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ON THE STRUCTURE OF THE GRADE THREE PERFECT
IDEALS OF TYPE THREE

Eun JEoNG CHOI, OH-JIN KANG, AND HYouNG JUNE KO

ABSTRACT. Buchsbaum and Eisenbud showed that every Gorenstein ideal
of grade 3 is generated by the submaximal order pfaffians of an alternat-
ing matrix. In this paper, we describe a method for constructing a class
of type 3, grade 3, perfect ideals which are not Gorenstein. We also prove
that they are algebraically linked to an even type grade 3 almost complete
intersection.

1. Introduction

An ideal I in a Noetherian local ring R with maximal ideal m is perfect if the
length of a maximal R-sequence contained in I, the grade of I, is the same as
the projective dimension of R/I. When I is a perfect ideal of grade g, the type
of I, denoted by type I, is the dimension of R/m-vector space Ext%(R/m, R/I).
Equivalently, if

F:0 Fg Fgfl Fl R

is the minimal free resolution of R/I, then typel = rank F,. An ideal I of
grade ¢ is a complete intersection if I can be generated by a regular sequence
Z1,T2,...,%q. It is well-known that such an ideal is a perfect ideal of type
1. More generally, a perfect ideal is said to be Gorenstein if it has type 1. A
perfect ideal of grade g is an almost complete intersection if it can be minimally
generated by g + 1 elements.

For long years, many people have been studying the structure of classes
of perfect ideals. Burch [4] proved a structure theorem for grade 2 perfect
ideals. The Hilbert-Burch theorem asserts that every perfect ideal of grade 2
is generated by maximal minors of a certain matrix. Buchsbaum and Eisenbud
[3] proved a structure theorem for Gorenstein ideals of grade 3 which says that
every Gorenstein ideal of grade 3 is generated by the submaximal order pfaffians
of a certain alternating matrix. They also showed a structure theorem for
almost complete intersections of grade 3. The self duality and commutativity
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of the algebra structure on the minimal free resolutions of R/I, where I is a
Gorenstein ideal, was exploited to understand the structure of the perfect ideal
I. Brown [2] gave a structure theorem for a class of type 2, grade 3 perfect
ideals and A(I) = dimiA? > 0, where (/) is the numerical invariant. The
number A(I) was used by Kustin and Miller [8] to distinguish classes of grade
4 Gorenstein ideals I in terms of free resolutions of R/I. Sanchez [10] proved a
structure theorem for a class of type 3, grade 3 perfect ideals and A(I) > 2. In
[6] we introduced a generalized alternating matrix to be a skew-symmetrizable
matrix and gave a structure theorem for grade 4 complete intersection ideals.
A generalized alternating matrix has been further elaborated to describe the
structure theorem for a class of type 2, grade 3 perfect ideals I minimally
generated by an odd number n > 5 elements [7]. The main purpose of this
paper is to describe and produce a new class of type 3, grade 3 perfect ideals
which is not Gorenstein.

In Section 2, we introduce useful properties of pfaffians, and review the the-
ory of linkage. In Section 3, we give a new class of non-Gorenstein type 3, grade
3 perfect ideals minimally generated by the quotients of the submaximal order
pfaffians of the alternating matrix induced by a skew-symmetrizable matrix.
We also show that the ideals in this class are geometrically linked to an even
type, grade 3 almost complete intersection.

2. Preliminaries

To describe the structure theorems mentioned in the introduction, we need
some properties of an alternating matrix. An alternating matrix is a square
skew-symmetric matrix whose diagonal entries are zero. Let T = (t;;) be an
nXxn alternating matrix with entries in a commutative ring R. Then it turns out
that the determinant of an alternating matrix 7" is a square of a homogeneous
polynomial of degree 5 in R and is zero when n is odd. The pfaffian of T is
defined as the uniquely determined square root of the determinant of 7" and
is denoted by Pf(T'). We define Pfs(T) to be an ideal generated by the sth
order pfaffians of T. If s < n, we let T(i1,i2,...,is) denote the alternating
submatrix of T obtained by deleting rows and columns i1, is,...,is from 7.
Let (i) = 41,12, ...,1s denote the index of integers. Let (i) denote the sign of
permutation that rearranges (i) in increasing order. If (i) has a repeated index,
then we set 6(i) = 0. Let 7(7) be the sum of the entries of (7). Define

(2.1) Ty = (=1 DT9@)PE (T (ix, das - . ., is)).

If s = n, we let Tj;) = (=1)7®*16(i) and if s > n, we let T;) = 0. Let
t = [Tl T - Tn] be the row vector of the pfaffians of T' of order n — 1
signed appropriately according to the conventions described above. Pfaffians
can be developed along a row just like the determinants. There is a “Laplace
expansion” for developing pfaffians in terms of ones of lower order.
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Lemma 2.1 ([8]). Let T be an n x n alternating matriz and j a fized integer,
1<j<n. Then

(1) Pf(T) = ZtijTijv and
i=1
(2) tT =0.
The following lemma follows from Lemma 2.1.

Lemma 2.2 ([10]). Let T be an n X n alternating matriz. Let a,b,c,d, and e
be distinct integers between 1 and n. Then

(1) > tinTiap = —0kaTh + 6T,

=1

(2) Ztikﬂabc = 5kaTbc - 5kaac + 5chab7
=1

(3) > tikTiabed = —OkaTocd + Ok Taca — SkeTubd + OkdTabe,
121

(4) Z tikﬂabcde - 5kaTbcde - 5kaacde + 6chabde - 5deabce + 5keTabcda
=1

where §;; is the Kronecker’s delta.

The following lemma which is a direct consequence from Lemma 2.1 and
Lemma 2.2 will be used in the sequel.

Lemma 2.3. Let n be a positive integer and T an n X n alternating matriz.
Assume that i, j,k, and l are elements of a set {1,2,...,n}. Then

TiTjk + T Tig + T Tiji + Ti'Tiji = 0.

The Buchsbaum-Eisenbud structure theorem identifies every grade 3 Goren-
stein ideal as the ideal Pf,, 1 (T) = (11,15, ...,T,) of a certain n xn alternating
matrix 7.

Theorem 2.4 ([3]). Let R be a Noetherian local ring with maximal ideal m.
(1) Let n = 3 be an odd integer. Let F be a free R-module with rank F' = n.
Let f: F* — F be an alternating map whose image is contained in mF. Sup-
pose that Pf,,_1(f) has grade 3. Then Pf,,_1(f) is a Gorenstein ideal minimally
generated by n elements.
(2) Every grade 3 Gorenstein ideal arises as in this way.

We notice that as in [3] or [9], in most cases, linkage is used in the case of
perfect ideals in Gorenstein or Cohen-Macaulay local rings. However the result
that we use here is true for perfect ideals in any commutative ring, as shown
by Golod [5].

Definition 2.5. Let I and J be perfect ideals of grade g. An ideal I is linked
to J, I ~ J if there exists a regular sequence x = x1,%2,...,24 € I N J such
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that J = (x) : I and I = (x): J, and geometrically linked to J if I ~ J and
InJ=(x).

A fundamental result is that linkage is a symmetric relation on the set of
perfect ideals in a Noetherian ring R.

Theorem 2.6 ([9]). Let R be a Noetherian ring. If I is a grade g perfect ideal
and X = 21,22, ...,x4 is a reqular sequence in I, then J = (x) : I is a grade g
perfect ideal and I = (x) : J.

An almost complete intersection of grade ¢ is linked to a grade g Gorenstein
ideal by a regular sequence x.

Proposition 2.7 ([3]). Let I and J be perfect ideals of the same grade g in a
Noetherian local ring R and suppose that I is linked to J by a reqular sequence
X =1,T2,...,T4. Then

(1) If I is Gorenstein, then J = (x,w) for some w € R.
(2) If J is minimally generated by x and w, then I is Gorenstein.

Now we review the structure theorems for a class of A(I) > 0, type 2, grade
3 perfect ideals I and for a class of A\(I) > 2, type 3, grade 3 perfect ideals T
given by Brown [2] and Sanchez [10], respectively.

Let I be any ideal in a Noetherian local ring R. Let (F, d) be a minimal free
resolution of R/I. Let C be the image of dy and K the submodule of C' which
is generated by the Koszul relations on the entries of d;. We note that if I is
minimally generated by r1,79,...,7,, and {ej,ea,...,e,} is a basis of Fy, then
K is generated by the set {r;e; —rie; |1 <1i < j < n}. Define

A1) = dimg (K + mC)/mC,

where m is the maximal ideal of R and k = R/m. Since \(I) is the maximum
number of minimal generators of K which can be chosen to be the part of a
minimal basis for C, we see that A(I) is also the maximum number of Koszul
relations which can appear as rows of a matrix for dy. Brown gave a structure
theorem for a class of A(I) > 0, type 2, grade 3 perfect ideals I. The minimal
free resolution F of R/I is described in [2].

Theorem 2.8 ([2]). Let R be a Noetherian local ring with maximal ideal m.
Let n > 4 be an integer. Let I be a type 2, grade 3 perfect ideal minimally
generated by n elements. If A\(I) > 0, then there is an n X n alternating matriz
T = (tij) with t12 =0 and t;; € m such that

(1) if n is odd, then I = (T1,Ta, 21T12j + 22T : 3 < j < n) for some 21,29 € m,
(2) if n is even, then I = (P{(T),T12,z1T1; + 22T : 3 < j < n) for some
21,22 € m.

Sanchez gave a structure theorem for a class of A(I) > 2, type 3, grade 3
perfect ideals I. The minimal free resolution F of R/T is described in [10].
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Theorem 2.9 ([10]). Let R be a Noetherian local ring with mazimal ideal m.
Let I be a type 3, grade 3 perfect ideal minimally generated by n > 4 elements.
If X(I) > 2, then there exists an n x n alternating matrizc T = (t;;) and a 2 x 3
matriz X = (z;;) with t;;,x;; € m such that
(1) If n > 3 is odd, then either
I =(T1, 21112 + 21273 + 2137123, 221 T2 + 22273 + 237123,
ATy + AsTho; + A Ths |4 < j < n)
or
I =(Tio3, x11Th + 2127 + 21373, w2111 + 22T + 22373,
AgTigj + AoTisj + A1To3504 < j < n),
where A; is the determinant of the 2 X 2 submatriz of X obtained by deleting
the ith column.
(2) If n > 3 is even, then either
I =(PH(T), x11 T2 + w12T13 + 213723, w21 T2 + w2213 + 223703,
A3Tyj 4+ AdTo; + A1Tha34]4 < j < n)
or
I =(T19, 211 PH(T) + 212T13 + 213723, 221 PE(T) + 292713 + 2237103,
ATy 4+ AdTo; + A1Tha3,]4 < j < n).

3. Perfect ideals of grade 3

In this section we construct a new class of non-Gorenstein type 3, grade 3
perfect ideals generated by certain quotients of the submaximal order pfaffians
of the alternating matrix induced by some skew-symmetrizable matrix.

To this end, we begin this section with the definition of a generalized alter-
nating matrix.

Definition 3.1. Let R be a commutative ring with identity. An n X n ma-
trix X over R is said to be generalized alternating or skew-symmetrizable if

there exist nonzero diagonal matrices D’ = diag{uj,us,...,u,} and D =
diag{wy, wa, ..., wy,} with entries in R such that D’X D is an alternating ma-
trix.

We denote by GA,, the set of all n x n skew-symmetrizable matrices over
R. Let X be an n x n skew-symmetrizable matrix. We denote by A(X) the
alternating matrix induced by X as follows:

X if X is alternating,
(3.1) Al )—{

D'XD if X is not alternating.
The following lemma gives us relations between the determinants of the

skew-symmetrizable matrices and the pfaffians of the alternating matrices in-
duced by the skew-symmetrizable matrices.
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Lemma 3.2. Let X be an n x n skew-symmetrizable matriz and A(X) the
alternating matriz D' X D induced by X defined in (3.1). Let 4; = H?Zl uj/u;
and w; = [[j_ wj/w; for i =1,2,...,n. Let X(i) be the (n — 1) x (n — 1)
submatriz of X obtained by deleting the ith row and the corresponding column

of it. Then
1 det X (i) = A(X)?.

2

Proof. Tt follows from the basic properties of determinants of square matrices
and pfaffians of alternating matrices. O

Example 3.3. Let R be a Noetherian local ring with maximal ideal m and let
n be an odd integer with n > 3. Let Y = (y;;) be an n x n alternating matrix
with y12 = 0 and entries in m and A the submatrix of Y obtained by deleting
the first two columns and the last (n — 2) rows of Y from Y. For two elements
v, w € m, we define the n x n skew-symmetrizable matrix G, by

B vA w
(3.2) G = {At Y(1’2J , where B= [Ow 0},

and Y'(1,2) is the (n — 2) x (n — 2) alternating submatrix of Y obtained by
removing the first, second rows and columns from Y. The alternating matrix
A(G) is obtained by multiplying the first two columns of G by v.

Let z; be an element defined by
(33) xlz.A(Gl)l/v for i:1,2,3,...,’l’},.

We define Pf,,_1(G1) to be the ideal generated by n elements x;. The next
theorem says that Pf,,_1(G1) characterizes a perfect ideal I of grade 3 satisfying

the following properties : (1) I has type 2, (2) the number of generators for [
is odd, and (3) A() > 0.

Theorem 3.4 ([7]). Let R be a Noetherian local ring with maximal ideal m.
Let n be an odd integer with n > 3 and v,w elements in m. Let Gy be the n xn
skew-symmetrizable matriz defined in (3.2). Then

(1) if I = Pf,_1(G1) is an ideal of grade 3 with A(I) > 0, then I is a perfect
ideal of type 2.

(2) Every perfect ideal of grade 3, type 2, A(I) > 0 minimally generated by
n elements arises as in the way of (1).

Proof. See the proof of Theorem 4.3 [7]. O

Now we construct a skew-symmetrizable matrix which defines a type 3, grade
3 perfect ideal. Let A = (a;;) and Y = (y;;) be an r x 3 matrix and an 7 x r
alternating matrix with entries in m, respectively. Set F' to be the 3 x r matrix
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defined by
air a2 Qpi
F=|-a2 —ax - —ar
a3 azz - Qar3

with an even integer r > 4. Define an (r + 3) x (r + 3) skew-symmetrizable
matrix Gy by

0 F B vail Va1 e Varq
Gy = , where F'= | —uaia —uas -+ —UGr3
—Ft Y uvalz  UVG3 - UVAr3

with u,v € m. The alternating matrix A(Gz) is obtained by multiplying the
first column of G5 by v, the second column of it by u, and the third column of
it by uv. To describe non-Gorenstein perfect ideal of grade 3, we need the ideal
Pf,12(G>) induced from the submaximal order pfaffians of A(G3) as follows.

Definition 3.5. With notations as above, we let

be the alternating matrix induced by Go. We define Pf,.;5(G2) to be the ideal
generated by the quotients of the submaximal order pfaffians of A(G2) by uw,

Pl 42(G2) = (A(G2)1/wv, A(G2)2/uv, ..., A(G2)ry3/uwv).

Next, we prove our main theorem which gives a class of type 3, grade 3
perfect ideals algebraically linked to a type r, grade 3 almost complete inter-
section.

Theorem 3.6. Let R be a Noetherian local ring with mazimal ideal m. With
notations as above, let 1 = A(G2)1/uwv, 2 = A(G2)2/uv,x3 = A(G2)s/uv. If
X = T1,%2, T3 1§ a reqular sequence in Pf.12(Ga), then (1) (x) : Pf412(G2) is a
type even r, grade 3 almost complete intersection and (2) Pf.12(G2) is a type
3, grade 3 perfect ideal.

Proof. (1) Define an (r 4+ 3) x (r 4+ 3) alternating matrix T by

Then we observe that
x1 =uTy, xo =0T, x3="T;3, x = A(G2)r/uv = uwvTy

(3-4) for k=4,5,...,7r+ 3.
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To see that Pf.;o(7T) is a Gorenstein ideal under the hypothesis of the the-
orem, we first note that by Lemma 2.3, Pf.2(G2) has grade 3. Next, since
Pf,12(G2) C Plyo(T), Pf.12(T) has grade 3 by Lemma 2.3. Finally, since T
is an alternating matrix, Pf,. o(7T) is a Gorenstein ideal by Theorem 2.4. Let
Y = Y1, Y2, Y3 be a sequence of elements in R, where y1 = 11,y = Ts,y3 = T5.
Since x is a regular sequence, y is also regular sequence. By Theorem 2.6
and Proposition 2.7, J = (y) : Pf,412(T) is a grade 3 perfect ideal, and J
is an almost complete intersection. We claim that J has type even r and
J = (x) : Pf,12(G2). Direct computation gives us

(3.5) P{(Y)T, € (y) for k=4,5,6,...,r+3.
Hence we have
J = (y, Pi(Y)).

Since v and v are contained in m, the fact that J has type r follows from
the Bass result ([1] Proposition 2.9), which says that if J is a grade 3 perfect
ideal algebraically linked to a perfect ideal Pf, o(T") by a regular sequence y
in J, then the type of J is equal to the minimal number of generators for the
canonical module Ext%(R/J, R) and

Exth(R/J, R) = (v) : J/(y) = Plria(T)/(y)-
From (3.4) and (3.5), it is easy to see that
J = (X) : PfT+Q(G2).

(2) We will prove that Pf,.15(G2) is a type 3, grade 3 perfect ideal. Since
we have already shown that Pf, 5(G2) is a grade 3 perfect ideal, it suffices to
prove that the type of Pf,{2(G2) is 3. From the Bass result and

Ext}(R/Pf12(G2), R) = (x) : Pf12(G2) /(%) = J/(x),

we have type Pf,12(G3) = 3. O

The minimal free resolution F of R/Pf,2(G2) is given by

F:0 RS f3 frs f2 R+ f1 R,




ON THE STRUCTURE OF THE GRADE THREE PERFECT IDEALS 495

and
[0 a3 0 —PfY) Ty
B = XT3 0 5 C= Pf(Y) 0 T2 5
_—xz —T1 0 0 T3
[—g21 @1 T
—q22 q1z2  Ts 0 u O
Lo N_Lf 0 0}’
L—42r dir Tyy3

gij = (1) > Yikay; for i =1,2.
1<k<r

The following example illustrates Theorem 3.6.
Example 3.7. Let R = C|[z,y, z]] be the formal power series ring over the

field C of the complex numbers with indeterminates x,y, z. Let A and Y be a
4 x 3 matrix and a 4 x 4 alternating matrix, respectively, given by

0 z -y 0O =z 0 =z
|y oz 0 |- 0 0 O
A=10  o] mY=)g o 0 y
0 0 —x —2z 0 —y O
Then F' is the 3 x 4 matrix given by
0 —y z O
F=|-2 —z 2 0
-y 0 0 —=z

We set u = x and v = y and define G2 to be a 7 x 7 skew-symmetrizable matrix
given by

[0 0 0 0 —y* yz 0 ]
0 0 0 —-zz —-z2z a2 0
0 Ia 0 0 0 —xzy> O 0 —2%y
Gy = =10 z oy 0 x 0 z
—Ft Y y 2z 0 —=x 0 0 0
—z —x 0 0 0 0 Y
| 0 0 = -z 0 —y 0 |

Define the 7 x 7 alternating matrix T = ég by

~ 0 F
T=Gy=
—Ft Y
Then we will show that Pfs(G2) = (2t + zy?z, —y* — 22yz, 2yz + y?2 —
23 23y? — 2?y2? 2%y2? 2%y?z, —2%yd + xy?2?) is a type 3, grade 3 perfect
ideal and linked to a type 4, grade 3 almost complete intersection by a regular
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4

sequence x = zt4+2y?z, —y* —xyz, —23+xyz+y22. The minimal free resolution

F of R/Pfs(G2) has the form:

F:0 B3 f3 R f2 R f1 R,

where the map fs has the following matrix:

[0 0 0 0 —y* yz 0 0 a3
0 0 0 —zz —-zz a2 0 T3 0
0 0 0 —xy> O 0 —2%y —xzp -2
fa=10 z Yy 0 x 0 z 0 0
Y z 0 -z 0 0 0 0 0
—z —xz 0 0 0 0 Y 0 0
| 0 0 = -z 0 —y 0 0 0 |
To describe f; and f3 in concise form, we set
Ty = zt + xyzz, To9 = fy4 — x2yz, xr3 = TYz + y2z - 23,
zy =2y —aty2?, ws = aPy2®, we = 2%yPz, ar = 2Py’ oy

3 2

Ty =2 +y’z, To=—y* —a?z, Ty =ayz+y°z—2°, Ty =2’y — a2’
Ts = x2%, T = ayz, Ty = —xy? + y2°.
Then we have

fi=[r1 x> x3 w4 w5 w6 a7,

0 —axy 0 —yz 2z+yz 22 —22 0 y ‘
fs=lzy O 0 g2 —22 —yz xz x 0
n T, T3 T, Ts Ts T 0 0

If K is the ideal generated by x1,xs2,x3, then the radical of K is equal to
the maximal ideal m = (z,y, z). Since m has grade 3, x = x1, 9, x3 is a regular

sequence and so Pfs(G2) has grade 3 by Lemma 2.3. Now we will show that
(x) : Pfg(G2) is a type 4, grade 3 almost complete intersection. Let y; =
Ti,y2 = Tv,ys = T5. Since x is a regular sequence, y = y1,¥2,¥ys is a regular
sequence. By Theorem 2.4 and Proposition 2.7, I = (T1,T5,...,T7) is a grade
3 Gorenstein ideal, and J = (y) : I is a grade 3 almost complete intersection.
Since w = Pf(Y) = —zy, J = (y,w) = (—23 —y?z, —y® — 222, —y?2 + 23, —xy).

As seen in the proof of Theorem 3.6, we have J = (x) : Pfg(G2). From the Bass
result and

Bxth(R/J, R) & (x) - J) (<) = PTaGa) /(<)
= (x, 2yTy, 2yTs, xyTe, zyT7)/(X),

we have type J = 4. By the same method, Pfs(G2) has type 3.
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