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TWO-SIDED Γ-α-DERIVATIONS IN PRIME AND
SEMIPRIME Γ-NEAR-RINGS

Mustafa Kazaz and Akin Alkan

Abstract. We introduce the notion of two-sided Γ-α-derivation of a Γ-
near-ring and give some generalizations of [1, 2].

1. Introduction

The notion of Γ-near-rings, as a generalization of near-rings, was introduced
by Satyanarayana in [5]. The concept of Γ-derivations in Γ-near-rings was
introduced by Jun, Cho, and Kim [4, 6]. In [1], Argaç defined a two-sided
α-derivation d of a near-ring. In a similar way, we introduce the notion of
two-sided Γ-α-derivation of a Γ-near-ring and we give some generalizations of
[1, 2].

Let M be a prime (resp. a semiprime) Γ-near-ring and U be a right invari-
ant (resp. an invariant) subset of M containing 0, and let d be a two-sided
Γ-α-derivation on M which acts as a Γ-homomorphism on U , or an anti-Γ-
homomorphism on U under certain conditions on α, then we showed that d = 0.
Finally, if M is a prime Γ-near-ring, U is a nonzero right invariant of M , and
d is a nonzero Γ-(α, 1)-derivation of M satisfying d(x + y − x − y) = 0 for all
x, y ∈ U , then we prove that (M,+) is abelian.

2. Preliminaries

All near-rings considered in this paper are right distributive. A Γ-near-ring
is a triple (M, +, Γ), where

(i) (M, +) is a group (not necessarily abelian),
(ii) Γ is a non-empty set of binary operations on M such that (M,+, γ) is

a near-ring for each γ ∈ Γ,
(iii) (xβy)γz = xβ(yγz) for all x, y, z ∈ M and β, γ ∈ Γ.
A Γ-near-ring M is said to be zero-symmetric Γ-near-ring if xγ0 = 0 for all

x ∈ M and γ ∈ Γ.
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Let M be a Γ-near-ring. A subset U of M is said to be right (resp. left)
invariant if aγx ∈ U (resp. xγa ∈ U) for all a ∈ U, γ ∈ Γ and x ∈ M . We say
that U is invariant, if U is both right and left invariant. A Γ-near-ring M is
said to be prime Γ-near-ring if xΓMΓy = {0} for x, y ∈ M implies x = 0 or
y = 0, and semiprime Γ-near-ring if xΓMΓx = {0} for x ∈ M implies x = 0.

A Γ-derivation on M is defined to be an additive endomorphism d of M
satisfying the product rule

d(xγy) = d(x)γy + xγd(y)

for all x, y ∈ M and γ ∈ Γ, or equivalently

d(xγy) = xγd(y) + d(x)γy

for all x, y ∈ M and γ ∈ Γ (see [6]).
If M and M ′ are two Γ-near-rings, then a mapping f : M → M ′ such that

f(x + y) = f(x) + f(y) and f(xγy) = f(x)γf(y) (resp. f(xγy) = f(y)γf(x)),
for all x, y ∈ M and γ ∈ Γ, is called a Γ-near-ring homomorphism (resp. an
anti-Γ-near-ring homomorphism) on M . Let S be a nonempty subset of M and
let d be a Γ-derivation on M . If d(xγy) = d(x)γd(y)(resp. d(xγy) = d(y)γd(x))
for all x, y ∈ S and γ ∈ Γ, then d is said to act as a Γ-homomorphism (resp.
an anti-Γ-homomorphism) on S.

An additive endomorphism d : M → M of a Γ-near-ring M is called a Γ-
(α, β)-derivation on M if there exist two functions α, β : M → M such that
the following product rule holds:

d(xγy) = d(x)γα(y) + β(x)γd(y)

for all x, y ∈ M and γ ∈ Γ. One can easily show that if d is a Γ-(α, β)-derivation
on M such that α(x + y) = α(x) + α(y) and β(x + y) = β(x) + β(y), then

d(xγy) = β(x)γd(y) + d(x)γα(y).

An additive mapping d : M → M is called a two-sided Γ-α-derivation if d
is a Γ-(α, 1)-derivation as well as a Γ-(1, α)-derivation. We should note that if
α = 1, then a two-sided Γ-α-derivation is just a Γ-derivation.

Example. Let M1 be a zero-symmetric Γ-near-ring and let M2 be a Γ-ring
(for Γ-rings, see [3]). Let us define d : M1 ⊕M2 → M1 ⊕M2 by d

(
(m1,m2)

)
=(

0, d2(m2)
)

and α : M1⊕M2 → M1⊕M2 by α
(
(m1,m2)

)
=

(
d1(m1), 0

)
, where

d1 is any map on M1 and d2 is a Γ-right and left M2-module map on M2 which
is not a derivation. Then it can be shown that d is a two sided Γ-α-derivation,
but not a Γ-derivation.

3. The results

In order to derive our main results we first give the following lemmas.

Lemma 3.1. Let M be a prime Γ-near-ring and let U be a nonzero invariant
of M . If a + b − a − b = 0 for all a, b ∈ U , then (M, +) is abelian.
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Proof. Since U is a nonzero invariant of M , we have xγa, yγa ∈ U for all a ∈ U ,
x, y ∈ M and γ ∈ Γ. Thus, by the hypothesis, we have xγa+yγa−xγa−yγa = 0
for all a ∈ U , x, y ∈ M and γ ∈ Γ. Then we obtain (x + y − x − y)γa = 0
for all a ∈ U , x, y ∈ M and γ ∈ Γ. In particularly, (x + y − x − y)ΓU =
(x + y − x− y)ΓMΓU = 0. Since M is a prime Γ-near-ring and U is a nonzero
invariant, we get x+y−x−y = 0 for all x, y ∈ M . Hence (M,+) is abelian. ¤

Lemma 3.2. Let M be a prime Γ-near-ring, U be a nonzero invariant of M
which contains 0, and d a Γ-(α, 1)-derivation on M . If d acts as an anti-Γ-
homomorphism on U and α(0) = 0, then xγ0 = 0 for all x ∈ U and γ ∈ Γ.

Proof. Since 0γx = 0 for all x ∈ U and γ ∈ Γ, and d acts as an anti-Γ-
homomorphism on U , it follows that d(x)γ0 = 0. If we take xγ0 instead of x,
we obtain d(x)γα(0) + xγ0 = 0 for all x ∈ U and γ ∈ Γ. Then we get xγ0 = 0
for all x ∈ U and γ ∈ Γ. ¤

Lemma 3.3. Let M be a Γ-near-ring and U be an invariant of M . If d is a
two-sided Γ-α-derivation of M such that α(xγy) = α(x)γα(y) for all x, y ∈ U
and γ ∈ Γ, then

nµ
(
d(x)γα(y) + xγd(y)

)
= nµd(x)γα(y) + nµxγd(y)

for all n, x, y ∈ U and γ, µ ∈ Γ. Furthermore, if α(U) = U , then for all
n, x, y ∈ U and γ, µ ∈ Γ

nµ
(
d(x)γy + α(x)γd(y)

)
= nµd(x)γy + nµα(x)γd(y).

Proof. For all n, x, y ∈ U and γ, µ ∈ Γ, we have

d
(
nµ(xγy)

)
= d(n)µα(xγy) + nµd(xγy)

= d(n)µα(x)γα(y) + nµ
(
d(x)γα(y) + xγd(y)

)
.

On the other hand, for all n, x, y ∈ U and γ, µ ∈ Γ,

d
(
(nµx)γy

)
= d(nµx)γα(y) + nµxγd(y)

=
(
d(n)µα(x) + nµd(x)

)
γα(y) + nµxγd(y)

= d(n)µα(x)γα(y) + nµd(x)γα(y) + nµxγd(y).

From these two expressions of d(nµxγy), we obtain that, for all n, x, y ∈ U and
γ, µ ∈ Γ,

nµ
(
d(x)γα(y) + xγd(y)

)
= nµd(x)γα(y) + nµxγd(y).

By a similar way, we obtain that, for all n, x, y ∈ U and γ, µ ∈ Γ,

nµ
(
d(x)γy + α(x)γd(y)

)
= nµd(x)γy + nµα(x)γd(y).

¤

Lemma 3.4. Let M be a prime Γ-near-ring and U be a nonzero invariant of
M . Let d be a nonzero Γ-(α, 1)-derivation on M such that α(xγy) = α(x)γα(y)
for all x, y ∈ U and γ ∈ Γ. If x ∈ M and xγd(U) = {0}, then x = 0.
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Proof. Suppose that xγd(U) = {0}. Then xγd(uµy) = 0 for all y ∈ M,u ∈ U
and µ ∈ Γ. Thus 0 = xγ

(
d(u)µα(y)+uµd(y)

)
= xγuµd(y) for all y ∈ M,u ∈ U

and µ ∈ Γ. Then we have xΓUΓd(y) = {0} for all y ∈ M. Since d is nonzero,
U is a nonzero invariant and M is prime, it follows that x = 0. ¤
Lemma 3.5. Let M be a prime Γ-near-ring and U be a nonzero invariant of
M . Let d be a nonzero Γ-(α, 1)-derivation on M . If d(x + y − x − y) = 0 for
all x, y ∈ U , then (x + y − x − y)γd(z) = 0 for all x, y, z ∈ U and γ ∈ Γ.

Proof. Assume that d(x + y − x − y) = 0 for all x, y ∈ U . By taking yγz and
xγz instead of y and x, respectively (where z ∈ U and γ ∈ Γ) we obtain

0 = d
(
(x + y − x − y)γz

)
= d(x + y − x − y)γα(z) + (x + y − x − y)γd(z)

= (x + y − x − y)γd(z)

for all x, y, z ∈ U and γ ∈ Γ. ¤
Lemma 3.6. Let M be a Γ-near-ring and U be an invariant of M . Let d be a
Γ-(α, 1)-derivation on M such that α(xγy) = α(x)γα(y) for all x, y ∈ U , γ ∈ Γ
and α(U) = U .

(i) If d acts as a Γ-homomorphism on U , then

d(y)µxγd(y) = yµxγd(y) = d(y)µxγα(y)

for all x, y ∈ U and γ, µ ∈ Γ.
(ii) If d acts as an anti-Γ-homomorphism on U , then

d(y)γxγd(y) = xγyγd(y) = d(y)γα(y)γx

for all x, y ∈ U and γ ∈ Γ.

Proof. (i) Assume that d acts as a Γ-homomorphism on U . Then

(1) d(xγy) = d(x)γα(y) + xγd(y) = d(x)γd(y)

for all x, y ∈ U and γ ∈ Γ. Taking yµx instead of x in (1), we get

d(yµx)γα(y) + yµxγd(y) = d(yµx)γd(y)

= d(y)µd(x)γd(y)

= d(y)µd(xγy)
(2)

for all x, y ∈ U and γ, µ ∈ Γ. By Lemma 3.3, we can write
d(y)µd(xγy) = d(y)µd(x)γα(y) + d(y)µxγd(y)

= d(yµx)γα(y) + d(y)µxγd(y).

Using this relation in (2), we get

yµxγd(y) = d(y)µxγd(y).

Similarly, taking yµx instead of y in (1) gives

(3) d(x)γα(yµx) + xγd(yµx) = d(x)γd(yµx) = d(xγy)µd(x).
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On the other hand, for all x, y ∈ U and γ, µ ∈ Γ

d(xγy)µd(x) =
(
d(x)γα(y) + xγd(y)

)
µd(x)

= d(x)γα(y)µd(x) + xγd(y)µd(x)

= d(x)γα(y)µd(x) + xγd(yµx).

Using this relation in (3), we obtain

d(x)γα(yµx) = d(x)γα(y)µd(x)

for all x, y ∈ U and γ, µ ∈ Γ. By hypothesis, we get

d(x)γα(y)µα(x) = d(x)γα(y)µd(x).

Since α(U) = U , it obvious that

d(x)γwµα(x) = d(x)γwµd(x)

for all x,w ∈ U and γ, µ ∈ Γ. That is, for all x, y ∈ U and γ, µ ∈ Γ

d(y)µxγd(y) = d(y)µxγα(y).

(ii) Since d acts as an anti-Γ-homomorphism on U , we have

(4) d(xγy) = d(x)γα(y) + xγd(y) = d(y)γd(x)

for all x, y ∈ U and γ ∈ Γ. Taking xγy instead of y in (4) gives

d(x)γα(xγy) + xγd(xγy) = d(xγy)γd(x)

=
(
d(x)γα(y) + xγd(y)

)
γd(x)

= d(x)γα(y)γd(x) + xγd(y)γd(x)

= d(x)γα(y)γd(x) + xγd(xγy).

From this relation, we get

d(x)γα(xγy) = d(x)γα(y)γd(x).

Since α(U) = U , we have

d(x)γα(x)γy = d(x)γyγd(x).

Similarly, taking xγy instead of x in (4) gives the relation

d(y)γxγd(y) = xγyγd(y).

¤

Theorem 3.7. Let M be a semiprime Γ-near-ring and U be an invariant
subset of M containing 0. Let d be a two-sided Γ-α-derivation on M such that
α(U) = U and α(xγy) = α(x)γα(y) for all x, y ∈ U and γ ∈ Γ.

(i) If d acts as a Γ-homomorphism on U , then d(U) = {0}.
(ii) If d acts as an anti-Γ-homomorphism on U , then d(U) = {0}.
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Proof. (i) Suppose that d acts as a Γ-homomorphism on U . Then Lemma 3.6
gives

(5) d(y)µxγd(y) = d(y)µxγα(y)

for all x, y ∈ U and γ, µ ∈ Γ. Right multiplying (5) by d(z), and using the
hypothesis that d acts as a Γ-homomorphism on U together with Lemma 3.3,
we get d(y)µxγd(y)µα(z) = 0 for all x, y, z ∈ U and γ, µ ∈ Γ. Since α(U) = U ,
d(y)µxγd(y)µz = 0 for all x, y, z ∈ U and γ, µ ∈ Γ. Taking zηm instead of
x, where m ∈ M, z ∈ U , and η ∈ Γ, we obtain d(y)µzηmγd(y)µz = 0 for all
x, y, z ∈ U,m ∈ M and µ, η, γ ∈ Γ. In particular, d(y)µzΓMΓd(y)µz = 0. By
the semiprimness of M we obtain that d(y)µz = 0. Since α(U) = U , it is clear
that

(6) d(y)µα(z) = 0

for all y, z ∈ U and µ ∈ Γ. Substituting yηn for y in (6) and left multiplying (6)
by d(z), we get d(z)βd(y)ηnµα(z)+d(z)βyηd(n)µα(z) = 0, where z ∈ U, β ∈ Γ.
Since the second summand is zero by (6), we get

0 = d(z)βd(y)ηnµα(z) = d(zβy)ηnµα(z)

= d(z)βα(y)ηnµα(z) + zβd(y)ηnµα(z)

= zβd(y)ηnµα(z)

for all n ∈ M,x, y, z ∈ U and γ, µ, β ∈ Γ. Since α(U) = U , zβd(y)ηnµw = 0,
where w ∈ U . Taking zβd(y) instead of w, we obtain zβd(y)ηnµzβd(y) = 0.
Since M is semiprime, we have

(7) zβd(y) = 0

for all y, z ∈ U and β ∈ Γ. Combining (6) and (7) gives that d(y)βα(z) +
yβd(z) = d(yβz) = 0 for all y, z ∈ U and β ∈ Γ. In particular, d(zγmβz) = 0
for all m ∈ M, z ∈ U and γ, β ∈ Γ. Since d acts as a Γ-homomorphism on U ,
we have

0 = d(zγm)βd(z) = d(z)γα(m)βd(z) + zγd(m)βd(z).
The second summand is zero by (7). Thus, since α(U) = U and by the
semiprimness of M we conclude that d(z) = 0 for all z ∈ U .

(ii) Assume that d acts as an anti-Γ-homomorphism on U . First, we note
that aγ0 = 0 for all a ∈ U and γ ∈ Γ by Lemma 3.2. By Lemma 3.6 we have

(8) xγyγd(y) = d(y)γxγd(y)

for all x, y ∈ U and γ ∈ Γ,

(9) d(y)γα(y)γx = d(y)γxγd(y)

for all x, y ∈ U and γ ∈ Γ. Replacing x by xγd(y) in (8) and using Lemma 3.6,
we get

xγd(y)γyγd(y) = d(y)γxγd(yγy) = d(y)γxγ(d(yγα(y) + yγd(y))

= d(y)γxγd(y)γα(y) + d(y)γxγyγd(y).
(10)
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Substituting xγy for x in (8), we have

(11) xγyγyγd(y) = d(y)γxγyγd(y)

for all x, y ∈ U and γ ∈ Γ. Right-multiplying (8) by α(y), we obtain

(12) xγyγd(y)γα(y) = d(y)γxγd(y)γα(y)

for all x, y ∈ U and γ ∈ Γ. Replacing x by y in (8) we get yγyγd(y) =
d(y)γyγd(y). Now left-multiplying this relation by x gives

(13) xγyγyγd(y) = xγd(y)γyγd(y)

for all x, y ∈ U and γ ∈ Γ. Putting (11), (12), and (13) in (10) gives

xγyγd(y)γα(y) = 0.

In particular, yγnγyγd(y)γα(y) = 0, where n ∈ M . Hence

yγd(y)γα(y)γMγyγd(y)γα(y) = 0.

By the semiprimeness of M

(14) yγd(y)γα(y) = 0

for all x, y ∈ U and γ ∈ Γ. According to (12) we get d(y)γxγd(y)γα(y) = 0.
Using this relation in (9), we have

(15) d(y)γα(y)γxγα(y) = 0

for all x, y ∈ U and γ ∈ Γ. Replacing x by xγnγd(y) in (15), we have

d(y)γα(y)γxγα(y) = d(y)γα(y)γxγnγd(y)γα(y)γx = 0

for all x, y ∈ U, n ∈ M and γ ∈ Γ. Hence

(16) d(y)γα(y)γx = 0

for all x, y ∈ U and γ ∈ Γ. Using (16) in (9), we obtain d(y)γxγd(y) = 0, and
so we get

d(y)γxγnγd(y)γx = 0
for all x, y ∈ U, n ∈ M and γ ∈ Γ. Hence

(17) d(y)γx = 0

for all x, y ∈ U and γ ∈ Γ. Therefore xγd(z)γd(yγn)γx = 0 for all x, y, z ∈
U, n ∈ M and γ ∈ Γ. Thus

0 = xγd(z)γ(d(y)γn + α(y)γd(n))γx = xγd(z)γd(y)γα(y)γd(n)γx

for all x, y, z ∈ U, n ∈ M and γ ∈ Γ. Since α(U) = U the second summand is
zero by (17). Hence xγd(z)γd(y)γNγx = {0}, and then

xγd(z)γd(y)γNγxγd(z)γd(y) = {0}.

Because M is semiprime, we get

0 = xγd(z)γd(y) = xγd(yγz).
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Therefore
0 = xγd(y)γz + xγα(y)γd(z) = xγα(y)γd(z).

In particular
0 = α(y)γd(z)γnγα(y)γd(z).

Hence 0 = α(y)γd(z). By (17), we obtain 0 = d(xγy) for all x, y ∈ U . Thus
d(xγxγn) = 0 for all x ∈ U, n ∈ M and γ ∈ Γ. Thus

0 = d(xγn)γd(x)

=
(
d(x)γn + α(x)γd(n)

)
γd(x)

= d(x)γnγd(x) + α(x)γd(n)γd(x)

= d(x)γnγd(x) + α(x)γd(xγn).

Since the second summand is zero, we get d(x)γnγd(x) = 0. Therefore d(x) = 0
for all x ∈ U . ¤

Corollary 3.8. Let M be a semiprime Γ-near-ring and d be a two-sided Γ-α-
derivation of M such that α(xγy) = α(x)γα(y) for all x, y ∈ Mand γ ∈ Γ.

(i) If d acts as a Γ-homomorphism on M , then d = 0.
(ii) If d acts as an anti-Γ-homomorphism on M and α(0) = 0, then d = 0.

Corollary 3.9. Let M be a prime Γ-near-ring and let U be a nonzero invariant
subset of M such that 0 ∈ U . Let d be a two-sided Γ-α-derivation of M such
that α(U) = U and α(xγy) = α(x)γα(y) for all x, y ∈ M and γ ∈ Γ.

(i) If d acts as a Γ-homomorphism on M , then d = 0.
(ii) If d acts as an anti-Γ-homomorphism on M and α(0) = 0, then d = 0.

Proof. By Theorem 3.7, we have d(x) = 0 for all x ∈ U . Taking xγa instead
of x, where x ∈ U, a ∈ M and γ ∈ Γ, then we have 0 = d(xγa) = d(x)γα(a) +
xγd(a) = xγd(a). Substituting xµb for x in the last expression, where x ∈
U, b ∈ M and γ ∈ Γ, we get xµbγd(a) = 0. In particular, xΓMΓd(a) = {0}.
By the primness of M , since U is a nonzero invariant subset of M , we have
d(a) = 0 for all a ∈ M . ¤

Theorem 3.10. Let M be a prime Γ-near-ring, U be a nonzero invariant of
M and d be a nonzero Γ-(α, 1)-derivation of M such that α(xγy) = α(x)γα(y)
for all x, y ∈ U and γ ∈ Γ. If d(x+y−x−y) = 0 for all x, y ∈ U , then (M,+)
is abelian.

Proof. Suppose that d(x + y − x − y) = 0 for all x, y ∈ U . By Lemma 3.5, we
have (x + y − x − y)γd(z) = 0 for all x, y, z ∈ U and γ ∈ Γ. Since d ̸= 0, it
follows that x + y − x − y = 0 for all x, y ∈ U by Lemma 3.4. Hence (M,+) is
abelian by Lemma 3.1. ¤

Corollary 3.11. Let M be a prime Γ-near-ring and U be a nonzero invariant of
M and d be a nonzero Γ-(α, 1)-derivation of M such that α(xγy) = α(x)γα(y)
for all x, y ∈ U and γ ∈ Γ. If d + d is additive on U , then (M,+) is abelian.
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Example. Let M = M1 ⊕ M2, where M1 and M2 are prime Γ-near-rings.
Let us define d : M → M by d

(
(m1, m2)

)
= (0,m2) and α : M → M by

α
(
(m1,m2)

)
= (m1, 0) for all (m1,m2) ∈ M . Then d is a two-sided Γ-α-

derivation on M . On the other hand, it can be shown that d acts as a Γ-
homomorphism on M and

α
(
(m1,m2)γ(m′

1,m
′
2)

)
= α

(
(m1,m2)

)
γα

(
(m′

1,m
′
2)

)
for all (m1, m2), (m′

1,m
′
2) ∈ M and γ ∈ Γ. One can also show that if M2

is commutative, then d acts as an anti-homomorphism on M . Now, if M2 is
abelian, then d(m+m′−m−m′) = 0 for all m = (m1,m2),m′ = (m′

1, m
′
2) ∈ M .

But d ̸= 0 and (M, +) is not abelian. Therefore primeness condition on M in
Corollary 3.9 and Theorem 3.10 cannot be omitted.
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