#5529 GhY AL ol 8T FAHe) 0% £ AT 21

A Study on the Error Analysis of the Numerical Solution

using Inverse Method
Sungwook Yang*, Sangchul Lee**

ABSTRACT

An inverse method is introduced to construct the problem for the error analysis of the
numerical solution of initial value problem. These problems constructed through this method
have a known exact solution, even though analytical solutions are generally not obtainable.
The process leading to the exact solution makes use of an initially available approximate
numerical solution. A smooth interpolation of the approximate solution is forced to exactly
satisfy the differential equation by analytically deriving a small forcing function to absorb
all of the errors in the interpolated approximate solution. Using this special case exact
solution, it is possible to investigate the relationship between global errors of a candidate
numerical solution process and the associated tuning parameters for a given problem. Under
the assumption that the original differential equation is well-posed with respect to the small
perturbations, we thereby obtain valuable information about the optimal choice of the
tuning parameters and the achievable accuracy of the numerical solution.

key Words : Inverse Method(%}&ll4] 71%), Numerical Solution(=%]#}), Error Analysis(2
2t #49), Chebyshev Polynomials (Chebyshev T32])

LM =2 A+ @ 2} (truncation error) <} S @ )
(round-off error)E& XF3st FXFE A FITh
oj¢} e QAE Fol7] A3 step size,

FE7] B FFHgAY F98 2 Ao &
okl A wliE wgel e 27 93 chF tolerance®} 2& WSS AAZUNA Zo F&
$A A4 o) g sink Agdeag  SE AR SAT WES TAAS B
g3 273 BAE g sbA Z=xa A wpd 7} gz}, o]o] w3l Shampine step size
oz 1 #E T8 & gomp] 2d AAR 9} FH 389 A(local error tolerance)ell ogh
] 32 = 1o
TA= gradient ¥, shooting ¥, S5 E HFE, AL qu_- 2 AR =7 AE
ol WY =8 Ei o ARZ AL = 9 IHFHAOH[3], Z7] step sizeE ATFTOE
T2 Qutdoz Aud e man, 53 AASE AFHAo] =31 a8FA WHS Aot
g o)gd AT AR ANA ) by STRHML ST olH@ FAHA dHEs
Age e g dud FHE e g
5 3 o, A3 e REe 7
200814 5¢€ 169 A T 20089 69 249 AAIgE Folle FAe] AgeEs FAT 7 gtk
« gEgFUsta Wk FFeF 2 VAT getx gEe e m2e A AL o
w gyt G5 % AT L Are AHIYrE ZtEAE BN 4 JE
AZ A2}, E-mail : slee@kau.ac.kr wo]l gtkw o WHe F£xae A=

B71= A 9T BHdE 200-1



N
N
o
0,
%
Ho
o
>,
i

16ty H25% 20084 61 301

Aast $93% 37 9

2 =RoAMe FXd9 AHYg=E Al
3 FoAK FA el B FAIS e digk A
gat A e Feted, FEe A s
g e MEE BAE UEoEA Zd WHE
of gt X A5 EA3ATE =3, HE
3 A e g e EAE FoN A
% FAbstokE 7Hg stell o] EAlel tiE) X
;S Tl IR X A WA )
ool a5 BT EZH FA S A HF
o] x4 W, FXAHe FYdzeol T HJHE
S F Aok daid JHe gt dME 3|
5 T3] 8 AAEHRD, o] BHNA HEst
HAF e FolA A I FX8S o) &
3 AIZE el gk A&Hola vlErtEs g2
TG FoA FAlO] digk FXFE o] &3
AL Hola vV FEE A Hs)

symbolic manipulation®] 7}&3 ZZ 1 o] A}
SH A B =EolAE AAE Y i o
A=A ozt FuEg 437 two body problem
£ AHESkTh

. Asf o 7™

i

Ol

FAE e s gdaty] g, Fo #
S I e e e i R s B il A
T s A HageEA
perturbation &S T 4 A Hoh g3
perturbation o] Fo|X FA] T oEH
T e A e e AHEE AEE
WAAS 74 F Aok o] &A= FAES
g M e HagomA FA) e g
gelg & SIAl FHoHs].

Beet M3 sl Folxl &EAldlA folzl
Aol tal HEs HGS Tl 7L 5
ol W A Ak o]it E e sfe]

g3 e A e

37 Ao W3t

L

e &l
E{‘
b e
2
i
o2
o
oft
:<|>‘:4“
% 12
fo

2]

o] 43} Chebyshev tHah4]& ARg-dte] &
ATH6,7].

BE3t AAHA LS F de BT M H
a9} perturbation®-2 symbolic manipulation®]
7bFed Z2aRS olgste] 7 4 gk & =
FolME BEe s§474 a9t perturbation TS
T3}7] $13] symbolic manipulation®] 7}ggh 3
233 F 32l Mathematica[8]E ©]-83}53th

K

2.1 9 &3H(Smoothing)
e g Az 4 < 1<t 129} 2

b eEgAe] 271g A8 skl o]
w dzpeb ofap Alzwlel] thal Al o=
AA e o]aF AlAF AT Atz WA 2
B ANe 2R wEolt

z=fi(z.1), () =

. ; 1
fliRAX R_)R]V ()

i:fg(zd, t), z(ty) = g x(ty) = “;0
fy: R"<RV<X R — R"

A9 A 1), @A e FHEE e 4
() Zo] tol vt o4t = 2 & Aok
ol f t= YAT HFH AtE ZEET

Ty :g(t1)= x2:9(t2)= Ty Ty :g(tn) 3)

FoIx njel FAS e} 7p7ke ALl v
b drE wE7] As) o148t Chebyshev
ool AREEH AT ©]4kst Chebyshev THak4
S AREEE HaAks ZAPHS Folx EACA
T n7fe] AT YT A HE
T A 3k

©]4+8} Chebyshev Th32]2 Zutigh2 oz
Ao A SPdsdd gs A4 A
Chebyshev Tha}21¢] k2 [-1,1]¢] el 3L
A At} Fig. 1 1x~152F Chebyshev t}a}2]
<= YWERIT9]

-05 \

10

Fig. 1 Chebyshev CF&t4 (0 <w < 120)



e o A i R s M 2 ol B M o B 23
() E A (1), Wl TR FAsHE 2
P(t) = t—t @) 23} AL ol gl T A& oA VRt
At A7 sfelth kAR z(H)E A (1),0E B
G(t)7F m7We] Chebyshev Ta2S 7|4 A BFEA7)E d7} olym g Fo]R AbumEut
gz dhe A% Aoz oFo e A A 1), z@)el z,(H)E HAshA ¥

2 z=g(t)=G(1)7 9, G1)E &
7 2},

G(t) = Zaiﬂ(%) (m<n) (5)

A71M a5 A%, T,(t)E iz} Chebyshev
g e vepd

%aﬂ%_}l: um=m(m=071,~~~ 7N)O]_]‘j_ 7]—%
A w(u)=10°]2ta 3HA Chebyshev tha}2]L
o3 2

= ul(N—m)!

];1 (U) = m,E:U(_ 1)"” n C:n (n+m) qu m (6)
Chebyshev thate] sHge 3 #AE 5
3 @A 7 5 gon, w49 vEe v
ﬂﬂﬂi 8 WAE o8t 7 & ok
& Aol gt A& o ZT10]
7, =1
i
h=1-= ;
(n+1)(N—n) T, , ,(u) = (2n+1)(N—2u) T, (u)

—n(N+n+1)7T _ (u)

T3t Chebyshev thd2lo] zt= o]4F 2k

= ol&std 4 (A AT = He A
(8)S ol &3l 3Nzt

A7 z= A 1), FIHI FAE o
o, T(t)%E jA Chebyshev tha2]el 1 o] Ae]
gholot.

2 (5)°14 A4 a;9F Chebyshev ©haF2] T;(u)
2 o)gd i) 7 7RG a=¢ (%)
olm2 2 (1),20°X 4 FA H°ﬂ EH5H AEA]
olal wiE7bEe I z(H)E DS 5 AUTh

2.2 Perturbation &t

o] FZolxA] @

o] uj o] 2o perturbation IS
4 9o, perturbation®@-2 tol] thit %3
olth. Yx} AFw|EHA 2ol A €] perturbation
e;(t), o1& Ar &2l perturbation
eo(t) 2t 3 ZrZhe] perturbation®-& oS-

-

-

i

]

NOREAORIACAON)
es(t)= () — fo( y(t), 2,(1), 1)

A (1),2M e kel oA Fu S-S
TR perturbation®-& F71gezn 23
7E () AEE AR} o} AR
A (10), A2 77} vkE 5 Sl

21 (9 A T3 perturbationdo] -S4
4 (10),(11)2 A (1),2)° 7H7he g4
ol "ot oq7|A, =L FrEdge] A%
& 48 e g 0)E T 0}7] A% HaAs
A e =9 L-r T3He] < EFEAAE o
WHoE FA ¥ J—]-% Bt agja o
23 A= perturbationd e(t) & F& | %

2RRdA 2L ARE wolsl Btk o9} 2
e BAE @Ry A8 29 Faun 3

7He F3he Abgst HAAs ZAME F36)
Hew, S7td -_rL7J 71E TS 20% 57
A7) Aotk wreF FaiZ perturbationo] =Th

I Azd 75‘—,— Chebyshev TH&2l9] A4+E
ENANA =ZIE ZAaANZ 5 du sAR
Chebyshev  T}&2le] 27} J7lE o=
perturbation®] =717} #AdtA] geEohd =X
S AFPste] Folxl FA tig X 30
E 41, AA 38E A APA|



24 kAL . o] Ak

16ty H25% 20084 61 301

. ol =

ojx} Au|EWF22 two body problem<]
2713 A g AAE AAE HHE o
&3 Awstach 94714 4 (10),(11)2) S
g;()a} dobd, |z, —zy(0) | F x,(6)
z(t) 2] Zpol7} 7\@_ Hazoll i3] ot Fo]
1/}5}‘44: AE g Bk

2 =FoA= step size$} toleranceE W3}
NA ABRE 28 T) Step sizeol 3+ &2}
9] WH3+= 43 Runge-Kutta WHES ALE-3}
T3 2[11], toleranceo] gk Lol WH3l=
IMSL subroutine$] DIVPRKZE Al&-3le] &}
ATH12].

it o

mlm

x 10

15

Perturbation

-1.5
0

o

Fig. 2 ol x} Ato| 22X Alo| perturbation

)
oab oY

Ferturbation

0z 4

03 4

04

Time {gec)

Fig. 3 Two body problem®| perturbation &

Absolute Error

. . . . .
10° 10° 10" 10° 10 10°
Step Size

Fig. 4 Step sizeoll st 2% H 3}

Absolute Error

Fig. 5 Toleranceoll st @A H

Absolute Error

Fi

1E9 T il T T
1E-10 1E8 1E6 1E4 001 1

g.

10

10°

10°

Tolerance

}

ton

(O[ Rt &to| 2 HF4)

o o T

. .
10* 10° 10°
Step Size

6 Step sizeoll Cf st 2%} B35}

(Two body problem)



A 7IME o] 8T FX

19 @7 B4 oA 25

014

Absolute Error

0.014

T T T T T
1E6 1E5 1E4 1E3 0.01 01 1
Tolerance

Fig. 7 Toleranceol of st Al Hsl
(Two body problem)

3.1 O| A} &o| 24

e FAA FARA FA g FX3 =
& F71Y 20%E Z7HA7] 1<t <1194 4
2l Runge-Kutta WS Ab&ste] 733 121
Aolth. w3, z(t) & 121708 Folz &4l
st X3 E 222+ Chebyshev TH&2l& o] &
¢ &3} (smoothing) g T3 FeHH T

(1) 7F &S A I MEE v s

A& g5 2o

z(t) =—2. 52 (t) +e(t)

t
2(0) =2,(0), z(0) = 2,(0)
0< t< 10

3.2 Two body problem

Two body problemel W& ZaE &<ls}t7]
Al AHEE A= o3 2

o,
N
(&
riet
>
N

Two body problem&] 7%
o] A4S AR

L= Ty

. T,
p= -
2 3
[ 2 2
( x1+x3)
T3= Ty

c Ty
T=

(Vai+a)
2,(0)= 0.4, 2,(0)= 0, 2,(0)=0, z,(0)=2
0<t<2m

L

of¢

e ZAA Fod EAlel g A
712 F7H9] 20% S E7HA7] —0.2r <t < 2.27°]
Al 42} Runge-Kutta ¥ S AM&3te F3z
12170e)tk. =3, z,(t) = 1217018 Fojx 24

of g X35 22% Chebyshev TS
o] 43 H& 3 (smoothing) S F3 TIHA
=3

33& =

o]z} w7 A 9] perturbation -2 Fig.
29} 2o, Two body problem®] perturbation
32 Fig. 37 o} Fig. 4-72 perturbation %
ojgal WEol AEE FrlELg Al o
OH 423 sfjo} o] ZAle FAs ol s Hh
LAE EAIG Aot Hd exte Algdd
(root mean square)e AFESIHI, XH WF
sl tiek Ao eAte] Wt aze tigeu)

& (log/log scale)S AH&3te] JERAATH

[o



26 OFA] 2 . o] A

oo

16ty H25% 20084 61 301

Step size®] W3t gk Z4zo] oo A
B ex WIe= Fig 4, 63 ¥ aga
tolerance®] W3}l tigh Ztztol oAl A
oA Wak Fig. 5, 73 2
X1 Step sizeoll o3 OZ]--J W=
of % ],] A9 A7 step size ©]FHH 7“\0}7‘]
Reth o)z Ar|EWA LY A step size’}
10772 Al a7 dAs AW, two
body problem®] 7-¢- step sizeZ} 107*F-o
A XQEH QA7F F7re
S 2 toleranced] W3] 2xbe] wWale=
step 51ze4 wslel o]l 97 tolerance ©]FH-
H 48k 455 =& & Atk olx ArEw
2ol A9 tolerance’} 107 THZoA H)LQ
217 A& A™, two body probleme] 7
tolerance”} 107 'F-Zo|A A7} YA
2t
Fig. 84 & < UAxe] Fz
Perturbationo] WHF & 79 Chebyshev ©3
29 2¢=E F7MAIA perturbationS =Y
At o] W Chebyshev ©t@2]e] b= Hlo]
E1-4 N F, 718 EAd g FA814 23
o AFE A¥o=z Itk Fig. 8949
perturbation o] X} AJr]EWAH A 9] A E o]
&t 42 Aot

ll‘l

b

%

008

007

006

005

004

Perturbation

0034

0024

0014

000 T T T T T

Fig. 8 Chebyshev AtZ=oil CH st

perturbationgl =Z7|

d o] wstel] sy

= = ]
p T - T
H4E Bo 4L Ant o= Fwel A%
= = .A
= =

T2 2 HEXE2 By o2 A3y ¢
3 52814 AT hal Chebyshev THHal S

ol &% HI&3 AL Tl HHH e T
3|
2]

3
. 4 E s 7 EA tgstey 73
perturbation &< o]-&3te] A3 = L
g Y2 AmELRAS ZAsAT A3
3 s g1 Q= A2 AvEdgAd o
3t XL ol TIHA FxH= A
3 A7 st mmale A W] gk
Lapo] FolE st olF Fstd FAIE
s s HA =d wFo A A
o HFEE d& F Atk o] AFE FF7]
W o=njgiA e T8 L A o] Hopo| tiok
A AL 5 AS Aoz AlRHET FF 3
Aol 2 Tatr] s B =RoA AleH

ojg3 E =&Y @ﬂ% symbolic
manipulation®] 7} ZZ13Ql Maples ©]
g3 73 274 Fs Hustes AFE 7Y
& o golt.

o] EFe 20079% FTFIFStm vl

Ad7H oste] AW A7) A,

o2t

t

Gl
o

[1] Suk, J., and Kim, Y., "On the Modeling of
Dynamic Systems", KSAS International
Journal, Vol. 2, No. 1, 2001, pp. 78-92

[2] Miele, A., and Iyer, R. R,
Technique for

"General

solving Nonlinear,
Two-Point Boundary-Value Problems via
the Method of Particular Solutions',
Journal of Optimization Theory and
Applications, Vol. 5, No. 5, 1970, pp.
382-403

[3] Shampine, L.F. "Limiting Precision in
Differential ~ Equation  Solvers", Math.
Comp., Vol. 28, No. 125, 1974, pp. 141-144

[4] Shampine, LJF. '"Limiting Precision in
Differential Equation Solvers, II: Sources
of Trouble ans Starting a Code", Math.
Comp., Vol. 32, No. 144, 1978, pp.
1115-1122

[5] John L. Junkins and Sangchul Lee,



3 F 33 A3 7S o] &g FAH A #4 AT 27
"Validation of finite dimensional approximate system for doing mathematics by
solutions for dynamics of distributed computer’, 2nd edition, Addison Wesley,
parameter systems", Advances in the 1991
Astronautical Sciences, Astrodynamics, Vol. [9] John P. Boyd, "Chebyshev and Fourier
85, 1993 Spectral Methods", 2nd edition, Dover
[6] Abramowitz, M., and Stegun, 1A, Publications, Inc., 2001, pp. 19-60
"Handbook of Mathematical Functions [10] Nikita Gogin, Mika Hirvensalo, " On the

—_—

with Formulas, Graphs, and Mathematical
Tables", National Bureau of Standards,
Applied Mathematics Series 55, U.S.
Department of Commerce, 1972.

Jae H. Park, "Chebyshev Approximation of
Discrete  Polynomials and Splines", the
Virginia Polytechnic Institute and State
University, Nov. 19. 1999

Stephen Wolfram, "Mathematica : A

Generating Function of Discrete
Chebyshev Polynomials", TUCS Technical
Report No. 819, April 2007

Steven C. Chapra, Raymond P. Canale,
"Numerical Methods for Engineers", 5th
edition, McGraw-Hill, 2006, pp. 681-723
IMSL MATH/LIBRARY, Visual Numerics
Inc., 1997



