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A Heat Release Model of Turbulent Premixed Flame Response
to Acoustic Perturbations
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Abstract

The unsteady heat release characteristics play a significant role in combustion instabilities observed in low
emissions gas turbine combustors. Such combustion instabilities are often caused by coupling mechanisms between
unsteady heat release rates and acoustic perturbations. A generalized model of the turbulent flame response to
acoustic perturbations is analytically formulated by considering a distributed heat release along a curved mean flame
front and using the flame’s kinematic model that incorporates the turbulent flame development. The effects of the
development of flame speed on the flame transfer functions are examined by calculating the transfer functions with
a constant or developing flame speed. The flame transfer function due to velocity fluctuation shows that, when a
developing flame speed is used, the transfer function magnitude decreases faster with Strouhal number than the
results with a constant flame speed at low Strouhal numbers. The flame transfer function due to mixture ratio
fluctuation, however, exhibits the opposite results: the transfer function magnitude with a developing flame speed
increases faster than that with a constant flame speed at low Strouhal numbers. Oscillatory behaviors of both transfer
function magnitudes are shown to be damped when a developing flame speed is used. Both transfer functions also
show similar behaviors in the phase characteristics: The phases of both transfer functions with a developing flame
speed increase more rapidly than those with a constant flame speed.

7l=dd I W57 o] 2 & (turbulent length scale)
Ao 1 skdd wA M, o AR Pk
F D S AG S Q 9k & (heat release rate)
Ah, 1 HHE4 r I
ror o St 714 (base)St E(tip)e] RH

TS IAATY _ o el Ao
E-mail : antocho@kimm.re.kr Sr : Strouhal = (2] (3)°ll % 2])

TEL : (042)868-7083 FAX : (042)868-7284 s,  dRIE=

* BEAAIEd FFSFENA ¢ g

o




aly

N
N
oft

T AR (=1 /u")
uv 5, AN fESe
X . 52} 3% (axial coordinate)
<> o YAE EA
¢ D S sk
® gpas
() AR
() GAE
()* 7144 & (acoustic oscillation)
1. M &
g7l dxleolvp wHE JFAEE A4
A FF DAStE ALEME AN A5 2
Al=®lo] x4 S doA AXH AHes
AtAl 713l TS GFA 7= FAHE o] St
ol ALESNAAEL A} FEol A
o8] Al 7] H(self-excited) =W I =
(feedback loop)= &Aste]l 1 AR A|=FH
-] S-S (acoustic pressure)o] FEEH = Aol
Aahs Aoz d¥A AW fEe Hee
HEo 93 S3(acoustics mode), T
o]k o} (vorticity mode), HiE

ot rlo do %
o 1
lo
E
ot
9,

MAE AEd #dE lE=Z 3 (entropy mode)2]
H

[e)
ALERAE op|shs 2952 o8 7HA7}
AU 22 £ d=Z 59 5949 ¢
wake] wE sgwe] wWE Y fAe %
Qe W
A AN g3 k] (equivalence ratio) W

5
We %R WE % oz A% AU

APHoz Fgo] gomz iy WHES HU)
A CdFs] 3 mde A flEk]
TEE B A7 AEAEATE olFelA TSl
gemle]  aaEs a3 A== Hubbard 9t
Dowling,*® Dowling 2} Hubbard,*® Cho ¢} Lieuwen® 5-2]
ATE o2 =5 F7F Utk You E9L  tiple
decomposition  technique S °]83t HFEA<]
random 3+ 5A4& dubd mdlo)] 1gsiglon] Syl
ojgt Gguel spdwAe] Wrars v I

vl ANESE. e HINLerE FEshs
WgellA FRstae] £RE SRl f1Xe] daglo]
)]

A4e  glow  ZPHSIALE ool Lipamikov <t
Sathiah®= 2dgle] 2Asl e weh &mvt
7k dRsde 5A4s 9 2dd
aHsGler 1 ANE RIS A A<
vk ev g B i) v

we mdwg wefslgor] AYUSE ANsH:
gl AN AolE SAa dRsiel &us
sk AR o= hAskan

-
B oeEwdAde d2dd md e BEE
5

N5 09S 3 élal Lipatnikov ¢F Sathiah®® 7}
AAT 7MHEEE 2 dRGARA S o] 83519
THA dEAHg RS fFrskdnh =3k <
wHo] AEs dS5sted Jold FEEEe
sf& T S B aEsglon fedol
olgt Hudeld=o} ko] o3 Addts 7hz)

= ol Aol

S
o oo
o ox X

o
N
fr N fo go rr

wall

{l

Fig. 1 Schematic of the flame geometry



5 Adsol o3t dFo=g
GFFEAS zl= random g

~
FEo=Z Ym F Ao (6=<6>+G6'=G+G*+G')
24 HsdHy APgste
39S g 2ol 7+& 4 gtk (You 5@

U—vﬁ—i {1{@)} -0 @)

o @)

Hlus] B
F7HE A ol
HE= (s ve)r F=

n-vG?) )J% R

( Si(-n-VG) )Oi e Aol A

goltt. wEbA v e g 2
o AE v, v 3tEERY AHE s
gk A (M Hdedesel x3HE
(harmonic oscillation)= wE&thal 7pAsta, =
x*(r,t) = Re[x* (r) exp(—iet)] (x ={&,u,v, S, }), 734
HEE THIEEER HA(s, > 5,)eHH Cho <}

Lieuwen®@e] 2] (3)3} HA3 2Jo] Fajxic) 2

)
fo n2
IB
ki
lo

[ei

L0

do 1T ox

ox off o2
R a4
M Lo

X

offt

X

Sh

C/)

o
4
Horle

o
o
b

@F sgwe AEPl daid B 0o
=
A _ r ﬂ(]])eiSrY(r],r) A _Sa d (3)
£(r) £—f<n)§T(n) (Us (7)) -7 () dny
. |f| S_Odp B — ,U/2
YY) = [— >0 p(ry=[14+(dE /dr)*|
N T e R ]
£(r) = v(r) 1 d§ 5= olr -1
S, (r) ,B(r) dr ]S
£ =max|f(r), yooge. VG _ U=V (dE/dr)
" VG| B(r)

st

o dury malo] B A s
5, EsasERA AT disEel

2l )EFE HasdHE no slip =
o]gato] T o] 3 4 QlTh

E(r):j_Wis_T (@ +v2-52)" N @
d S7-v?

+5 B Fdel F9 FAelA HHelxe
dakbdiverging) 89S, -5 & 8ol F<
TAHOE  Rol= F¥(converging) IS
vebdth GRSt S E 5 = Lipatnikov  9F
sathian®@e] 4| @)l ejahwl Thg} ol wAw

/\ o]q,

A Aol A At = e
7| A Fol A A H S met o] Fat=d *ELE]
AlZkolm T = juE WAl H(turbulent time)o] T},

Fig. 2= AG)2YH Azt t o e di{sd
EEREE HFa 9lrh ke 7] A R A E no
slip 2319l 9a] 5 (t=0)=0°l™ Alztel wet
A& w7t SUhste]l g wEE &
Aoe & 5 A A G)eIA § = AR
ek oAt 4 (3)3 (4)=FH A
Hit 2 Aeahs reked A& EE A r 9
= Aok gtk Fig. 10 =A1E npep ol
dl=u,dt, u, =0cos@, dl=dr/sing, sing=S, /0 <
1
0.8
o 0.6
=
w
0.4
0.2
0 L L L L L
0 5 10 15 20 25 30
tT

Fig. 2 Normalized flame speed that develops with time



ulé z =

oft

o . ~ 3 B L2
E: h(r,,t) > h(r,,t) = Siy (t)[1_<ST~‘(t)/u(rf )) :| ©

ro o S Aotk S o«m ¥ Aol
el A& Lipatnikov ¢} Sathiah®™®7}  AL-&3F
dr, /dt=S, (t) = S=stdd. SUE Fd5e

=

E(r(t) = j[(a/s}t ()? -1]"* (dr /dtydt

=[1— (S, /WOt + (SZ /)T [y +T(0,t/T) +In(t/T)]  (7)

ol 71l A

Rk

yO 0577216 <= Euler

Q)= J'tw xe*dx © incomplete gamma function ©] t}.

FAsh= A

o o= ]
“ = =
el mand ga oN WA 9

pS,AhdA, & M-S el HEdomA e

T ATt
Q(t) = [ pS, AhydA, ®)

A

o719l A ga, © FEERLES FAstr] A
Trskddel 7] W] SRR TR
SAEE 5 & ARESTE 9] AeA duAe
ALz xdE7] wEe] sdds wet
e&E, WE, wgd Fo| WIE ASE
a1 F glon ol dAHT #HS AEdhe

e = R
You 5] lump FE mARTE AubAQl A9l
oA @ P AEe Askd e

o> e

11}(e3
®
%0

e
e
o

<Q(t)> = I <p><AhR><SLdA> = I <p><AhR>STdA<5> ©)

A At

WAl A @0 AHEIEE FHsta A9
Aol A wiE thed o] ARl g
AedE 72 5 Adn
L] [ (pFaRS, +p(AR)'S, + 5ANS? ) dA,
Qe (10)
+ | /BA_hRS_TdAéa] j pANS dA.
A (&%) Ar (€)
A71elA 5 ﬁ_hR_TdAg—E Hat AL TS

46| o = BAZ & ok FEHIW
:

dA. =2zrp(rydr = HERE 5 glem
azznragagdr =
€ B(r) or dr

T 5 ATk ogtlor T A (QRFH T
ol &, AL E, Sl Ao FHAH

HER Saue wHe

&

08 _(W-SHAM e

aor f(r)S;
ks 2 (10)9] A AHEe EE,

=
stedidel Aol #% IR

RikiAs
y
7

| PARS, prdr

T

Fg, A

2~
-
Besl 2ol ¥

Q< {J' rBANS. p* +1p

[ d(ah,S,)| dZ Ah, ds,
Q / ) dg

dg |; dr f dg

r LA e u +isr £l S £ |dr
f dr In-r|8
(12)

stdwel A = A @ o8 Al f53
ZHlo]  HFozr  mdIEPL A (12904




(ME5FH AEE
A3} Fig. 300
Ax7)e] F3 v ol E W7 a (Fig.
1 Fx)E FAdsd Zojng. Attel AHEH
WEEo®E T=4b/T (1,=02b, u'=0.050 )°]

1
>,
I
TS
%0
v
X
'
<

— 0

AREE T SdSErE A Agele
stade] AMde UEiAT (H@)elA E~r )
std&H =7 ZPEd Ao sdde 71e717t
s7hete FAPHE FAstae shdd 9
AAAol= staEH=s 52 v& 5 /pel ol
T2 Z2AHM 5 -o000m ¢! 857t 5, =030 2
ARt o 71 gds HolFa 9tk Fig. 3914
ddes A @l oF Adeln ARG

SRR B2 Al e ekl
T ARt A AXNFE B F vk

Fig. 4% %=4%d s opr¥= sgue]
AES 900 dPFoR moEth AEUe

HolHZL 90° ¢} 270° ol A LAEH x/a =0, 4,
8 Aol = node 7t YEPES = 5 Atk

ee

o
i)
2,
ry
e
&

- wr

(r-a)la
%]

0 5 10 15 20
Xia
Fig. 3 Mean flame shapes with a developing turbulent
flame speed. Solid lines : calculated using Eq.
(6); Circles : approximated by dr, /dt=S,

2 : -
——mean d /
— wt=0 ReF I
18- a2 Y
e
T o/
160 3n/2 /«/
14}
i
1.2 L
L
1 L ‘
0 2 4 5 8
xfa

FEQa/G

Youto

L= AE fl S n aisven (13)

jlﬂﬁLﬁwn&|h° ¢ dp

;i F(B(r) dr In=nl; fOnS: ()

| PARL (S, 1) (r)rdr

A AellA FEHTS FHgory wAsy
stddS wEt #Y( u = constant)dltial
7Hgsiaitt. 9l AHeryy sgdddee
Strouhal =&} HstAdwH el ghroln s
el 4Ess Jde2 gdEe o4 5 Ao vk
disids e o BeSol due ue
AR s et sbEEd 2 (13)9
stdAEstere te ol 1Ide AdsHom
zd€ 5 At



uig Z F 3

magnitude of Fu
o o o
= @ w
8] (2] N
u

o
[N
=

phase lag of F /360 (degree)

(=]
o
=5

5 10 15 2
Sr
Fig. 5 Comparison of the numerical results (lines) of the

transfer function with the analytical solutions
(circles) for constant flame speed. (b =2a)

2 [1-alb, s 1 (gis
(e 00

9 Aol a—p 9 br & 27 HAsIARe

t

Rl wkho|th 9 AS Schuller SWe] 2]
(30)7 A} (& Schuller 5 FF3H<
4= Strouhal o] Agolol s & AHEE)
A&7 S UJrF/} WEhE A goe A
(13)ell A Aol gk s S FsoF et

W o gLl A= trapezoidal rule S ©]-83}o] A

4
Fastgon  FAsAe] AEE s

Q/Q )t
& F, ol 98k

¢H%4%s@%ﬂgvuvzqamq

& weh Sk @

Artase

sAEEExe  wE

FdEFS A= 8

Oﬂ_’}:EE

HoF=1
A GE=

o,
Oko
o
oty
o2 ¢
2
i
1% o
4>
1o

L
r>4
ol
oL
N
do
:.OLL
M2
i.%
O

b

g

—14—]

2] I (turbulent length scale), =
. 1,/bE 01,02 04 & F7HA7]W Sr

<59 1 ﬂo&ﬂ%@? 27)(Fig. 6(a) 27 H 2]
st o)t 5 aEe] QU] VX gl

il rEnl

0.8¢
W
S 0.6}
[0}
=]
E|
S5 04t
[}
£
0.2+
0
(a)
> 7
- %5 y
5 -
L 4lf---1=01b -~ -
o Ve -
3 || | =0.2b o .
o — P
2 3 — 1 =04db 7
-":’ A -
w e
E 2 /'/
ki s
© AT
Bt 0
S Pt
0 L L L
0 5 10 15 20
Sr (b)

Fig. 6 The effect of the turbulent flame development
upon the flame transfer function F,. (u* =0.05u,

S, =0.10)
u?(t) 27l w
VANYANYANYAN >
7 N\ >t
T Q*(®)
fe——

VA NNVA YA NYVAN
/ S

>t

Fig. 7 Constant time delay by the n-t model

Sr > 5 oA+ Strouhal o st ZF 3o
AastsE #9988 & A FFAAGETY
A3 (Fig. 6(b) F=x)=> | 7k F7kEHel wek o

WA Frkste o AP B & Ak o]
F357t F7Hel weh Auay &4 %
NG F7Hbe meED AT T
s AaHow zﬂﬂg TS
Q*/u® ~exp(iwr) (r = const) X
Q*(t)=nui(t-r) oItk o= & &4#HX n-r

QA Fig. TANAT F% AEel
AAG Aol AHE 5o

dojytris omz s of

il



& el o Wi

7kt >zl 7 HE ASole AAARE

(9°l AFTII( 27le )ET ABZE 97A7F

360° olel HW, FIFvt oo 57

A AAZHERE B W F7)7F wHEEo] 9=
T

Fig. 6(0)x & A&s)A T74ee & 5 Arh
ool = @En] sl o AL TE
Tt sy gEH] e fAe £x=

Aupe B2 ofefjof 3Fo] HAFTH
%a: [%l exp(ioé /) (19)

e

o

e
=

¢baase}i §}“§7‘|X1l?-(r:rb)oﬂ/\1 X
]/]FFA"THQ' U}ﬂ—/\ }\1 (12)947 (15)&1?451 %%h:]]

Aeel me FIALEF F B U Lol
T8 4 ol
H So&(r)
=212 g s, ) )
i)
|1 So¢ ()
f S ds. /d |SrY( e
s [T A0 199) [ o de,, .

|r —rb|

f (1S ()
/ j‘pmi Brdr (16)

(5)8 § =5G(t) = xAsW 2 (16)°lA

s, /dg)), = Brf _g S B mrE e
dgl, 0S| o4l
s S E

F oA, gdRdd
S, =1.81U°4S0 (1, /v)°2 (i) PV FE] 31 &= glom
FRAASES WEAL 5 (g) = Ae ¢ (mis) (A

0.6079, B = -2.554, C = 7.31, D = 1.23),

Ahe() = i922§;81205¢ (J/kg)*¥< o] &3t¥l Fig.
¢

goll Aok o] Strouhal el w2 F o S4& T

4= 2t} Fig. 8()= » LA3 3

E(S = )E'_

o
1
&2
o
t
e
=2
ry
e
2

- ug

+

—_

magnitude of F

0.8

0.6 L L L
0 5 10 15 20

'S

(2]

4
N

e

phase lag of F_/ 360 (degree)

[=]

0 5 10 15 20

Fig. 8 The effect of the turbulent flame development
upon the flame transfer function F,. (u* =0.05T,

S, =0.10)

Sr ~ 4 olv| Futprt ¥ Fteldl wel U
HE o] A /Zrlels AE& A o] wrEEn
A EE O

sEo zolzs Hrh | 7b ZbeA =

ot
X
i
9
o
=
4
e
o 12
o
ng
i
o=
ot
=2
=)
)
rr
o
o
=2

o
o

Re)

o

N
> i oot & e Zo
o
Ju
o
o2
by
bt

folr 2
oo
ki

ol K
=
32
R
o il
I
X
offt
i
oft
o
=

RAe:)

1
i
=3

_OL
38
o
Jo
db
oL
OH'\ _l

)



BN
N
&

N
-0

2
X
oo
rot
ox
_1

oL
=Y
ilied
oty
ult4
b
b

R}

O
-

B oo
2 o
s

ol +

rlo

N

i

B

-

X

iy

g

Ak

N

2
il
X
oo
rot
o
o
N
L
=Y
s
oty

Jhon (o [ OV

4t
b )y d

i o A - U T
o
o
i
x o

E o 0@ B a2 oo B 32 oo (B
=2 <y o 02 ol

(LA e A A < T < T A )

F5
FapEA o Wabh e
Hgel Faksh F7hgel mAE ARl U@
A7} aslofok & Aelth

% 7|
o] Sy AR Agde mUd AR
W77k ARSE Z)EAE wAe] AR S

wlem A Aol FA=HUT

ikl

b0

Mo
ok

(1) Lieuwen, T. and Yang, V. 2005, Combustion

Instabilities in Gas Turbine Engines, AIAA, Inc.,
Reston.

(2) Fleifil, M., Annaswamy, A.M., Ghoniem, Z.A., and
Ghoniem, A.F., 1996, “Response of a Laminar
Premixed Flame to Flow Oscillations: A Kinematics
Model and Thermoacoustic Instability Results,”
Combust. Flame 106, pp. 487~510.

(3) Ducruix, S., Durox, D., and Candel, S., 2000,
“Theoretical and Experimental Determinations of the
Transfer Function of a Laminar Premixed Flame,” Proc.
Comb. Inst. 28, pp. 765~773.

(4) Schuller, T., Durox, D., and Candel, S., 2003, “A
Unified Model for the Prediction of Laminar Flame
Transfer Functions: Comparisons between Conical and
V-flame Dynamics,” Combust. Flame 134, pp. 21~34.

(5) Schadow, K.C., Gutmark, E.J., Parr, T.P., Parr, D.M.,
Wilson, K.J., and Crump, J.E., 1989, “Large-Scale
Coherent Structures as Drivers of Combustion

R

Instability,” Comb. Sci. Tech. 64, pp. 167~186.

(6) Yu, K.H., Trouve, A., and Daily J.W., 1991, "Low-
frequency Pressure Oscillations in a Model Ramjet
Combustor,” J. Fluid Mechanics 232, pp. 47~72.

(7) Broda, J.C., Seo, S., Santoro, R.J., Shirhattikar, G.,
and Yang, V., 1998, “An Experimental Study of
Combustion Dynamics of a Premixed Swirl Injector,”
Proc. Comb. Inst. 27, pp. 1849~1856.

(8) Lieuwen, T. and Zinn, B.T., 1998, "The Role of
Equivalence Ratio Oscillations in Driving Combustion
Instabilities in Low NOx Gas Turbines,” Proc. Comb.
Inst. 27, pp. 1809~1816.

(9) Lieuwen, T., Torres, H., Johnson, C., and Zinn, B.T.,
2001, “A Mechanism of Combustion Instability in Lean
Premixed gas Turbine Combustors,” J. Engr. Gas Turb.
Power 123, pp. 182~190.

(10) Richards, GA., and Janus, M.C., 1998,
“Characterization of Oscillations During Premix Gas
Turbine Combustion,” J. Engr. Gas Turb. Power 120,
pp. 294~302.

(11) Kendrick, D.W., Anderson, T.J., Sowa, W.A., and
Snyder, T.S., 1999, "Acoustic Sensitivities of Lean
Premixed Fuel Injectors in a Single Nozzle Rig,” J.
Engr. Gas Turb. Power 121, pp. 429~436.

(12) Cho, J.H. and Lieuwen, T., 2005, “Laminar
Premixed Flame Response to Equivalence Ratio
Oscillations,” Combust. Flame 140, pp. 116~129.

(13) Hubbard, S. and Dowling, A.P., 1998, “Acoustic
Instabilities in Premix Burners,” AIAA Paper # 98-2272.

(14) Dowling, A.P., and Hubbard, S., 2000, “Instability
in Lean Premixed Combustors,” Proc. Instn. Mech.
Engrs. 214(A), pp. 317~332.

(15) You, D., Huang, Y. and Yang, V. 2005, "A
Generalized Model of Acoustic Response of Turbulent
Premixed Flame and its Application to Gas Turbine
Combustion Instability Analysis,” Comb. Sci. Tech. 177,
pp. 1109~1150.

(16) Lipatnikov, A.N. and Sathiah, P., 2005, “Effect of
Turbulent Flame Development on Thermoacoustic
Oscillations,” Combust. Flame 142, pp. 130~139.

(17) Bray, K.N.C., 1990, “Studies of the Turbulent
Burning Velocity,” Proc. Roy. Soc. Lond.(A) 431, pp.
315~335.

(18) Abu-Off, GM., and Cant, R.S., 1996, “Reaction
Rate Modeling for Premixed Turbulent Methane-air
Flames”, Proceedings of the Joint Meeting of Spanish,
Portuguese, Swedish and British Sections of the
Combustion Institute, Madeira.



