27" (2™ — )e-multi-Jensen for each n € N.

Proof. Let be x,y € V™. Estimation of the multi-Jensen kernel of g, yields
for each n € N

m@@wwﬁézﬁm+%wn

TCm
= || S 2718 p (L (9mag 1 2myg)) - & Z > 27 B f ™ @r)s + 2 (Y 7))
SCm TCm SCm
=)y 2 |S|"2m D f@M@s)r + 2 () mr) + 3 2 M2, 27ys)
SCm TCm SCm
—n; > Z 27151 £ (2" (27) 5 + 2" (yem\2)8) |
TCmSCm
= >0 2718Inp2nes, 27ys)| <Z< )2*’"5 < 27M2™ — 1),
0#£SCm

where we have used ¢(0,0) = 0. a
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Lemma 2.2. Let M be a finite set, R a commutative ring with unity, R an
R-module and let F : P(M) — R be any mapping from the power set of M to
R. Given coefficients ast € R for S,T C M, then

> ) asgF(SNT)= Y BuF(U

SCMTCM UCM

Bu= > Y avusur-
S'CM\U T'CM\(UUS')
Proof. For U C M let Dy := {(S,T) € P(M) x P(M)|SNT = U} and
for U,8" C M with UNS' =0 let Egy := {(TUUS,UUT') € P(M) x
PM)|T' C M\ (UUS")}. Then for fixed U C M and for all Si,55 C M with
S{ NnU = Sé NU = @ it follows ES’l,U N ESé,U = { and US’gM\U Esi v = Dy.
Therefore

Bv = Y asr= > auus UUT”

(8,T)YeDy (Uus . UuT’)eUsic v Est v

Z Z QUus,UuT -

S'CM\U T'CM\(UUS")

where

O

We will use this lemma several times in a form stated as in the corollary.
Corollary 2.3. Let M,R, R, F be as in Lemma 2.2 and let a,b,c,d € R. Then
> > TSI IMEITIGMI-ISIE(S A T) = Y (b)Y (b + d)e + ad) M"Y FU).

SCM TCM UM
Proof. For any U C M, abbreviating m := |M|,u := |U|, we have
Bu = Z Z au+|T’|bu+|S'|cm—u—|T’|dm—u—|S’|

SCM\U T’gM\(UUS’)

i=0 k=0
':‘L um-—u— .7
= Z Z ( ) ( —;l’ - k) au+kbu+jcm——u—kdm_u_j
ji=0 k=0
= uTZT_: ( ) akd* mi k (m : k)bjdm—u_k_j)cm_u_k
k=0 o

= (ab)* (b+d)c+ad)™"
]

Looking at (5), we need a representation of f(2"zg) in terms of f(z7r), that
is, with scalar factor 1 in the argument of f.
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Lemma 2.4. Let f : V™ = W be any function and denote the multi-Jensen
kernel of f by

Play) =[G+ ) = 5 X J@s 4 yms) my eV
SCm
Then
f@ray= )" 28Ina—amym Sl f(ag)
(6) =

_ Z Z 2[S|(n+1—i)(1 _ 2n+1—i)m—\5\¢(2i$570)

i=1 SCm
for alln € N and for allz € V™,

Proof. For any € V™ the proof is by induction on n. In order to establish
the induction basis, let S C m and consider

flos) = F(5(2es +0)) = o Y fzsar) +¢(225,0).
TCm

Multiplying with 2/51(—1)"=I5 taking the sum over all S C m and then
applying Corollary 2.3 with a = ¢ = 1,b = 2,d = —1 and with F(U) = f(2zy),
one obtains

Z ASH 1y I8 f(25)

S5Cm
1
= 5 Z Z 2151 (=)™ 151 (2 5rr)
SCmTCm
+ Y 2l (=)™ 18225, 0)
S5Cm
1 _
= o Z 2|U|0m—lU|f(2mU) + Z 2|S|(_1)m \514‘0(23:5’0).
UCm SCm

The only active term in the sum over all U C m is that for U = m, so the
value of this sum reduces to 2™ f(2x), hence it follows

(M) fRa) =Y W) f(as) = 3 25N (=18l yp(225,0),
SCm SCm

which is (6) for n = 1. In order to establish the induction step, we use at first
(7) and then as induction hypothesis (6), to obtain

@)
= f(2@ ) = > 2T (=) (f2"ar) — p(2" 21, 0))

TCm

= 3 3y TRITIHSI L gmylS f(agng)

SCmTCm
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— Z Z Z (_1)m—|T|2|T|+|S|(n+1—i)(1 . 2n+1_i)m_'SlW(2ixSﬂT;0)

i=1 SCmTCm

= 3 2Ty Tlp(2nt gy, 0).
TCm

The double sum over S,T C m containing terms with f is transformed to a
single sum by Corollary 2.3 with a = 2,b = 2%,¢ = —1,d = 1 — 2", in the

same way as that containing terms with ¢ with a =2,b=2""1"" ¢ = -1,d =
1 —2"*1—% resulting in
f(2n+11_) — Z 2|U|(n+1)(1 _ 2n+1)m_|U|f(iL'U)
UCm
n . .
_ Z Z 2|U[(n+2—i)(1 _ 2n+2—z)m—|U](p(2sz’ 0)
i=1 UCm
_ Z QIUI((n+2—(n+1))(1 _ 2n+2—(n+1))m~|UI¢(2n+1$U70)
UCm
= Z 2|SI("+1)(1 _ 2"+1)m_|5|f(z5)
SCm
n+1 ) ‘ '
_ Z Z 2|S|(n+2—z)(1 _ 2n+2—z)m—|S|(p(2zmS, 0)
i=1 SCm
O

Now we are in a position to estimate f against g,,.

Lemma 2.5. Let f : V™ — W be e-multi-Jensen and let g, be given by (5).
Then

llgn(2) = f@)Il <27 D 271D £ gy + 2m(1+ 27T (1 - 27 )e
UCm

for all x € V™ and for all n € N.

Proof. By (6) we have

gn(z) = Z 27ISInp(angg) = Z Z 2(T1=18Dn ey — 9mym=ITl £ (A7)

SCm SCmTCm
- Z Z Z 2UTI=ISDngITI(A=) (] _ gnti=iym—IT| (9ig e 1 0).
i=1 SCm7Cm

Application of Corollary 2.3 with ¢ = 27,0 = 2", ¢ = 1 — 2",d = 1 to the
double sum containing f, and with a = 2"~ p =27 " c=1-2"t1"i g =1
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to the double sums containing ¢ renders

(8)
Z 9—(m— \U\)nf ) Z Z o(1=3)|U] (142" 2l~i)m—\U\<p(2ixU7O).

UCm i=1UCm

The term for U = m in the sum containing f is f(z). Subtracting it, taking
the norm and observing ¢(0,0) = 0 renders

llgn(x) — f(@)|
< Z 2—(mf\U|)n”f(xU)H+Z Z 2(1—i)|U\(1+2—n_21~i)m7!U|E
UCm i=1 0£UCm
=27 ) 2m (= lUDn £y ||+ZZ( >21 (1427 =2 e
UCm i=1 j=1

The double sum in the second line may be rewritten (without ¢) as

n

S (+27)™ — (1427 - 21hmy,

i=1
With ¢ : R = R, ¢(¢) :=t™, t;:=1+2" -2 and h; :=2'"% i =1,...,n,
we obtain by the mean value theorem

n

| Y (@t + he) = o) =D b (r)| = D> 2 " 'mrm
i=1 i=1

=1
< 2m(l4+2 )7 Y 2 =om(l+ 27T (127,
i=1

where ; was estimated by 1 +2 " fori=1,...,n. |

Lemma 2.6. Let f : V™ — W be e-multi-Jensen and let g, be given by (5).
Then (gn(x)),cn 5 @ Cauchy-sequence for every x € V™.

Proof. Taking x € V™ and n,k € N, we have by (8)

k() — gn(2)
= Z (27 (m=IUDHR) £y — 27 (m=1UD7 £(20))
UCm
n+k

=303 20N 4 gtk gl=iym—IUl (91, 0)

i=1 UCm

+3° 5 2001 4 97— 21 mUl g (2igy, 0)

i=1 UCm
= Sf +S¢.
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In the sum containing f, the terms for U = m cancel each other, such that
IS5l =11 3 27Cm=1UDn(2=(m=lUDR _ 1) £y
UCm

<27 Yy 2= ==Y f ().

UCm

Observing ¢(0,0) = 0, the sums containing ¢ are at first rewritten as

So = - % (ZQu—mw((HQ—(nm_21—i)m—|U|

0#£UCm \i=1
—(1+27 =27 W2y, 0)
n+k ) '
+ Z 2(1—1)|Ul(1 + 2—(n+k) _ 21—i)m—|U|(p(2sz’0)> .
i=n+1
For U C m we have
}(1 +97(n+k) _gl-iym—|U] _ (1 4 9-n _ 21—i)m—|U[‘

m—|U|

— 2—nl m - 'UI 2—kl _ 1)(1 . 21—i)m——|U|—l
> (")
< 27n m—ElUl (m - |U|> — 2—n(2m—|U[ _ 1),
=1 !

and therefore

H Z 2(1-—1’){U{((1 + 9—(n+k) _ 21—i)m—|U| _ (1 497" — 21_i)m—|U|)(,0(2ixU,0)”

i=1

< 2—n(2m—]U| _ 1)2|U| i 2—|U|i6 — 2—"(2m—IU| — 1)%5
= < 1-2-1u1 ™
Furthermore
n+k ) ) )
)" 20-0WI(1 4 9=(nth) _ g1=iym=IUlo,(9igy, o))
i=n-+1
(1)Ul gmi0] (Ulngm—ju L= 27171
—n—i m— _ - nom—
< ;2 27 Ulg = 27 1Uing 5T
such that
1—2-1UIn 1—2-IUIk
—ngm—|U| _ —|Ulngm—-|U| - "4«
1S, < Z (2 (2 D5 +2717"2 oo ) £
0#LCm

< 27m2(2m —1)%.
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The estimations for Sy and S, together imply

lgnsn(@) = gnl@)l <277( Y 27 U0 £z || + 2027 - 1)%).
UCm

Finally we have all ingredients for the proof of Theorem 1.2.

Proof. By Lemma 2.6 and completeness of W there exists a function g : V™ —
W, g(z) := limp_,o gn(x). Taking the limit for n to infinity in Lemma 2.1, it
follows that ¢ is multi-Jensen and doing the same in Lemma 2.5, one obtains
(4) for all z € V™.

In order to show uniqueness of g up to a constant, assume that there is
another multi-Jensen function §: V™ — W, satisfying ||f(z) — §(z)|| < 2me
for all z € V™. Defining a sequence g, : V™ — W, by

gn(z) =Y 27152 zg), n=1,2,...,

SCm

it follows on replacing f by § from Lemma 2.6 that (§.(z)),cy is convergent
for all x € V™ and by Lemma 2.5 (with ¢ = 0) that lim,,—,. gn(z) = g{z) for
all z € V™. Furthermore, taking in

lgn(2) = gul)ll < Y 2751 f(27s) — §(2"ws)|
SCm

170) - gl + 3 27 5"2me,

0£SCm

IN

the limit for n to infinity, one obtains § = g in case f(0) = (0). If £(0) # g(0),
let §: V™ — W be defined by g(z) := g(z) — §(0) + f(0). Then § is multi-
Jensen, because it differs from a multi-Jensen function only by a constant.
Defining a sequence g, : V™ — W by

gn(z) == Z 2_‘5‘"§(2”z5), n=12,...,
SCm
one has because of §(0) = f(0)
lgn(@) = ga(@)ll < Y 2752 es) - g(2"s) + §(0) — FO))

0#£SCm
(2me +11g(0) — F(O))27™(2™ — 1),

and therefore, taking the limit for n to infinity, §(z) = g(z) for all z € V™.
But this in turn yields g(z) = g(z) + §(0) — f(0). O

IA
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